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Abstract

In the present paper, we study Finslerian subspace Fm of Fn and another

Finslerian subspace F̄m of the F̄n subjected to the generalized conformal β-

change is totally geodesic and totally h-autoparallel.
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1. Introduction

In 1976, M. Hashiguchi [1] studied the conformal change of Finsler metrics,

namely, L̄ = eσ(x)L. In particular, he also dealt with the special conformal

transformation named C-conformal transformation. This change has been stud-

ied by H. Izumi[2], V. K. Kropina[3]. In 2008, S. Abed ([4], [5]) introduced

the transformation L̄ = eσ(x)L + β, thus generalizing the conformal, Randers

and generalized Randers changes. Moreover, he established the relationships

between some important tensors associated with (M,L) and the corresponding

tensors associated with (M, L̄). He also studied some invariant and σ-invariant

properties and obtained a relationship between the Cartan connection associated

with (M,L) and the transformed Cartan connection associated with (M, L̄).
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In this paper, we deal with a general change of Finsler metrics defined by:

L(x, y) → L̄(x, y) = f(eσ(x)L(x, y), β(x, y))

where f is a positively homogeneous function of degree one in L̄ := eσL and

β. This change will be referred to as a generalized β-conformal change. It is

clear that this change is a generalization of the above mentioned changes and

deals simultaneously with β-change and conformal change. It combines also the

special case of Shibata (L̄ = f(L, β)) and that of Abed (L̄ = eσL, β) .

In 1984, C. Shibata [6] studied β-change of Finsler metrics and discussed

certain invariant tensors under such a change. In 1979, Singh, et.al.[7] studied a

Randers space Fn(M,L(x, y) = (gij(x)y
iyj)

1
2 + bi(x)y

i), n ≥ 2 which undergoes

a change L(x, y) 7→ L∗(x, y) = L2(x, y) + (αi(x)y
i)2.

In the present paper, we consider a general Finsler space Fn(M,L) which

undergoes conformal and β-change, that is L(x, y) → L̄(x, y) = f(eσ(x)L(x, y),

β(x, y)) where β(x, y) = bi(x)y
i is a 1-form. We study Finslerian subspace Fm =

(Mm, L̄(u, v)) of Fn and another Finslerian subspace F̄m = (Mm, L̄(u, v)) of

the F̄n subjected to the generalized conformal β-change. Further, we consider a

Finsler subspace is totally geodesic and totally h-autoparallel. For the notations

and terminology, we refer the reader to the books [8] and [9], the papers [6] by

Shibata and [10] by Youssef.

2. Preliminaries

Let Fn = (M,L), n ≥ 2 be an n-dimensional C∞ Finsler manifold with

fundamental function L = L(x, y). Consider the following change of Finsler

structures which will be referred to as a generalized β-conformal change:

L(x, y) −→ L̄(x, y) = f(eσ(x)L(x, y), β(x, y)), (2.1)

where f is a positively homogeneous function of degree one in eσL and 1-form

β where, β = bi(x)dx
i.

We define

f1 :=
∂f

∂L̃
, f2 :=

∂f

∂β
, f12 :=

∂2f

∂L̃∂β
, .....,

where L̃ = eσL.

The angular metric tensor h̄ij of the space F̄n is given by [10]

h̄ij = eσphij + q0mimj (2.2)
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where

{ p = ff1/L, q = ff2, q0 = ff22, p0 = f2
2 + q0, q−1 = ff12/L,

p−1 = q−1 + pf2/f, q−2 = f(eσf11 − f1/L)/L
2, p−2 = q−2 + eσp2/f2,

mi = bi − βyi/L2 ̸= 0, σi = ∂iσ. } (2.3)

hij being the angular metric tensor of Fn. The fundamental metric tensor ḡij
and its inverse ḡij of F̄n are expressed as [10]

ḡij = eσpgij + p0bibj + eσp−1(biyj + bjyi) + eσp−2yiyj , (2.4)

ḡij = (e−σ/p)gij − s0b
ibj − s−1(b

iyj + bjyi)− s−2y
iyj , (2.5)

where

{ s0 = e−σf2q0/(εpL
2), s−1 = p−1f

2/(εpL2),

s−2 = p−1(e
σm2pL2 − b2f2)/(εpβL2), (2.6)

ε = f2(eσp+m2q0)/L
2 ̸= 0, m2 = gijmimj . }

gij and gij respectively being the metric tensor and inverse metric tensor of Fn.

The Cartan tensor C̄ijk and the associate Cartan tensor C̄ l
ij of F̄n are given by

the following expressions:

C̄ijk = eσpCijk +
1

2
eσp−1(hijmk + hjkmi + hkimj) +

1

2
p02mimjmk, (2.7)

The (h)hv-torsion tensor C̄ l
ij is expressed in terms of C l

ij as [10]

C̄ l
ij = C l

ij +M l
ij , (2.8)

where

M l
ij =

1

2p
[e−σml − pm2(s0b

l + s−1y
l)](eσp−1hij + p02mimj)

− eσ(s0b
l + s−1y

l)(pCisjb
s + p−1mimj) +

p−1

2p
(hlimj + hljmi); (2.9)

hij = gilhlj , p02 =
∂p0
∂β

Cijk and C l
ij respectively being the Cartan tensor and associate Cartan tensor

of Fn. The spray coefficients Ḡi of F̄n in terms of the spray coefficients Gi of

Fn are expressed as [10]

Ḡi = Gi +Di, (2.10)
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where

Di =
σ0
2p

{[2p− βp−1 − eσp2L2s−2 − ps−1(2e
σpβ + eσp−1L

2m2)]yi

− 2eσp2βs0b
i}+ q

p
e−σF i

0 −
1

2
L2σi +

1

2
(eσpE00 − 2qFβ0 (2.11)

+ eσpL2σβ)(s0b
i + s−1y

i);

Ejk = (1/2)(bj|k + bk|j), Fjk = (1/2)(bj|k − bk|j), F i
j = gikFkj

the symbol ‘|’ denote the h-covariant derivative with respect to the Cartan

connection CΓ and the lower index ’0’ (except in s0) denote the contraction by

yi.

The relation between the coefficients N̄ i
j of Cartan nonlinear connection in

F̄n and the coefficients N i
j of the corresponding Cartan nonlinear connection in

Fn is given by [10]

N̄ i
j = N i

j +Di
j , (2.12)

where

Di
j =

e−σ

p
Ai

j − (s0b
i + s−1y

i)Atjb
t − (qb0|j + eσpL2σj).

(s−1b
i + s−2y

i); (2.13)

Aij = E00Bij + Fi0Qj + qFij + Ej0Qi − 2(eσpCsij + Vsij)D
s

+
1

2
σ0[2e

σpgij + 2eσp−1mjyi − 2βBij + eσp−1(biyj − bjyi)] (2.14)

− 1

2
σi(e

σL2p−1mj + 2eσpyj) +
1

2
σj(2e

σpyi + eσL2p−1mi);

Ai
j = gliAlj , 2Bij = eσp−1hij + p02mimj , Qi = eσp−1yi + p0bi

The coefficients F̄ i
jk of Cartan connection CΓ̄ in F̄n and the coefficients F i

jk of

the corresponding Cartan connection CΓ in Fn are related as [10]

F̄ i
jk = F i

jk +Di
jk, (2.15)

where

Di
jk = {(e−σ/p)git − (s0b

i + s−1y
i)bt − (s−1b

i + s−2y
i)yt}{FtkQj

+ FtjQk + EjkQt +
1

2
Θ(j,k,t)(2e

σpCjkmDm
t + 2VjkmDm

t (2.16)

− Kjkσt − 2Bjkb0|t)}

Vijk =
1

2
eσp−1(hijmk + hjkmi + hkimj) +

1

2
p02mimjmk
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Kij = A1gij +A2bibj +A3(biyj + bjyi) +A4yiyj ,

A1 = eσ(2p− βp−1), A2 = −βp02, A3 = eσp−1 + (β2/L2)p02,

A4 = eσp−2 − (β3/L4)p02,Θ(j,k,t){Ajkt} = Ajkt −Aktj −Atjk,

The tensor Di
jk has the properties:

Di
j0 = Bi

j0 = Di
j ; Di

00 = 2Di, where Bi
jk = ∂kD

i
j . (2.17)

Lemma 2.1. [6]. If the covariant vector, the components bi(x) of which are

coefficients of the one-form L, is parallel with respect to the Cartan connection

CΓ on Fn, then the difference tensor Di
jk(= F̄ i

jk − F i
jk) vanishes.

3. Finslerian Subspaces given by Generalized conformal β−change

Let Mn be an n-dimensional smooth manifold and Fn = (Mn, L) be an

n-dimensional Finsler space equipped with a fundamental function L(x, y) on

Mn. Then the metric tensor gij(x, y) and Cartans C-tensor Cijk(x, y) are given

by

gij = (∂2L2/∂yi∂yj)/2, Cijk = (∂gij/∂y
k)/2,

and we can introduce in Fn the Cartan connection CΓ = (F i
jk, G

i
j , C

i
jk). An

m-dimensional subspace Mm of the underlying smooth manifold Mn may be

parametrically represented by the equation xi = xi(uα)(i = 1, 2, ......., n), where

uα are Gaussian coordinates on Mm and Greek indices run from 1 to m.

Here, we shall assume that the matrix consisting of the projection factors

Bi
α = ∂xi/∂uα is of rank m. The following notations are also employed :

Bi
αβ := ∂2xi/∂uα∂uβ, Bi

0β := vαBi
αβ , B

ij...
αβ.... := Bi

αB
j
β....... If the supporting

element yi at a point (uα) of Mm is assumed to be tangential to Mm, we

may then write yi = Bi
α(u)v

α, so that vα is thought of as the supporting ele-

ment of Mm at the point (uα). Since the function L(u, v) := L(x(u), y(u, v))

gives rise to a Finsler metric of Mm, we get an m-dimensional Finsler space

Fm = (Mm, L(u, v)).

At each point (uα) of Fm, the unit normal vectors N i
α(u, v) are defined by

gijB
i
αN

j
a = 0, gijN

i
aN

j
b = δab (a, b, ...... = m+ 1, ......, n). (3.1)

If (Bα
i , N

a
i ) is the inverse matrix of (Bi

α, N
i
a), we have

Bi
αB

β
i = δβα, Bi

αN
a
i = 0, N i

aB
α
i = 0, N i

aN
b
i = δba, (3.2)
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and further

Bi
αB

α
j +N i

aN
a
j = δij . (3.3)

Making use of the inverse matrix (gαβ) of (gαβ), we get Bα
i = gαβgijB

j
β. By

(3.1) and (3.3), we also have δabN
b
i = gijN

j
a .

For the induced Cartan connection CΓ = (Fα
βγ , G

α
β , C

α
βγ) on Fm, the second

fundamental h-tensor Ha
αβ and the normal curvature vector Ha

α in a normal

direction N i
a are given by

Ha
αβ = Na

i (B
i
αβ + F i

jkB
jk
αβ) +Ma

αbH
b
β, (3.4)

Ha
α = Na

i (B
i
0α +Gi

jB
j
α),

where Ma
αb := Cj

ikB
i
αN

a
j N

k
b and Bi

0α = Bi
βαv

β. Contracting Ha
βα by vβ, we

immediately get

Ha
0α := Ha

βαv
β = Ha

α. (3.5)

Lets introduce in Fn = (Mn, L̄) the Cartan connection CΓ̄ = (F̄ i
jk, Ḡ

i
j , C̄

i
jk)

from a generalized conformal β-change of the metric.

We now consider a Finslerian subspace Fm = (Mm, L̄(u, v)) of Fn and

another Finslerian subspace F̄m = (Mm, L̄(u, v)) of the F̄n given by the gener-

alized conformal β-change. Let N i
a be unit normal vectors at each point of Fm,

and (Bα
i , N

a
i ) be the inverse matrix of (Bi

α, N
i
a). The functions Bi

α(u) may be

considered as components of m linearly independent vectors tangent to Fm and

they are invariant under the generalized conformal β-change. The unit normal

vectors N̄ i
a(u, v) of F̄

m are uniquely determined by

ḡijB
i
αN̄

j
a = 0, ḡijN̄

i
aN̄

j
b = δab. (3.6)

The fundamental tensor ḡij = (∂2L̄2/∂yi∂yj)/2 of the Finsler space F̄n given

by (2.3), (2.4).

Now contracting (3.1) by vα, we immediately get

yiN
i
a = 0 (3.7)

Further contracting (2.4) by N i
aN

j
b and paying attention to (3.1), (3.6) and (3.7),

we have

ḡijN
i
aN

j
b = eσpδab + p0(biN

i
a)(bjN

j
b ). (3.8)

Putting a = b, then we obtain

ḡij(±N i
a/
√

eσp+ p0(biN i
a)

2)(±N j
a/

√
eσp+ p0(biN i

a)
2) = 1, (3.9)
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provided eσp+ p0(biN
i
a)

2 > 0. Therefore we can put

N̄ i
a = N i

a/
√

eσp+ p0(biN i
a)

2, (3.10)

where we have chosen the sign ” + ” in order to fix an orientation. On using

(3.1) and (3.7), the first condition of (3.6) gives us

(biN
i
a)(p0bjB

j
α + eσyjB

j
α) = 0. (3.11)

Now, assuming that p0bjB
j
α+eσp−1yjB

j
α = 0 and contracting this by vα, we find

p0β + eσp−1L
2 = 0. By (2.3) this equation lead us to ffβ = 0, where we have

used LfLβ +βfββ = 0 and LfL+βfβ = f owing to the homogeneity of f . Thus

we have fβ = 0 because of f ̸= 0. This fact means L̄ = f(L) and contradicts the

definition of a generalized conformal β-change of metric. Consequently (3.11)

gives us

biN
i
a = 0. (3.12)

Therefore (3.10) is rewritten as

N̄ i
a = N i

a/
√
eσp (p > 0). (3.13)

and then it is clear N̄ i
a satisfies (3.6). Summarizing the above, we obtain

Theorem 3.1. For a field of linear frame (Bi
1, ......., B

i
m, N i

m+1, ....., N
i
n) of F

n,

there exists a field of linear frame (Bi
1, ......., B

i
m, N̄ i

m+1, ....., N̄
i
n) of F̄

n given by

the generalized conformal β-change such that (3.6) is satisfied along F̄m, and

then we get (3.12).

The quantities B̄α
i are uniquely defined along F̄m by

B̄α
i = ḡαβ ḡijB

j
β, (3.14)

where ḡαβ is the inverse matrix of ḡαβ. Let (B̄α
i , N̄

a
i ) be the inverse matrix of

(Bi
α, N̄

i
a), we have

Bi
αB̄

β
i = δβα, Bi

αN̄
a
i = 0, N̄ i

aB̄
α
i = 0, N̄ i

aN̄
b
i = δba, (3.15)

and further

Bi
αB̄

α
j + N̄ i

aN̄
a
j = δij . (3.16)

we also get δabN̄
b
i = ḡijN̄

j
a , that is,

N̄a
i =

√
eσpNa

i . (3.17)

Now assuming that the covector field bi(x) is gradient, we have from (2.11)

Na
i D

i = 0. (3.18)
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Differentiating (3.18) by yj and contracting it by Bj
α, we get

Na
i D

i
jB

j
α = 0. (3.19)

If each geodesic of Fm with respect to the induced metric is also a geodesic

of Fn, then Fm is called totally geodesic. A totally geodesic subspace Fm is

characterized by each Ha
α = 0. From (3.4) and (3.17) we have

H̄a
α =

√
eσp(Ha

α +Na
i D

i
jB

j
α). (3.20)

Thus from (3.19) we obtain H̄a
α =

√
eσpHa

α. Hence we have

Theorem 3.2. Assume that the covector field bi(x) is gradient. Then the sub-

space Fm is totally geodesic, if and only if the subspace F̄m is totally geodesic.

From (3.4), (3.17) and Lemma 2.1, we have H̄a
α =

√
eσpHa

α. Thus we obtain

Theorem 3.3. Let bi(x) be parallel with respect to CΓ on Fn. Then the sub-

space Fm is totally geodesic, if and only if the subspace F̄m is totally geodesic.

If each h-path of Fm with respect to the induced connection is also an

h-path of Fn, then Fm is called totally h-autoparallel. A totally h-autoparallel

subspace Fm is characterized by each Ha
αβ = 0. From (3.4), (3.5), (3.17) and

Lemma 2.1, we obtain

Theorem 3.4. Let bi(x) be parallel with respect to CΓ on Fn. Then the

subspace Fm is totally h-autoparallel, if and only if the subspace F̄m is totally

h-autoparallel.

4. Conclusion

We have tried to generalize theorems of Finsler geometry and found that

those not relying on the notion of translation may be successfully generalized.
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