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Abstract

The purpose of the present paper is to study the confromal transformation
of generalized m—th root Finsler metric. The spray co-effecients, Riemannian
curvature and Ricci curvature of conformally transformed generalized m-th root
metric are shown to be rational function of direction. Further, under certain
conditions it is shown that a conformally transformed generalized m—th root
metric is locally dually flat if and only if the conformal transformation is ho-
mothetic. Moreover, the condition for the conformally transformed metrics to
be Einstein then, it is Ricci flat and Isotropic mean Berwald curvature are also
found.
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1. Introduction

The theory of m—th root metric has been first developed by the author H.
Shimada [20], applied to biology as an ecological metric by P. L. Antonelli [2]
and it has been studied by several authors ([3], [21], [22], [23] and [18]). It is
regarded as a generalization of Riemannian metric in the sense that the second
root metric is a Riemannian metric. The third and fourth metrics are called
the cubic and quadratic metric respectively [13]. In four dimension, the special
fourth root metric in the form F = {/yly2y3y?* is called the Berwald-Moor
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metric([9] and [10]), which is considered by physicists as an important subject
for a possible model of space time.

Recent studies shows that m-th root Finsler metric play a very important
role in physics, space time and general relativity ([6] and [17]). The authors Z.
Shen and B. Li [13] were studied the geometric properties of locally projectively
flat fourth root metric in the form F' = {*/ a;jk(x)y'ylyFyt and generalized fourth

root metric in the form \/\/aijkl(x)yiyjykyl + bijyiy.

In [23], the authors Yaoyong Yu and Ying You were proved the m-th root
Einstein Finsler metric is Ricci flat. In 2011, A. Tayebi and B. Najafi have been
characterized locally dually flat. In [21], A. Tayebi, Peyghan and Shahbazi have
found a condition, which is a generalized m-th root metric is projectively related
to an m-th root metric. In 2013, the authors Abolfazl Taleshian and Dordi
Mohamad Saghali were got the result every generalized m-th root metric with
almost vanishing H-curvature has vanishing H-curvature and also expressed a
necessary and sufficient condition for the metric F = %/A is locally projectively
flat and locally dually flat.

This paper is organized as following: we find the spray coefficients of confor-
mally transformed generalized m-th root Finsler metric and it shows that, it is
rational function of y. Then, we prove that conformally transformed generalized
m-th root metric is locally dually flat if and only if the conformal transformation
is homothetic. Further, according to [23], we will study the Einstein metric is
Ricci flat. Finally, we show that conformally transformed given metric is weakly
Berwald metric.

2. Preliminaries

Let M be an n-dimensional C'* manifold. Denote by T,,M be the tangent
space at x € M and TM = (J,cp TeM be the tangent bundle of M. Each
element of TM has the form (z,y) where x € M and y € T, M called the
supporting element and let TMy = T M\{0}.

A Finsler metric on a manifold M is a function ([6]) F' : TM — [0, 00)
which has the following properties: (i) F' is C* on T'My, (ii) F' is positively
1-homogeneous on the fiber of tangent bundle T'M, (iii) for any tangent vector
y € T, M, the following quadratic form g, on T, M is positive definite given by

1 92
gy(uw:v) = 55 5

[FQ(?J + su+ tv)]|st=0, u,v € TpM.
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Let © € M and F, = F/p,3. To measure the non-Euclidian feature of Fy,
define Cy, : T, ® T, ® T, — R by
1d
Cy(u,v,w) = ia[gy + tw(u, v)]|t=0, w,v,w € T, M.
The family C' = {Cy}yerns, is called the Cartan torsion. It is well known that
C =0 if and only if F' is Riemannian.

Given Finsler manifold (M, F'), then global vector field G is induced by F'
on T'My, which is a standard coordinate (z?,y") for T My is given by

.0 : 0
G=y"— —2G" —
Y o (z,9) oy
where, G*(y) are local functions on TM given by

i L PE ol

4 Oxkoy! Ox!

Here, G’ is called the associated spray to (M, F). The projection of on

integral curve of G is called a geodesics in M. In local co-ordinates a curve c(t)
is a geodesics if and only if its co-ordinates ¢(¢) satisfy, & + 2G*(¢) = 0.

For a tangent vector y € T, M, define B, : .M @ T,M @ T,M — T, M

and Ey, : T,M @ T, M — R by By(u,v,w) = B;kl(y)ujvkwl and Ey(u,v) =

Ejx(y)u/vF where,

}, y €T M.

Z. PG 1o
a(y) = W(y)’ Ejr(y) = B e (U),
_ 17| _ 27| nd _ zi‘
u-uaxim,v—vaxix,a w—wamix.

Here, B and E are called the Berwald curvature and mean Berwald curvature
if B =0 and E = 0 respectively.

Let F be a Finsler metric defined by F' = 1/ Am + B, where A and B are
given by,
A = aiig,..im (x)yily”, ...,yim and B = bij(x)yiyj, (2.1)

and b;; are symmetric in all its indices [21]. Then, F' is called

m

with Aiig,... i
generalized m-th root metric. Clearly, A is homogeneous of degree m in y. Put

DA 92A A A :
Ai= Gy A = gy Aa = g Ao = Aatls Aar = Ay
OB 0’B OB , -
B = — By = B,iy"', By = Bwiylyl.
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The normalized supporting element [; of F' is given by

l; = Fyi = ayz = 5F (mA m A + Bz> . (2.2)

Consider the conformal transformation F(z,y) = €**®) F(x,y) of generalized
m-th root metric F' = 4/ Aw + B. Clearly, F is also an generalized m-th root
Finsler metric on M™. Throughout the paper we call the Finsler metric F as
to conformally transformed generalized m-th root metric and (M",F) = F"
as conformally transformed Finsler space. The quantities corresponding to the
transformed Finsler space F™ will be denoted as, by putting bar on the top of
that quantity, for instance,

emUA, /L emUAi, and, A_ij = CmUAij,

emaB, Bl = emUBi, and, -B_ij = emoBi]’.

b
I

wa])
I

3. Fundamental tensor and Spray coefficients of Conformally trans-
formed Generalized m-th root metric

The fundamental metric tensor g;; of Finsler space ™ is given by

1 9*F?
g” = §W = FFyiyj + Fyiij. (3].)
In view of equation (2.1) and (2.2) in (3.1) we have
A2

Gij = W[mAAU + (2 — m)AlAJ] + bl] (3.2)

The contravariant metric tensor ¢ of Finsler space F" is given by
Y=A"m AAY + —— 'y 3.3
g <m +(m1)yy)7 (3.3)

where matrix (A%) denotes inverse of (A;;) [23]. Here, we have used AYA; =
Al =yt

The covariant and contravariant metric tensor of conformally transformed
Finsler space F™ are given as: gij = 62"gij and g = e?7g¥.

Therefore, the covariant metric tensor g;; and contravariant metric tensor
g% of conformally transformed generalized m-th root Finsler space F™ are given
as;

2
Am 2
glj = €2U (W[mAAU + (2 — m)AZA]] + b@]) y (34)
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and ( )
y y —9) . .
gl = 7% [ ATm [mAAT 4 "2 yigi) ) .
g = (A F A+ =2y (35)
The geodesic curves of F™ are characterized by a system of equations:
d*x’ dx
Gz, —)=0
gz ) =0
where,
1 _
¢ = 19" {[F?]xk oy [FQ]xl}. (3.6)

are called the spray coefficients of F.
The spray coefficients G* of F'™ can be written as;

G = 16—20 11{62(6201?2) k a(eQUFQ)}

Oxk oy 4 Ox!

4
1
_ 46—20' ’l{eQU(Fgfkyzyk — Ffz) + 2FFy162“20xkyk — F2e%20,.}.
which implies that,
Gi_Gi_F}ﬂ{QFF k_ p? } (3.7)
- 29 YOk lY Oty .

By direct computation, G? is given by

m

(- — )AL AGA™ + Ag + Ay + SA" (Bo — B, (3.8)
where,
, Al m — 2 ,
il —1,4,1
=— 4+ (—F/——x)A .
¢ 2 + (Qm(m - 1)) vy

Further, the equation (3.5) in (3.7) we have

G = Gi+2A—i< AA" + (m Q)y’yl> {2Fljowy* — F?0,1,

3o

PR il
= G+2A <mAA (m—l

y
_ i } -2 42 a, (m=2)
= G'+ 2A (Am + B) <mAA +7(m nvy (20,6 — 041).

Put, ( = 20,k — o).
Thus,
. 1
G'=C"+ (1 + A=w B) (mAA”C + Cy > : (3.9)

Hence, we state the following:
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Proposition 3.1. The spray coefficients G’ of the conformally transformed
Finsler space F™ are given by (3.9) , where G are spray coefficients of Finsler
space F™.

In view of equation (3.8) and in [23] we observed that, G* are rational
functions of y . Hence from equation (3.9), we have;

Corollary 3.1. The spray coefficients G* of the conformally transformed Finsler
space F™ are rational functions of y.

4. Locally Dually flat Conformally transformed generalized m-th
root metric

In [4], Amari-Nagaoka introduced the notion of dually flat Riemannian
metrics when they studied the information geometry on Riemannian manifolds.
In Finsler geometry,Z. Shen extended the notion of locally dually flatness for
Finsler metrics [19]. Dually at Finsler metrics form a special and valuable class
of Finsler metrics in Finsler information geometry, which play a very important
role in studying at Finsler information structure. In [21] the authors, A. Tayebi,
E. Peyghan and M. Shahbazi were characterize locally dually flat generalized
m-th root Finsler metric.

A transformed Finsler metric F' = F(x,y) on a manifold M" is said to be
locally dually flat, if at any point there is a standard coordinate system (")
in TM such that [F?] ., y* = 2[F?] .. In this case, the coordinate (z¢) is called
an adapted local coordinate system [19]. And simple example is: Every locally
Minkowskian metric is locally dually flat.

Consider the conformal transformation F = €2°F, where F is an generalized
m-th root metric.

a 0
Since, [F?],x = 2¢* o) + GZUFka = 620[Fx2k + 2F20}], where, oy, = 87::"7.
[FQ]mkyl = eQU[F:Ezkyl + 2F510'k]7
[F?) eyt = € [F2 iy* + 2F Loy
Therefore,
2F§k — F:?kylyk = QQU[QF; + 4F201 — szylyk — 2leO]7

where, o9 = o1y".



Conformally Transformed Einstein Generalized m-th root with Curvature Properties 7

Thus, F is locally dually flat metric if and only if
20 2 42 2
e 21 —Am Amz + B, —|—4(Am —{—B)Ul
m

2 2 — ——
e { - <(m)A1A0A_1 + Ao + Ly} m230l>
m m 2

—2ylao} 0, (4.1)

where, Ag = Axy* and Ay = Axkylyk.

The equation (4.1) can be written as;

Ay =DA% {2 w1 <2_onAlA_1 + Aoz>
4 m m
_4A% + (B — 4Boy) + QyIU()}. (4.2)

Hence, we get the following

Theorem 4.1. Let F be a conformally transformed generalized m-th root
Finsler metric on a manifold M™. Then, F is locally dually flat metric if and
only if the equation (4.2) holds.

Corollary 4.2. Let F' be a conformally transformed generalized m-th root
metric. Then, F is locally dually flat if and only if conformal transformation is
homothetic.

Proof. From theorem 4.1, since F is locally dually flat if and only if

2y,00 — 4Bo; = 0. (4.3)
Contracting equation (4.3) by %' yields;

00F? — 4Bog = 0.
which implies that, og = 0.

Hence from equation (4.3), we have o; = 0. i.e., % = 0. So, o is constant.

Therefore, the transformation is homothetic. The converse is trivial.

5. Conformally transformed Einstein Generalized m-th root metric

In Finsler geometry, the flag curvature is an analogue of sectional curva-
ture in Riemannian geometry. A natural problem is to study and characterize
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Finsler metrics of constant flag curvature. There are only three local Riemann-
ian metrics of constant sectional curvature, up to a scaling. However there are
lots of non-Riemannian Finsler metrics of constant flag curvature. For example,
the Funk metric is positively complete and non-reversible with K = —% and the
Hilbert-Klein metric is complete and reversible with K = —1 [11] .

In this section, we characterize the conformally transformed Einstein gen-
eralized m-th root Finsler metric is Ricci flat.

For a Finsler metric F, the Riemannian curvature Ry oM — T, M is
defined by

_ _ 0 0
— Pt k _ .k
Ry(u) - Rk(xu y)“’ oxt’ uU=1u O’
where,
_,0Gh L 9RGY ~; O°G" 9G' 9G"

R, =2 — Y . 2 . — . .
R 200k Y amiogk T2 yiot oy o

The Finsler metric F is said to be of scalar flag curvature if there is a scalar
function K = K (z,y) such that

(5.1)

L | Exy
Ri = K(x,y)F? {5,@- @};y } (5.2)
Moreover, F is said to be of constant flag curvature if K in equation (5.2) is

constant.

The Ricci curvature of a transformed Finsler metric F on a manifold is a scalar
function Ric : TM — R defines to be the trace of R,,. i..,

Ric(y) = Rj.

satisfying the homogeneity Ric(\y) = ARic(y) for A > 0. A Finsler metric F is
an n-dimensional manifold M™ is said to be Einstein metric if there is a scalar
function K = K(x) on M™ such that Ric = K(n — 1)F2. A Finsler metric is
said to be Ricci flat if Ric = 0.

By formula (5.2) and corollary we get the following:
Lemma 5.1. R}; and Ric = R,’j are rational functions in y.

Proposition 5.2. Let F be a non-Riemannian conformally transformed gen-
eralized m-th root Finsler metric with m > 2 on a manifold M" of dimensions
n > 1. If F is Einstein metric then it is Ricci flat.
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Proof. In view of equation (5.2) and Ricci curvature obviously it is Einstein.

If F is an Einstein metric, i.e., Ric = K(n — 1)F? and F? is an irrational
function, as m > 2 and Ric are rational function of 5. Therefore, K = 0 and so
Ric = 0. Hence, F is Ricci flat.

Corollary 5.3. Let ' = ¢?*F be a non-Riemannian conformally transformed
generalized m-th root Finsler metric with m > 2 on manifold M™. If F is of
constant flag curvature K then K=0

Proof. By Schur lemma and corollary 3.6 of [7], immediately, we obtain the
proof of the corollary.

6. Conformally transformed Generalized m-th root metric with Iso-
tropic E-curvature

Let G* be spray coefficients of a Finsler space F™ then the Berwald curva-
ture of F™ is defined as .
Biy=-2¢
OyI Oyt oyt
A transformed Finsler metric F is called a Berwald metric if spray coefficients
G' are quadratic in y € T, M, for any x € M" or equivalently the Berwald
curvature vanishes. The E-curvature is defined by the trace of the Berwald
curvature. i.e., Ei]- = %B:?m A Finsler metric F on an n-dimensional manifold
M™ is said to be isotropic mean Berwald curvature or of isotropic E-curvature
if .
Lij = C(T;j—, )hz’jy (6.1)
where, }_Lij = Gij — Jipy”Jjqy? is the angular metric and ¢ = c(z) is a scalar
function on M™. If ¢ = 0 then F is called weakly Berwald metric.

From equation (3.2), we have
Gij = €27gij = %7 {A’z‘rL;Q[mAAM +(2—m)A;Aj] + bij} . (6.2)
The angular metric is given by
hij = gij — Lil;.
Since i_uj = ezghij. Therefore,

2_9
— m l Z .
hij = 620 { m2 (mAA” + (2 — m)AZAj) + bij - (Am + bijy yj)yiyj} (6'3)
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From equation (6.3) in (6.1), we have

2
_ c(n+1) 5 [Am—2 2
Eij = oF 62 { m2 (mAAZ] + (2 — m)AZAJ) -+ bij — (Am

+biy'y ) yiy; },

2 _g
_ C(nz; 1){ oy (mAA; + (2 = m)Aidy) + bij — (A5

+bijyiyj)yiyj},
Since, ' = e* F the above equation yields;

n %_2
Eij:( +1>< - )c{mAAij—i—(Q—m)AiAj}. (6.4)

2F

In view of equation (3.9), we clear that Ej;; are rational functions of y. Thus,
from equation (6.4), we have either ¢ = 0 or

mAA;; +(2—-m)A;A; = 0. (6.5)
Suppose ¢ # 0. Contracting the equation (6.5) with A% yields

mA(SZlC + (2 —m)Az* =0,
which implies that A(m(n — 1) +2) = 0. Which is impossible, since h;; = 0.
Therefore, ¢ = 0 and consequently Eij = 0. Thus, we state the following

Proposition 6.3. Let I be a conformally transformed generalized m-th root
Finsler metric is of isotropic mean Berwald curvature. Then, F is weakly
Berwald metric.

7. Conclusion

An m-th root metric F = /A, where A = a;, 4, i, (2)y™ ...y, is regarded
as a direct generalization of Riemannian metric in a sense, i.e., the second root
metric is a Riemannian metric. The theory of m-th root metric has been devel-
oped by M. Matsumoto- H. Shimada. The m-th root Finsler metric play a very
important role in physiscs, space time and general relativity.

Information geometry has emerged from investigating the geometrical struc-
ture of a family of probability distributions and has been applied successfully
to various areas, including statistical inference, control system theory and mul-
titerminal information theory. The notion of dually flat Riemannian metric,
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which comes under the information geometry on Riemannian manifolds. Dually
flat Finsler metrics form a special and valuable class of Finsler metrics in Finsler
information geometry, which play a very important role in studying flat Finsler
information structure. Then, work extended in Finsler geometry, the notion of
locally dual flatness to Finsler metrics.

As we know, in general Finstein metrics is said to Ricci tensor is proportionality
of metric tensor, i.e., Ric « g;j, which are a natural extension of those in
Riemannian geometry and they have good properties in Riemann geometry for
some class of Finsler metrics. Some research have been progressed to generalized
m-th root finsler metric is conformal to m-th root metric and also the curvature
properties of an mention metrics.

Especially in this study, we consider the generalized m-th root Finsler met-

ric F' = 1/ Aw + B, first we find the spray coefficients of conformally trans-
formed generalized m-th root Finsler metric and it shows that, it is rational
function of y. Then, we proved conformally transformed generalized m-th root
metric is locally dually flat if and only if the conformal transformation is homo-
thetic. Further, to refer [23], we characterized the Einstein metric is Ricci flat.
Finally, we get conformally transformed metric is weakly Berwald metric.
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