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Abstract

In 1987, R. Miron introduced the concept of L-duality between Cartan
spaces and Finsler spaces ([5]). The geometry of higher order Finsler spaces
were sudied in ([1],[8]). The theory of higher order Lagrange and Hamilton
spaces were discussed in ([6],[7],[9]) . Some special problems concerning the L-
duality and classes of Finsler spaces were studied in ([3], [13]). In ([2], [10], [11])
the L-duals of Randers, Kropina and Matsumoto space were introduced. The
L-dual of an (a, 3) Finsler space was introduced in [12].In this paper we give
the L-dual of a generalized m-Kropina Space.
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1. Introduction

Let F" = (M, F) be an n-dimensional Finsler space. The fundamental

function F'(x,y) is called an («, 3)-metric if F is homogeneous function of «

and 3 of degree one, where o = a(y,y) = a;jjy'y’,y = yi% l.€ T, M is

Riemannian metric, and 8 = b; ()¢ is a one-form on TM = TM \ {0} .
A Finsler space with fundamental function [4]:
F(z,y) = a(z,y) +6(z,y) (1.1)
is called a Randers space.

A Finsler space having the fundamental function:

F(z,y) = o (@,9) (1.2)

B(z,y)
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is called a Kropina space.

A Finsler space with fundamental function:

o (z,y)
F(z,y) = - 1.3
is called a Matsumoto space.
The generalized (o, 3)-metric:
am+1 (:I: y)
F=——"> m#0,—1 1.4
iy ) -

is called a generalized m-Kropina metric and the Finsler space equipped with
this metric is called a generalized m-Kropina space.

Definition 1. A Cartan space C™ is a pair (M, H) which consists of a real n-
dimensional C*°—manifold M and a Hamiltonian function H : 7" M\ {0} —
R, where (T*M, 7", M) is the cotangent bundle of M such that H (z,p) has the
properties as follows [2]:

1. It is two homogeneous with respect to p; (i,7,k,...,=1,...,n).

2. The tensor field g (z,p) = % 8225] - is nondegenerate.
iOPj

Let C™ = (M, K) be an n-dimensional Cartan space having the funda-
mental function K (z,p). We also consider Cartan spaces having the metric
functions of the following forms:

K (z,p) = y/al (x) pipj + V' (x) pi (1.5)

a' (z) pipj
b () p;

with aijaj k= 5;‘3 and we will again call these spaces Randers and, respectively,

or

K(x,p) = (16)

Kropina spaces on the cotangent bundle T M.

Definition 2. A regular Lagrangian (Hamiltonian) on a domain D C TM
(D* C T*M) is a real smooth function L : D — R (H : D* — R) such that
the matrix with entries

gab (x,y) := 0,0, L (x,y) (97 (z,p) :== 90 H (x,p)) is everywhere nonde-
generate on D(D*)[2].
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A Lagrange (Hamilton) manifold is a pair (M, L) ((M, H)), where M is a
smooth manifold and L(H) is regular Lagrangian(Hamiltonian) on D(D*).

Example 3. (1.) Every Finsler space F"" = (M, F(x,y)) is a Lagrange manifold
with L = 1F?. Every Cartan space C" = (M, F(z,p)) is a Hamilton manifold

with H = %FQ. (Here F is positively 1-homogeneous in p; and the tensor g* =
%8'“8'bf2 is nondegenerate).

(2.) (M, L) and (M, H) with
L(w,y) = Sasj (2) 'y’ +bi (2) y' + c(w) and H (2, p) = 1a7 (z) pip; + ' (x) pi +
¢(x)

are Lagrange and Hamilton manifolds respectively. (Here a;; (z),a" (z) are the
fundamental tensors of Riemannian manifold, b; are components of covector

field, b' are the components of a vector field, ¢ and ¢ are smooth functions on

Let L (z,y) be a regular Lagrangian on a domain D C T'M and let H (z,p)
be a regular Hamiltonian on a domain D* C T*M.As we know [10] if L is a
differentiable map, we can consider the fiber derivative of L, locally given by
diffeomorphism between the open set U C D and U* C D* :

o (,y) = <xi,éaL<x,y>) @

which is called the Legendre transformation. We can define, in this case, the
function H : U* — R :

H (z,p) = pay" — L (z,y), (1.8)
where y = (y®) is the solution of the equations:
Pa = 0al (2,y) . (1.9)
In the same manner, the fiber derivative is given locally by:

o (2,p) = (:ci,é)aH (a:,p)) , (1.10)

@ is a diffeomorphism between same open sets U* C D* and U C D and we can
consider the function L : U +— R :

L(.T,y) :paya—H(.’E,p), (111)
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where p = (p,) is the solution of the equations:
.a
y* =0 H (z,p). (1.12)

The Hamiltonian given by (1.8) is called the Legendre transformation of
the Lagrangian L and the Lagrangian given by (1.11) is called the Legendre
transformation of the Hamiltonian H.

If (M, K) is a Cartan space, then (M, H) is a Hamiltonian Manifold [10],
where H (z,p) = $K? (2,p) is 2-homogeneous on a domain of T*M. So, we get
the following transformation of H on U:

L(z,y) = pay” — H (z,p) = H (z,p) (1.13)

1.1 Theorem [10]

The scalar field given by (1.13) is a positively 2-homogeneous regular La-
grangian on U.

Therefore, we get Finsler metric F of U, so that

L(ay) = %FQ (1.14)

Thus, for the Cartan space (M, K) we always can locally associate a Finsler
space (M, F) which will be called the L-dual of a Cartan space (M , C|U*) vice-
versa, we can associate, locally, a Cartan space to every Finsler space which will
be called the L-dual of a Finsler space (M , C’|U) .

2. The (o, ) Finsler-(a*, f*) Cartan L-duality

2.1 Theorem ([2],[10])

NS
Let (M, F) be a Randers space and b = (aijbllﬂ) 2 the Riemannian length
of b;. Then:

1. If b? = 1, the L-dual of (M, F) is a Kropina space on T*M with:

1 (ap;p; ?

2. If b? # 1, the L-dual of (M, F) is a Randers space on T*M with:
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2

1 - -
H(z,p) =3 (\/a”pipj + bpz) : (2.2)
where ) ) .
—ij _ ij i77. 7 _ i
e Tt P

(in (2.2) ‘—’ corresponds to b2 < 1 and ‘+’ corresponds to b? >~ 1).
2.2 Theorem ([2],[10])

The L-dual of a Kropoina space is a Randera space on T*M with the

Hamiltonian:
1 — = \?
H(z,p) = 5 (\/a”pipj + bzPi) , (2.3)
where )
. b - 1.
—ij _ 0 _ij _ 3
a 1 a'’, b 2b

in (2.3) ‘=’ corresponds to 3 < 0 and ‘+’ corresponds to 3 > 0 ).

In 2] a* = (a¥ (:L‘)pipj)% ,3* = b' (x) p;, where a (x) are the reciprocal
components of a;; and b* (z) are the components of the vector field on M, V" (z) =
a (z)bj (z). We can consider the metric functions K = a* + #* (Randers
metric on T*M ) or K = %2 (Kropina metric on T*M) defined on a domain
D* C T*M. So, we can easily rewrite the previous theorems:

2.3 Theorem

SIS

Let (M, F) be a Randers space and b = (a;;b'0’)? the Riemannian length
of b;. Then:

1. If b = 1, the L-dual of (M, F)) is a Kropina space on T*M with:

H(z,p) = % (;:)2 (2.4)

2. If b? # 1, the L-dual of (M, F) is a Randers space on T*M with:

H(w,p) = 5 (0" £ 52, (2.5

. 1 X
with o* = (E” (v) pz'pj) 2, p* =0t (z)pi,
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where

1 ij 1 i, =i 1 b

1T +(1—b2)2bb7’ s

a’ =

(in (2.5) ‘—’ corresponds to b? < 1 and ‘+’ corresponds to b? = 1).

2.4 Theorem

The L-dual of a Kropoina space is a Randers space on T*M with the

Hamiltonian: )
H (x,p) = 5 (0" £ 57)°, (2:6)
where )
R > 1.
21— 2 . b :*bl
@ =g 2

(in (2.6) ‘=’ corresponds to § < 0 and ‘4’ corresponds to 3 > 0).
3. The L-dual of a Generalized m-Kropina Space

In this case we have F = o™ (2,9).67™ (z,y) (m # 0,—1). We put o? =
aiy'y’ = yiy', B = biy', B* = 0'pi,p' = ap;, a*? = pip’ = ap;p;.

We have
1- 1 am-l—l (m y) 2 . am—i—l
pi=-0;F* = -0, <’ ) = Fo; <>
2 2 g (z,y) g
which on simplification gives
(m+1)F mF
i = F p — b; 1
p= | (31)
Contracting (3.1) by p’ and b® respectively, we get
2 (m+1)F3 mF
o™ =F [ 3 ~ 5 16} (3.2)
and
N m+1)F mF
6 —F[( a2) B — 5 b2]. (3.3)

In [13], for a Finsler (a, 3)-metric F on a manifold M, there is a positive
function ¢ = ¢ (s) on (—bo;by) with ¢ (0) = 1 and F = a¢(s),s = g, where
o? = a;y'y’ = yyt, and B = biy® with |||z < bo, VzeM and ¢ satisfies ¢ (s) —
s¢/ (s) + (b2 — %) ¢" (s) = 0, (] s |< bo).
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A generalized m-Kropina metric is a special («, 3)-metric with ¢ = s%

Using Shen’s [14] notation s = g, (3.2) and (3.3) become:

. (m+1)F mo
oz2:F[ am —SmHﬁ (3.4)
and
8 :F[ ot (3.5)
Putting s™ = ¢, so that s = tm in (3.4) and (3.5), we get
. (m+1)F? mF
o2 = = — tL“B (3.6)
and ( )
N m+1)F mF
B = = b, (3.7)
From (3.7), we get
B =F [(m F1) -t b2] . (3.8)
For b? = 1, from (3.8), we get
*t
Fe b (3.9)

(m+1)tm —mt m
From (3.6) and (3.9), we get
o2 (m +1)? tm — {2m (m +1) ot — (m2 -1) 5*2} tm +m? (a*2 - ﬂ*2) =0

(3.10)
or
04*2 (m+ 1)2 84 _ {Zm (m+ 1) 04*2 _ (m2 _ 1) 5*2} 82 _|_m2 (04*2 _ ﬁ*Z) —0.
(3.11)
Solving (3.11), we get
s = M7 (3_12)
\/ e
where
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Using (3.12) in (3.9), we get

(=)
F= ‘ = . (3.13)
(m+1) (Ciﬂe d) —-m
Hence H (z,p) = %FQ is given by
I G
H(zp) =5 (3.14)

(im0 (28] -

N[

Putting 8* = b'p;, a* = (aij (x)pipj) in (3.14), we get

i 2 [ ct(b* i \/E m+l
L () (=)
H (z,p) = = . (3.15)
2 o (bip:)Vd 2
{(m+1)( ( f)f> —m}
Next, we find H (z,p) for b? # 1. From (3.8), we have
gt
(m+1) tm —mt w2

F= (3.16)

Using (3.16) in (3.6), we get

o (m +1)" tw —{2m (m + 1) 12a*? — (m? = 1) B2} £ +m?b? (2?4 3°2) = 0
(3.17)

or

a? (m+1)% s'={2m (m + 1) B’ — (m? — 1) 2} s*+m?b? (a*2b* + 8*%) = 0.
(3.18)

s = \/fif*\/g, (3.19)

f=2mb*a*? — (m — 1) B*%,
g = 4mb*a*? + (m — 1)* 52,
e=2(m+1)a*

Solving (3.18), we get

where
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Using (3.19) in (3.16), we get

m+1
3" (fiﬁ*\/ﬁ) 2
F= - . (3.20)
(m+1) (fii ﬂ) — mb?
Hence H (z,p) = $F? is given by
* m+1
1 5*2 <fiﬁ€ \/§>
H (z,p) = = . (3.21)

S

2 {(m—i—l) (fiﬁ; ) —me}2

1

Putting 8* = b'p;, o* = (a¥ (2) pip;) 2 in (3.21), we get

i fx(b'pi)\/g m
H (z,p) = ;{ ’ pl)Q(gi(bz e)f)) }2. (3.22)
(m+1) (=22 ) — mp?

Hence we have the following:

3.1 Theorem

N[

Let (M, F) be a generalized m-Kropina space and b = (aijbibj ) the Rie-

mannian length of b;. Then:

1. If v* = 1, the L-dual of (M, F) is a space on T*M having the funda-
mental function:

g ()™

H (z,p) = {(m+1) (%)—m}%

N =

where
c=2ma*? — (m—1)3*2,
d = 4ma*? — (m — 1)? 32,
e=2(m+1)a*2
2. If b2 # 1, the L-dual of (M, F) is a space on T*M having the funda-

mental function:
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where
f=2mb*a*? — (m — 1) 3*2,
g = 4mb%a*2 + (m —1)% §*2,
e=2(m+1)a*2

. g 1
Using §* = b'p;, a* = (a” (z) piipj) 2 the above theorem can be rewritten
as:

3.2 Theorem

N[

Let (M, F) be a generalized m-Kropina space and b = (aijbibj )
mannian length of b;. Then:

1. If v = 1, the L-dual of (M, F) is a space on T*M having the funda-
mental function:

the Rie-

(bipz‘) 2 <ci(biepi)\/ﬁ> m+1

1
H{(z,p) =3 {(m+ N (ci(bifz‘)\/g> B m}”

where
c=2ma*? — (m—1) *2,
d = 4ma*? — (m — 1) %2,
e=2(m+1)a*?
2. If b2 # 1, the L-dual of (M, F) is a space on T*M having the funda-
mental function:

(bip;)? (fi(bifi)ﬂ>m+l

e = {(m +1) (fi(biem)ﬁ) - mbz}2’

N |

where
f=2mb*a*? — (m — 1) B*2,
g = 4mb*a*? + (m — 1) 52,
e=2(m+1)a*
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