J.T.S.
Vol. 12 (2018), pp.33-48
https://doi.org/10.56424/jts.v12i01.10¢

On Holomorphic Curvature of Complex Finsler with special
(a, B)—Metric

Vanithalakshmi S. M., Narasimhamurthy S. K. and Roopa M. K.

Department of Mathematics
Kuvempu University, Shankaraghatta
Shimoga, Karnataka, India
e-mail: vanithateju02@gmail.com, nmurthysk@gmail.com,
roopamk1002@gmail.com
(Received: September 12, 2018, Accepted: November 23, 2018)

Abstract

The notion of the holomorphic curvature for a Complex Finsler space
(M, F) is defined with respect to the Chern complex linear connection on the
pull-back tangent bundle. This paper is about the fundamental metric tensor,
inverse tensor and as a special approach of the pull-back bundle is devoted to
obtain the Riemannian curvature and holomorphic curvature of Complex Finsler
with special (a, §)-metric.
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1. Introduction

The notion of holomorphic curvature of a complex Finsler spaces with re-
spect to the Chern complex linear connection in breif Chern (c.l.c) as a con-
nection in the holomorphic pull back tangent bundle 7*(7"M). In [12], Nicolta
Aldea has obtained the characterization of the holomorphic bisectional curva-
ture and gave the generalization of the holomorphic curvature of the complex
Finsler spaces which are called holomorphic flag curvature. After that in (2006)
he devoted to obtain the characterization of holomorphic flag curvature.

In view point of reviews, our goal was to determine the conditions in which
complex Finsler spaces with special (a, #)- metric of holomorphic curvature.
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2. Preliminaries

This section, includes the basic notions of Complex Finsler spaces.
An R-Complex Finsler metric on M is continuous function F' : TM — R
satisifying:
i. L = F?is a smooth on T"M )0;
ii. F(z,m) > 0,the equality holds if and only if n = 0;
ii. F(z,An,z,\7) = |\F(z,n,2,7), forall X\ € R.

Let M be a complex manifold, dim.M = n and T'M the holomorphic
tangent bundle in which as a complex manifold the local coordinates will be
denoted by (2*,7*). The complexified tangent bundle of 77M is decompsed in

T.(T'M) =T/ (T"M)® T"(T'M).

Considering the restriction of the projection to T'M = T'M /0, for pulling
back of the holomorphic tangent bundle 7'M then it obtain a holomorphic
tangent bundle " : 7*(T'M) — W called the pull-back tangent bundle over
the slit 7"M. We denote by {8 5 8zk "1, the local frame and by {dz**, dz**}
the local frame and its dual.

Let V(T'M) = kerm, C T'(T"M) be the vertical bundle, spanned locally
by {%}. A complex nonlinear connection, breifly (c.n.c), determines a sup-
plementary complex subbundle to V(T'M) in T'(T"M), that is T'(T'M) =
H(T'M) & V(T'M). The adapted frames is 2 = 22 ~ N} 88], where N} (z,n)

— 92F
are the coeﬂicients of the (c n.c). Further we Shall use the abbrevations d; = %,
0; = 8‘?]“ 0; = (M, 0 = 3773’ and their conjugates|7, 17, 4].
On T'M, let g;; = dl 6L = be the fundamental metric tensor of a complex Finsler

space (M, L = F?).

The isomorphism between 7*(7"M) and T'M induces an isomorphism of
™ (TcM) and ToM. Thus, g;; defines an Hermitian metric struture G(z,7) =
gj,;dé*j ®dz** on 7 (T" M), with respect to the natural complex structure. Fur-

ther, the Hermitian metric structure G on 7*(7'M) induces a Hermitian inner
ReG(x,7)

XTI~
sections on 7*(T" M), where ||x|? = ||x||> = G(x, %) (for details see in [10]).

product h(&,v) := ReG(x,7) and the angle cos(xv) = for any x, v the

On the other hand, H(T'"M) and 7*(7"M) are isomorphic. Therefore, the
structures on 7* (T M) can be pulled-back to H(T'M) @ H(T'M). By this
isomorphism the natural co-basis dz*/ is identified with dz/. In view of this
constructions the pull-back tangent bundle 7*(7'M) admits a unique complex
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linear connection V, called the Chern (c.l.c), which is metric with respect to G
and of (0,1)— type .

wi(z,m) = Ly (2,m)dz" + Cli(z,m)on"; (2.1)
The Chern(c.l.c) on 7*(T"M) determines the Chern-Finsler (c.n.c) on (7"M),
with the coeflicients N,ﬁ = gmi%nj, and its local coefficients of torsion and
curvature are

T;k = L;‘k - 2]'; (2.2)

R};}k = —0p, ;k - 5B(Nk) Jl'l §U;ﬁk = —0,C"jk = U;Z;Lj ;

i 09jm mi 09jm

i A
ij =9 sk Cjk =g ank

i _ATE A (NN -G e A — Gi
le_lk T ah Jk 8h(Nk) b ’thk = 8h Jk_Skhj

The Riemann type tensor
R(W, 2, X,5) == G(R(X, Y)W, Z),

has properties:

R(W,Z,X,Y) = W' Z/X*Y " Rigyps Ry, := Rigpr5 (2.3)
Riin = —Rijpe = Riink = Rjinws

i i o
Risp = Ripg then Rigp = Rygen = Rypj-

According to [7] the complex Finsler space (M, F') is strongly Kéhler if and only
if Tj’k = 0, Kahler if and only if Z?knj = 0 and weakly Kahler if and only if
Gir L’ 7' = 0. Note that for a complex Finsler metric which comes from a Her-
mitian metric on M, so-called purely Hermitian metric in [4].That is g,; = g;5(2),
the three nuances of Kdhler spaces coinsider, in [1].

The holomorphic curvature of F in direction 7, with respect to the Chern
(c.lc),[7] is,

2R 7,1,1,17 QﬁjnkRﬁk
kp(z,m) = (2 = ) = T3 (2.4)

G*(n,7) L2(z,n)
where 7 is viewed as local section of 7*(T'M), that is n := 0’ 321-- Further on,
we shall simply call it holomorphic curvature. It depends both on the position

zeM and the direction 7.
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Definition 2.1. The complex Finsler space (M, F') is called generalized Einstein

if Rj;, is proportional to ¢, that is if there exists a real valued function K (z,7),
such that [14]

Rj, = K(z,n)ty;, (2.5)
where Ry, := Ryan'il" = —gi0n(NDT", tyg := L(z,1)gx; + mklljs Mk = 57%,
— . __ OL
N5, = o7

By finding the Chern(c.l.c) on 7. (7" M) determines the Chern-Finsler on 7" M ,with
the coeflicient N}; = gmi%nj determines, we need to find the fundamental
metric tensor followed by the invarients are given below:

Now from definition of Complex Finsler metric follows that L is (2, 0)-homogeneous

with respect to the real scalar A and is proved that the following identities are
fuullfilled[6].

oL , OL )
o T om = 2L 5 giyn' + g0 = o (2.6)
ik | 09ij _; 9k i, Yik -j
o " o =0 ; o T o =0 (2.7)
2Lgiin'n’ + gin'n’ + 2g;m'1, (2.8)
where,
_ 9’L . __ 9’L . __ _8%L
9ij = yig 0 95 = g 5 9 = o

Here, to find the inverse of fundamental metric tensor g;; we use the following
proposition2.1.

Proposition 2.1. Suppose:

¢(Q;;) is a non-singular n x n complex matrix with inverse Q’%;

oC;and C; =Chi=1,........ n are complex numbers;

ol = QﬂCj and its conjugates; C? := C'C; = C'C; H;; = Qi £ C;C;.
Then,

L. det(Hj;) = (1£ C?)det(Qij),

ii. whenever (1 & C?) # 0, the matrix (H;;) is invertible and in this case its

inverse is HY = Q7" + 1i102 Cicia.

3. Fundamental metric tensor of Complex Finsler space with special
(o, B) —metrics

The R-complex Finsler space produce the tensor fields g;; and g;;. The
tensor field must g;; be invertible in Hermitian geometry. These problems are
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about to Hermitian R-complex Finsler spaces, if det(g,; # 0) and non-Hermitian
R-complex Finsler spaces, if det(g;; # 0). In this section, we determine the
fundemental tensor of complex Square metric and inverse also.

Consider R-complex Finsler space with special («, §)-metrics,

L(a, B) = <a + ’T)Q, (3.1)

then it follows that F' = o + @
Now, we find the following quantities of F'.
From the equalities (2.6) and (2.7) with metric (3.1), we have

aLy+ BLg = 2L, aLoo + BLag = La, (3.2)

aLaﬁ + /BLBB = L/B’ 042Laa + 2aﬂLaﬁ + BQL/;/B = 2L,

where
oL OL 0’L 0’L O’L
Lo=7- Lg=—%%, Lap= 575> Laa= 7=, Lps= 553" :
da’ P 0B T 9aop da2’ PP T 9p2 (3:3)
o?|B|?
L, = 2F< 3 > , (3.4)
_ 4p8l
Ly = 4F ', (3.5)
2 2(9|5|2 2 1412\ 2
Loo = 2 O‘+‘B|4(|B|)+(a 4|5|>], (3.6)
(0% (6]
L [F 2082
Lgg = 4 [a 2 | (3.7)
—8/8/°
Log = — g (3.8)
a? — |52 2F
2 2

— 2F (O‘Hﬁ'> = 2F? = 2L, (3.10)

aLoa+ 8L = 20| ]+ 1 (ZLL)]. @y

- 2F<O‘2 Iﬁl2> La. (3.12)
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We propose to determine the metric tensors of an R-complex Finsler space using
the following equalities:

0Lz, 5 ) OPL(z,m, 2 M)
Gij 57]15779 ’ gz] 8171817] '
Each of these being of interest in the following :
Consider,
Oa : - 1 op 1
- = —(ayn’ =) = - = —,.
8nl 2a (aljn + aljn ) 2all 9 8T’Z 2 )
Oa 1 . . op 1
where,

L= (ain? +agn), I = agn' +agn'.
Then, we can find ,

li’l’]i + l;ﬁj = 202

We denote:
i _ OL _ 0 12 __ o) 2
ni= 8k = 2P —aF 2 (),
ni = poli + p1bi,
where )
po = ioflLa, (3.13)

and )
Differentiating py and p; with respect to 1/ and 7’ respectively, which yields:

dpo

o = p_al; + p_1bj,
and

dpo
Similarly,

Zﬁ’; = n-1li + pob, Z—i;% = p-1l; + poby,
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where,

Lo = la _ Lag _ Lgg
pP—2 = do3 pP-1= do Ho ==
By direct computation using (3.13),(3.14),(3.15), we obtain the invarients of R-

complex Finsler space with special («, §)- metrics: pg, p1, p—1, p—2 are given

(3.15)

below:

F 2 52

pPo = OC(Oé(yQH)a (3.16)

n = 20 (3.17)
a? — |B2)? — Fa(a® + 3|8

p2 = [( ) o ] (3.18)
F 2|57

o = [E20), 319

Now, the fundamental metric tensors of R-complex Finsler space with special
(cr, B) metric are given by[18]:

Py o oy
5 = poag + —=lil; + —bib; + —=n;n; 3.20
9ij = poaij + = Flily o bibj = i (3.20)
By using the equations (3.16) to (3.19) in (3.20) we have
B :E(ag 18P)as; + a?(8Fa’|B|t — 8at|B|t + 8a?|B]? + Fa? — ot
Gij o3 ij F(Ck2 _ |B[2)8a6\5\2

+20%|8> — FalBl* —|8]%) a’(8Fa|f] - Fa+a® — |B%)

F(a? = |8]?)(402|B])

7MiMy (3.21)

lilj -+ bibj

o(~Fa +a* — 3]
2F%(a” ~ [P

a3(8Fa’|B* — 8a*|B|* + 8a2|B)? + Fa? — o
F(a? —|5]*)8a°|8|?

L a3(8Fa|B| — Fa+ a? — |B]?)

Y F(a? —[5*)(40?|8])

M (3.22)

F
9i5 :$(a2 - |5|2)aij +

+20°|8” — FalB” —|8]")

bib;
o(~Fa +a* ~ 3]

2F3(a? — |B[*)?
The metric tensor g;; and g;; are equivalent to

9ij = aij + Plil; + Qb;b; + Rnin;, (3.23)
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9i; = a;5 + Plil; + Qb;b; + Rnins, (3.24)
where
a3 (8Fad|B* — 88" + 8a2|B2 + Fa® — ot
F(a? — |B]?)8ab(B[?
+20°|6* = FalB]* — |6]*)

, (3.25)

 0M(8Falf| - Fa+a?— |B]?)
C = TR @) (3.26)
3 ~Fa + 2 62
R =2 (2F3a2f|ﬁ’2g2’ ) (3.27)

we use the following proposition (2.1) for further calculations. The solution of
the non-Hermitian metric @Q;; as follows.

Theorem 3.1. For a non-Hermitian R-Complex Finsler space with special
2

(o, B)-metric F = a + %, then they have the following:

i) The contravarient tensor g% of the fundamental tensor gi7 s

- Faod g P P2Qé? Q.
V= |a”" 14 Py)2n'n) + 2
g a2‘5|2|:a +1+P’7+ - (+ 7)7777 +7_
P o U2pind + UV (0 + bind) 4+ V2
7(1+4 Pv) 1+ (U~v+Ve)VR
where,
P P2Qé? PQe
=1 B A
v [ +<1+P"y+T(1+PT)2>:|7+T(1+PT)2’
Q PQer
v==24 =" 3.29
and T + T(1+ Pv) ( )

i) det(a;; + Plil; + Qbibs + an;)z[l + Uy - VE)\/E} [1 tw+ 155-@:] (1+
PV)det(sz)

where, R = < (Fara’—lof)

27 (a?=[3P)?

Proof. We prove this theorem by following three steps:
Step 1:- We write g;; from (3.22)in the form as;

9;5 = |ai; + PlLil; + Qbib; + Ry ] - (3.30)
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We take Q;; = a;; and C; = V/Pl;. By applying the proposition 2.1 we obtain
Qij = aji, 02 = CZCl = \/Fl,’XjSXCj = \/Plixajixﬁlj = leiaijlj = P’y,
and 1+ C?% = (1+ P7).
So, the matrix H;; = a;; + Pl;l;, is invertible with
- 1 i
HY=a’* + mﬂ%&
det(a;; + Plil;) = (1 + Pvy) = det(a;3).

Step 2: Now, we consider

Qi = ag + Plilz, and C; = v/Qb;,

again applying the proposition 2.1, then wehave

Py
i — gdt 4
@ 1—|—P'y’
J -
= C,C' = Q;zxc = /Qb; |a IZV\/@#],
Pé?
2 _
c“=Q [w—l— 1+P7]
Therefore,
Pe?
1+C%=1
+C +C[w+1+P7]7€O,

where €= b;n/, w=b;b.
It results that the inverse of H;; = a;; + Pl;l; + Qb;b; exists and it is

HI' = Q7 cici
B ; Pen’ 7 Penj
-, - pninj P[bl + 1+P7] [b] + 1+P7}
Hﬂ = a]Z + . n P,y + = , (331)

P P2Q¢e? . PQe Q. .-
H]Z: Je () - v bl _7 b] 7b74b]
“ +<1+P7+T(1+PQ7)2>7777+1+B ( ) + T ’

where,

T:1+Q{w+1iiv}'
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and

det [a;; + Plil; + Qbib;| = [1 +Q (w + 7 ?;)] (14 Py)det(az). (3.33)

Step 3: We put

Qji = aij + Plil; + Qbiby, (3.34)
and

C; = vRu;,

clearly observe that and obtain

P P2Q¢? - P - - .
sz ji ( + QE )nznj+ Qe (bznj+bjnz)+ Q bzby7

1+ Py 71(14+ Pv) 1+ Py 1+ Py
(3.35)
and C; = Un' + V1,
where
P P2Qé? PQe
U=|1+ + + —, 3.36
[ (1+P7 T(1+Pu)2>] T+ Py (3.36)
Q PQey
V=2 3.37
T (14 Pup) ( )
and

C? = (Uy +VeVR,

2 _ [ 7 QP2 PQ
1+C° = {aﬂ + <1+P’y + (1+I§'y) + 1+P€7 + 1+P7>] \/7 7& 0.
Clearly, the matrix H;; is invertible.
B ; Pen? 7 Per]3
P’)’]inj Q |:bl + 1+P7:| |:bj + 1+P'y:|

Cl=d" + +
1+ Py ~y

Ut

and

_ i | Pen’ Pen
Ci— i ) P © [bz i 1+P7} [b] i HPW}
=a’ + 1+ Py + 5

i s
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where

CiCT = Unind + UV ('t + n7b') + V2ibd .

Therefore, we obtain the inverse of H; as:

- g P P2Qe? Q. PQe o o
H]l: Jt 12,7 7 (] 7
[a +(1—|—P’)/+T( )]7777—#— bb7—|—T (o'’ +v'n")

14 Py)? T (14 Pry)
+U2ninj + UV’ + /b)) + V'
1+ (Uy+VeVR

(3.38)

det(ag; + PLil; + Qbib; + Ruirgs) = [1 + (U + Ve)\/E] [1 +w

2
T Pv} (14 Py)det(az).  (3.39)
But g;; = H;j;, with H;; from last step. Thus
T
gt = —H"Y. (3.40)
Po
Then we get,
Fod . P P2Qé? - Q.
Ji i 1 P 2, 4,7 *bzb]
g 042_’B’2a+1+P’}/+ T (+ ’7)7777""_7_
P s s Ui + UV (b + b)) + V2bib
1P i gy 4 T ( ) . (3.41)
(14 Pv) 1+ (Uy+VeVR

Therefore, from equation (3.36) in (3.24) and the equation (3.32), then we ob-
tained claims (i) and (ii) are desired.

4. Holomorphic curvature of Complex Finsler space with special
(o, B)—metric

The holomprphic curvature is the correspondent of the holomorphic sec-
tional curvature in Complex Finsler geometry. Our goal is to find a notation of
Complex Finsler spaces with special (o, #)-metric. By anology with the naming
from the real case [2], we shall call it the holomorphic flag curvature and we
shall introduce it with respect to Chern-Finsler connection (c.n.c).

The holomorphic curvature Kp(z,7n) depends on the position z € M alone.
In view of definition (2.1) we obtain the holomorphic curvature of Complex
Finsler space with metric equation3.1 if R;; = —ggéﬁ(N,lg)ﬁh, where, N} is the
Chern-Finsler connection coefficients.
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To find Riemannian curvature R;j, we need the Chern Finsler connec-
tion(c.n.c) coefficients.

Now, by direct computations, we get the Chern-Finsler (c.n.c) connection
coefficients;

4 2
Nig :(afw [aﬂ (a3 ji‘iBu + 5(0?13@:1;?2#)2) n + %b”lﬂ
FBCe M2yini + MN (it + bini + N2bib)) y
d(1+ Bpu) L
{a3A1 — A(A(%ominj)) at — a3F>

(b’ + bjn’) +

Azbibs

o3 aijF (Ag) lilj + 2 (

(o' —2a°|B))A) — aa(A5)
+ (A4)2 nlnj}:| ’

where

A = 20" + 2B/ + 202|8* + 803 || + 8a| B> — ® + 3aB|*
—2a°|8|* - 30*|8| — 40?|B| + o

48P 5a® 318 2

o "2 T W

+202|8] = 18] )i + (SIBF +402|5] + 8a® + 24078 + 20

—40%|8] — 3a* — 4a® + 5|8)*) !

A = (4a2 + 2182 + 1208 +

Ay = (120% —4a +3|8)> — o|B| — 6a°|B] — 9|8] + a + 2|B))n'y’
+(12 — 2% — 40 — 4|8’
Ay = (30 +alB)* + 318)n'n’ + 12(|8]* + 3c|8| + 3a|B])n’

Ay = 4a” —20* +40°|8)? + 1203182 + 85| 8] + 1602 |3)* + 202|8)*
+40°|8] — 20|8| + 8a|B|*

8/* 31412

+18a|B[2a2|8)? + 2003|8| + 402| 8] )0’
+(8a® +120° + 4a + 2a* + 32|81 + 10|8* + 3603 | 8|2 +)n’
As = 20%0 4 3a|Blnin’.

Ay = (24a° 4 140° — 40® +2|B* + 4

Now using equation (4.1) and (¢7%) on Rjj,(see definition(??) we get the
Riemann curvature tensor Rj; as,
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Ry, ={Ai+As+ A3+ Ay + As + Ag + A7+ As + Ag + A1o + A1 + Apo
+A13 4+ A1y + Ars + Ae} 0'ip + {Arr + A1g + Arg + Ago + An
+Age + Aoz il + {A2q + Ags + Age + Agr + Ass + Azg + Aso
Az + Asp + Ass + Asy + Ass + Asg o't + {Agr + Ags + Asg
+Ag0 + Agt + Asg + Az + Aga + Aus + Ag + Agr + Ass + Agg}b'P
+{As0 + As1 + Asz + Asz + Asa + Ass + Ase + As7In' + {Ass
+As9 + Ago + As1 + As2}17; + {Ass + Asa + Ass + Ags + Aer Hib?

+Agslib’ polk + {Ago + Azo}polk + Anililk + Azang)y, + Agspolk.

where,
o1
A =—1 poa-
1 1+017P0%\k,
Ag = U%po a-
ST+ Uy + Vo T
2
070 — 2€
As = A" Lil-p |k
YT I+ o) ik
a1pP1
A= T gy
02P1
Ag = leli\ka
01p1
A = m ik
U2P1
A3 = Lilig,
BT+ Uy +Ve)lyog *
Aoe — 020962y .
15 = m%’”ﬂlm
Ayp = ajipuk,
01092€ s
Ajg= ——2~ _b'plp.
19 T(1+0_1&> " Dilk>
V .
Ao = Uzb]pwm
[1 + (U’)/ + VG)]W/Ug
V2
Agz = =g,
BTN+ Uy +Ve)as ok
V2
Ags =

L+ (Uy + Vo) oz Ok

(4.2)
o209€
Ag = — 1727 -
2 7-(1—FUW)onamk7
o1
Ay = ——Lil=pi|k,
YT ¥ oy Pl
U2
Ag = Lil=p1 |k,
ST+ (Uy+Ve)los il
ologe?
__ 0102€¢°p1
Ag = ———lil,
7(1 4 017)
Ajg = Up1 Il
O U+ Velyas T
A . 0'%0'262]91 )
12 = 7_(1 +0_17)2 bk
g1p2
A= 22
14 (1+0_17)77]772|k7
Ao — U?py -
16 — [1+ (U7+V6)]@njnz‘k7
09  .—.
Arg = 26V py,
0109€  —. .
Ago = #b]ﬁzpuk,
T(1+01(7}
Apy = v b
22 = [1+(U7+Ve)]\/0§ n Pk
Agy 02(11‘3,
02Po
Aog = — Gl
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Ao — Vpo -
T Uy Vel
02P1
Azg = ——liljy,

o2p2
Az = ik

D203
Az = — MiNjlks

02
Azs = — NP lk2s

Ay = &Po k
g™
Agg = .
39 T(1+ o017) a1k
Ay = p10102€
(1t o)
Ay = UV Ll
1+ Uy +Velyas P
Aur — Mnﬁn.
45 T(l + 0_1,‘)/) ¥ Z‘k?
Ay — UVp2 T
Tt (U7U+VV6)]03 itk
Agg = Mi15P2|k
o €)]\/03
1+ (Uy+Ve)l\foz ="
ey — UVpo -
T+ U+ Velyas P
Asy = UV -1,
BTN AUyt Ve)las t
Ass = UVpr il
1+ (Uy+Ve)yas
Agr = MU'U“
T(14o1y) " glk>
O102€°D2
Arg = — L1727 72
59 7_(1 n UW)QUM,
o1
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Ao — o102 Ao — U202
69 =1 _hawpo\kv 70 = I ﬂ’ U~y + Ve)]\/ﬁpmk’
An = prd Gl Az = palUnje,

A7z = Un;po.
Therefore, all of above we can be stated as:

Theorem 4.1. The Ricci curvature of Complex Flnsler space with special

2
(a, B)-metric F' = o + @ is given by,
e
R; = goniﬁj + gllzlj + %25155 + ggbiﬁj + %5773 + %Glzl_)] + %7Z¢Ejpo‘k
+Sspojk + Solije + 1075k (4.3)

where, 3, 1 =0,1,2,3...... 10 are the terms of A—tensors.

Remark 4.2. Since from theorem (4.1) we have curvature Rj, this together
with eqution (2.4), then obtain the holomorphic curvature of (3.1).

5. Conclusion

The concepts of holomorphic curvature is main role in Complex Finsler

geometry. In this paper, we investigated the holomorphic curvature of com-

plex Finsler-Square metric(i.e F' = %) through the coefficients of Chern-

Finsler connection. Finally, we proved the Complex Finsler space with special
(v, B)—metric is not a Kaler and Weakly Kaler.
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