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Abstract

The notion of the holomorphic curvature for a Complex Finsler space

(M,F ) is defined with respect to the Chern complex linear connection on the

pull-back tangent bundle. This paper is about the fundamental metric tensor,

inverse tensor and as a special approach of the pull-back bundle is devoted to

obtain the Riemannian curvature and holomorphic curvature of Complex Finsler

with special (α, β)-metric.
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1. Introduction

The notion of holomorphic curvature of a complex Finsler spaces with re-

spect to the Chern complex linear connection in breif Chern (c.l.c) as a con-

nection in the holomorphic pull back tangent bundle π∗(T ′M). In [12], Nicolta

Aldea has obtained the characterization of the holomorphic bisectional curva-

ture and gave the generalization of the holomorphic curvature of the complex

Finsler spaces which are called holomorphic flag curvature. After that in (2006)

he devoted to obtain the characterization of holomorphic flag curvature.

In view point of reviews, our goal was to determine the conditions in which

complex Finsler spaces with special (α, β)- metric of holomorphic curvature.
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2. Preliminaries

This section, includes the basic notions of Complex Finsler spaces.

An R-Complex Finsler metric on M is continuous function F : TM −→ R
satisifying:

i. L = F 2 is a smooth on T ′M̃/0;

ii. F (z, η) ≥ 0,the equality holds if and only if η = 0;

iii. F (z, λη, z̄, λη̄) = |λ|F (z, η, z̄, η̄), forall λ ∈ R.

Let M be a complex manifold, dimcM = n and T ′M the holomorphic

tangent bundle in which as a complex manifold the local coordinates will be

denoted by (zk, ηk). The complexified tangent bundle of T ′M is decompsed in

Tc(T
′
M) = T ′(T ′′M)⊕ T ′′(T ′M).

Considering the restriction of the projection to T
′
M̃ = T ′M/0, for pulling

back of the holomorphic tangent bundle T ′M then it obtain a holomorphic

tangent bundle π′ : π∗(T ′M) −→ T̃ ′M , called the pull-back tangent bundle over

the slit T
′
M̃ . We denote by { ∂

∂zk
∗
, ∂
∂z̄k

∗}, the local frame and by {dz∗k, dz̄∗k}
the local frame and its dual.

Let V (T ′M) = kerπ∗ ⊂ T ′(T ′M) be the vertical bundle, spanned locally

by { ∂
∂ηk

}. A complex nonlinear connection, breifly (c.n.c), determines a sup-

plementary complex subbundle to V (T ′M) in T ′(T ′M), that is T ′(T ′M) =

H(T ′M)⊕ V (T ′M). The adapted frames is δ
δzk

= ∂
∂zk

−N j
k

∂
∂ηj

, where N j
k(z, η)

are the coefficients of the (c.n.c). Further we shall use the abbrevations δi =
δ
δzi

,

∂̇i =
∂
∂ηi

, δī =
δ
δz̄i

, ∂̇i =
∂

∂η̄j
, and their conjugates[7, 17, 4].

On T ′M , let gij̄ =
∂2L

∂ηi∂η̄j
be the fundamental metric tensor of a complex Finsler

space (M,L = F 2).

The isomorphism between π∗(T ′M) and T ′M induces an isomorphism of

π∗(TCM) and TCM . Thus, gij̄ defines an Hermitian metric struture G(z, η) =

gjk̄dz̄
∗j ⊗dz̄∗k on π∗(T ′M), with respect to the natural complex structure. Fur-

ther, the Hermitian metric structure G on π∗(T ′M) induces a Hermitian inner

product h(ξ, γ) := ReG(χ, γ̄) and the angle cos(χγ) = ReG(χ,γ̄)
∥χ∥∥γ̄∥ , for any χ, γ the

sections on π∗(T ′M), where ∥χ∥2 = ∥χ̄∥2 = G(χ, χ̄) (for details see in [10]).

On the other hand, H(T ′M) and π∗(T ′M) are isomorphic. Therefore, the

structures on π∗(TCM) can be pulled-back to H(T ′M) ⊕ H(T ′M). By this

isomorphism the natural co-basis dz∗j is identified with dzj . In view of this

constructions the pull-back tangent bundle π∗(T ′M) admits a unique complex
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linear connection ∇, called the Chern (c.l.c), which is metric with respect to G

and of (0, 1)− type .

ωi
j(z, η) = Li

jk(z, η)dz
k + Ci

jk(z, η)δη
k; (2.1)

The Chern(c.l.c) on π∗(T ′M) determines the Chern-Finsler (c.n.c) on (T ′M),

with the coefficients N i
k = gm̄i δgjm̄

δzk
ηj , and its local coefficients of torsion and

curvature are

T i
jk := Li

jk − Li
kj ; (2.2)

Ri
jh̄k := −δh̄L

i
jk − δh̄(N

l
k)C

i
jl ;σi

jh̄k := −δh̄C
ijk = σi

kh̄j ;

Li
jk = gm̄i δgjm̄

δzk
;, Ci

jk = gm̄i ∂gjm̄
∂ηk

.

P i
jh̄k := −∂̇h̄L

i
jk − ∂̇h̄(N

l
k)C

i
jl, ;Si

jh̄k := −∂̇h̄C
i
jk = Si

kh̄j .

The Riemann type tensor

R(W, z̄,X, ȳ) := G(R(X, Ȳ )W, Z̄),

has properties:

R(W, Z̄,X, Ȳ ) = W iZ̄jXkȲ hRij̄kh̄; Rj̄ih̄k := Rl
ih̄kglj̄ ; (2.3)

Rij̄kh̄ = −Rij̄h̄k = Rjīhk̄ = Rj̄ih̄k;

Ri
jj̄h̄k = Ri

khj then Rij̄kh̄ = Rkj̄kh̄ = Rkh̄ij̄ .

According to [7] the complex Finsler space (M,F ) is strongly Kähler if and only

if T i
jk = 0, Kähler if and only if T i

jkη
j = 0 and weakly Kähler if and only if

gil̄T
i
jkη

j η̄l = 0. Note that for a complex Finsler metric which comes from a Her-

mitian metric onM , so-called purely Hermitian metric in [4].That is gij̄ = gij̄(z),

the three nuances of Kähler spaces coinsider, in [1].

The holomorphic curvature of F in direction η, with respect to the Chern

(c.l.c),[7] is,

κF (z, η) :=
2R(η, η̄, η, η̄)

G2(η, η̄)
=

2η̄jηkRj̄k

L2(z, η)
, (2.4)

where η is viewed as local section of π∗(T ′M), that is η := ηi ∂
∂zi

. Further on,

we shall simply call it holomorphic curvature. It depends both on the position

zϵM and the direction η.
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Definition 2.1. The complex Finsler space (M,F ) is called generalized Einstein

if Rj̄k is proportional to tkj̄ , that is if there exists a real valued function K(z, η),

such that [14]

Rj̄k = K(z, η)tkj̄ , (2.5)

where Rj̄k := Rij̄kh̄η
iη̄h = −glj̄δh̄(N

l
k)η̄

h, tkj̄ := L(z, η)gkj̄ + ηkη̄j , ηk := ∂L
∂ηk

,

η̄j ; =
∂L
∂η̄j

.

By finding the Chern(c.l.c) on π∗(T
′M) determines the Chern-Finsler on T ′M ,with

the coefficient N i
k = gm̄i ∂gjm̄

∂zk
ηj determines, we need to find the fundamental

metric tensor followed by the invarients are given below:

Now from definition of Complex Finsler metric follows that L is (2, 0)-homogeneous

with respect to the real scalar λ and is proved that the following identities are

fuullfilled[6].
∂L

∂ηi
ηi +

∂L

∂η̄i
= 2L ; gijη

i + gj̄iη̄
i =

∂L

∂ηj
, (2.6)

∂gik
∂ηj

ηj +
∂gij
∂η̄j

η̄j = 0 ;
∂gik̄
∂ηj

ηj +
gik̄
∂η̄j

η̄j = 0, (2.7)

2Lgijη
iηj + gīj̄ η̄

iη̄j + 2gij̄η
iη̄j , (2.8)

where,

gij =
∂2L
ηiηj

; gīj̄ =
∂2L
ηiη̄j

; gīj̄ =
∂2L

∂η̄i∂η̄j
.

Here, to find the inverse of fundamental metric tensor gij̄ we use the following

proposition2.1.

Proposition 2.1. Suppose:

•(Qij) is a non-singular n× n complex matrix with inverse Qji;

•Ci and Cī = C̄i, i = 1, ........n are complex numbers;

•Ci := QjiCj and its conjugates; C2 := CiCi = C̄iCī; Hij := Qij ± CiCj .

Then,

i. det(Hij) = (1± C2)det(Qij),

ii. whenever (1 ± C2) ̸= 0, the matrix (Hij) is invertible and in this case its

inverse is H ij = Qji ± 1
1±C2C

iCj .

3. Fundamental metric tensor of Complex Finsler space with special

(α, β)−metrics

The R-complex Finsler space produce the tensor fields gij and gij̄ . The

tensor field must gij̄ be invertible in Hermitian geometry. These problems are
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about to Hermitian R-complex Finsler spaces, if det(gij̄ ̸= 0) and non-Hermitian

R-complex Finsler spaces, if det(gij ̸= 0). In this section, we determine the

fundemental tensor of complex Square metric and inverse also.

Consider R-complex Finsler space with special (α, β)-metrics,

L(α, β) =

(
α+

|β|2

α

)2

, (3.1)

then it follows that F = α+ |β|2
α .

Now, we find the following quantities of F .

From the equalities (2.6) and (2.7) with metric (3.1), we have

αLα + βLβ = 2L, αLαα + βLαβ = Lα, (3.2)

αLαβ + βLββ = Lβ, α2Lαα + 2αβLαβ + β2Lββ = 2L,

where

Lα =
∂L

∂α
, Lβ =

∂L

∂β
, Lαβ =

∂2L

∂α∂β
, Lαα =

∂2L

∂α2
, Lββ =

∂2L

∂β2
. (3.3)

Lα = 2F

(
α2|β|2

α2

)
, (3.4)

Lβ = 4F
|β|
α

, (3.5)

Lαα = 2

[
α2 + |β|2(2|β|2)

α4
+

(
α2 − |β|2

α4

)2
]
, (3.6)

Lββ = 4

[
F

α
+

2|β|2

α2

]
, (3.7)

Lαβ =
−8|β|3

α3
, (3.8)

αLα + |β|L|β| = α.2F

(
α2 − |β|2

α2

)
+ |β|

(
2F |β|
α

)
, (3.9)

= 2F

(
α2 + |β|2

α

)
= 2F 2 = 2L, (3.10)

αLαα + βLα|β| = 2α

[
α2 + |β|2

α4
(2|β|2)

]
+

[
|β|

(
−8|β|3

α3

)]
, (3.11)

= 2F

(
α2 − |β|2

α2

)
= Lα. (3.12)
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We propose to determine the metric tensors of an R-complex Finsler space using

the following equalities:

gij =
∂2L(z, η, z̄, λη̄)

∂ηi∂ηj
, gij̄ =

∂2L(z, η, z̄, λη̄)

∂ηi∂η̄j
.

Each of these being of interest in the following :

Consider,

∂α

∂ηi
=

1

2α
(aijη

j + aij̄ η̄
j) =

1

2αli
,

∂β

∂ηi
=

1

2
bi.

∂α

∂η̄i
=

1

2α
(aīj̄ η̄

j + aij̄η
j) =

∂β

∂η̄i
=

1

2
bī,

where,

li = (aijη
j + aij̄η

j̄), lj̄ = aīj̄ η̄
i + aij̄η

i.

Then, we can find ,

liη
i + lj̄ η̄

j = 2α2.

We denote:

ηi = ∂L
∂ηi

= ∂
∂ηi

F 2 = 2F ∂
∂ηi

(
α2

α−β

)
,

ηi = ρ0li + ρ1bi,

where

ρ0 =
1

2
α−1Lα, (3.13)

and

ρ1 =
1

2
Lβ. (3.14)

Differentiating ρ0 and ρ1 with respect to ηj and η̄j respectively, which yields:

∂ρ0
∂ηj

= ρ−2lj + ρ−1bj ,

and

∂ρ0
∂η̄j

= ρ−2lj̄ + ρ−1bj̄ .

Similarly,

∂ρ1
∂ηi

= η−1li + µ0bi,
∂ρ1
∂η̄i

= ρ−1 l̄i + µ0bī,
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where,

ρ−2 =
αLαα − lα

4α3
, ρ−1 =

Lαβ

4α
, µ0 =

Lββ

4
. (3.15)

By direct computation using (3.13),(3.14),(3.15), we obtain the invarients of R-
complex Finsler space with special (α, β)- metrics: ρ0, ρ1, ρ−1, ρ−2 are given

below:

ρ0 =
F

α

(
α2 − |β|2

α2

)
, (3.16)

ρ1 =
2F |β|
α

, (3.17)

ρ−2 =

[(
α2 − |β|2

)2 − Fα(α2 + 3|β|2)
2α6

]
, (3.18)

ρ−1 =

[
F

α
+

2|β|2

α2

]
. (3.19)

Now, the fundamental metric tensors of R-complex Finsler space with special

(α, β) metric are given by[18]:

gij̄ = ρ0aij̄ +
ρ
′
−2

ρ0
lilj̄ +

µ
′′
0

ρ0
bibj̄ +

µ
′′
−2

ρ0
ηiηj̄ (3.20)

By using the equations (3.16) to (3.19) in (3.20) we have

gij =
F

α3
(α2 − |β|2)aij +

α3(8Fα5|β|4 − 8α4|β|4 + 8α2|β|2 + Fα3 − α4

F (α2 − |β|2)8α6|β|2

+2α2|β|2 − Fα|β|2 − |β|4)
lilj +

α3(8Fα|β| − Fα+ α2 − |β|2)
F (α2 − |β|2)(4α2|β|)

bibj

+
α3(−Fα+ α2 − |β|2)

2F 3(α2 − |β|2)2
ηiηj . (3.21)

gij̄ =
F

α3
(α2 − |β|2)aij̄ +

α3(8Fα5|β|4 − 8α4|β|4 + 8α2|β|2 + Fα3 − α4

F (α2 − |β|2)8α6|β|2

+2α2|β|2 − Fα|β|2 − |β|4)
lilj̄ +

α3(8Fα|β| − Fα+ α2 − |β|2)
F (α2 − |β|2)(4α2|β|)

bibj̄

+
α3(−Fα+ α2 − |β|2)

2F 3(α2 − |β|2)2
ηiηj̄ (3.22)

The metric tensor gij and gij̄ are equivalent to

gij = aij + Plilj +Qbibj +Rηiηj , (3.23)
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gij̄ = aij̄ + Plilj̄ +Qbibj̄ +Rηiηj̄ , (3.24)

where

P =
α3(8Fα5|β|4 − 8α4|β|4 + 8α2|β|2 + Fα3 − α4

F (α2 − |β|2)8α6|β|2

+2α2|β|2 − Fα|β|2 − |β|4)
, (3.25)

Q =
α3(8Fα|β| − Fα+ α2 − |β|2)

F (α2 − |β|2)(4α2|β|)
, (3.26)

R =
α3(−Fα+ α2 − |β|2)

2F 3(α2 − |β|2)2
. (3.27)

we use the following proposition (2.1) for further calculations. The solution of

the non-Hermitian metric Qij̄ as follows.

Theorem 3.1. For a non-Hermitian R-Complex Finsler space with special

(α, β)-metric F = α+ |β|2
α , then they have the following:

i) The contravarient tensor gij̄ of the fundamental tensor gij̄ is:

gj̄i =
Fα3

α2 − |β|2

[
aji +

P

1 + Pγ
+

P 2Qϵ2

τ
(1 + Pγ)2ηiηj̄ +

Q

τ
bibj̄

+
PQϵ

τ(1 + Pγ)
(biηj̄ + ηibj̄) +

U2ηiηj̄ + UV (ηibj̄ + biηj̄) + V 2bibj̄

1 + (Uγ + V ϵ)
√
R

]
, (3.28)

where,

U =

[
1 +

(
P

1 + Pγ
+

P 2Qϵ2

τ(1 + Pτ)2

)]
γ +

PQϵ

τ(1 + Pτ)2
,

and V =
Q

τ
+

PQϵτ

τ(1 + Pγ)
. (3.29)

ii) det(aij̄ + Plilj̄ + Qbibj̄ + Rηiηj̄)=
[
1 + (Uγ − V ϵ)

√
R
] [

1 + ω + Pϵ2

1+Pµ

]
(1 +

Pγ)det(Qij̄)

where, R = α3(−Fα+α2−|β|2)
2F 3(α2−|β|2)2 .

Proof. We prove this theorem by following three steps:

Step 1:- We write gij̄ from (3.22)in the form as;

gij̄ =
[
aij̄ + Plilj̄ +Qbibj̄ +Rηiηj̄

]
. (3.30)
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We take Qij̄ = aij̄ and Ci =
√
Pli. By applying the proposition 2.1 we obtain

Qij̄ = aji, C2 = CiC
i =

√
Pli×Qj̄i×Cj =

√
Pli×aj̄i×

√
Plj = P×lia

ij̄lj̄ = Pγ,

and 1 + C2 = (1 + Pγ).

So, the matrix Hij̄ = aij̄ + Plilj̄ , is invertible with

H ij̄=aj̄i + 1
1+Pγ η

iηj̄ ,

det(aij̄ + Plilj̄) = (1 + Pγ) = det(aij̄).

Step 2: Now, we consider

Qij̄ = aij̄ + Plilj̄ , and Ci =
√
Qbi,

again applying the proposition 2.1, then wehave

Qj̄i = aj̄i +
Pηiηj̄

1 + Pγ
,

C2 = CiC
i = Qj̄i × Cj̄ =

√
Qbi

[
aij̄ +

Pηiηj̄

1 + Pγ

√
Qbj̄

]
,

c2 = Q

[
ω +

Pϵ2

1 + Pγ

]
.

Therefore,

1 + C2 = 1 + C

[
ω +

Pϵ2

1 + Pγ

]
̸= 0,

where ϵ = bjη
j , ω = bjb

j .

It results that the inverse of Hij = aij̄ + Plilj̄ +Qbibj̄ exists and it is

H j̄i = Qj̄i +
1

1 + C2
CiC j̄ ,

H j̄i = aj̄i +
Pηiηj̄

1 + Pγ
+

P

[
bi + Pϵηi

1+Pγ

][
bj̄ + Pϵηj̄

1+Pγ

]
τ

, (3.31)

H j̄i = aj̄i +

(
P

1 + Pγ
+

P 2Qϵ2

τ(1 + PQγ)2

)
ηiηj̄ +

PQϵ

1 +Bγ
(biηj̄ + bj̄ηi) +

Q

τ
bibj̄ ,

(3.32)

where,

τ = 1 +Q
[
ω + Pϵ2

1+Pγ

]
.
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and

det
[
aij̄ + Plilj̄ +Qbibj̄

]
=

[
1 +Q

(
ω +

Pϵ2

1 + Pγ

)]
(1 + Pγ)det(aij̄). (3.33)

Step 3: We put

Qj̄i = aij̄ + Plilj̄ +Qbibj̄ , (3.34)

and

Ci =
√
Rηi,

clearly observe that and obtain

Qj̄i = aj̄i +

(
P

1 + Pγ
+

P 2Qϵ2

τ(1 + Pγ)

)
ηiηj̄ +

PQϵ

1 + Pγ
(biηj̄ + bj̄ηi) +

Q

1 + Pγ
bibj̄ ,

(3.35)

and Ci = Uηi + V bj̄ ,

where

U =

[
1 +

(
P

1 + Pγ
+

P 2Qϵ2

τ(1 + Pµ)2

)]
γ +

PQϵ

γ(1 + Pγ)3
, (3.36)

V =
Q

τ
+

PQϵγ

γ(1 + Pµ)
. (3.37)

and

C2 = (Uγ + V ϵ)
√
R,

1 + C2 =
[
aj̄i +

(
P

1+Pγ + QP 2ϵ2

γ(1+Pγ) +
PQϵ
1+Pγ + Q

1+Pγ

)]√
R ̸= 0.

Clearly, the matrix Hij̄ is invertible.

Ci = aj̄i +


Pηiηj̄

1 + Pγ
+

Q

[
bi + Pϵηi

1+Pγ

][
bj̄ + Pϵηj̄

1+Pγ

]
γ

 ηj̄ ,

and

C j̄ = aj̄i +


Pηiηj̄

1 + Pγ
+

Q

[
bi + Pϵηi

1+Pγ

][
bj̄ + Pϵηj̄

1+Pγ

]
γ

 ηi,
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where

CiC j̄ = U2ηiηj̄ + UV (ηibj̄ + ηj̄bi) + V 2bibj̄ .

Therefore, we obtain the inverse of Hij̄ as:

H j̄i =

[
aji +

(
P

1 + Pγ
+

P 2Qϵ2

τ(1 + Pγ)2

)]
ηiηj +

Q

τ
bibj +

PQϵ

τ(1 + Pγ)
(biηj + bjηi)

+
U2ηiηj + UV (ηibj + ηjbi) + V 2bibj

1 + (Uγ + V ϵ)
√
R

(3.38)

det(aij̄ + Plilj̄ +Qbibj̄ +Rηiηj̄) =
[
1 + (Uγ + V ϵ)

√
R
] [

1 + ω

+
Pϵ2

1 + Pγ

]
(1 + Pγ)det(aij̄). (3.39)

But gij̄ = Hij̄ , with Hij̄ from last step. Thus

gji =
1

ρ0
H ij̄ . (3.40)

Then we get,

gj̄i =
Fα3

α2 − |β|2

[
aji +

P

1 + Pγ
+

P 2Qϵ2

τ
(1 + Pγ)2ηiηj̄ +

Q

τ
bibj̄

+
PQϵ

τ(1 + Pγ)
(biηj̄ + ηibj̄) +

U2ηiηj̄ + UV (ηibj̄ + biηj̄) + V 2bibj̄

1 + (Uγ + V ϵ)
√
R

]
, (3.41)

Therefore, from equation (3.36) in (3.24) and the equation (3.32), then we ob-

tained claims (i) and (ii) are desired.

4. Holomorphic curvature of Complex Finsler space with special

(α, β)−metric

The holomprphic curvature is the correspondent of the holomorphic sec-

tional curvature in Complex Finsler geometry. Our goal is to find a notation of

Complex Finsler spaces with special (α, β)-metric. By anology with the naming

from the real case [2], we shall call it the holomorphic flag curvature and we

shall introduce it with respect to Chern-Finsler connection (c.n.c).

The holomorphic curvature KF (z, η) depends on the position z ∈ M alone.

In view of definition (2.1) we obtain the holomorphic curvature of Complex

Finsler space with metric equation3.1 if Rij̄ = −glj̄δh̄(N
l
k)η̄

h, where, N l
k is the

Chern-Finsler connection coefficients.
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To find Riemannian curvature Rj̄k, we need the Chern Finsler connec-

tion(c.n.c) coefficients.

Now, by direct computations, we get the Chern-Finsler (c.n.c) connection

coefficients;

N l
K =

α4

(α+ |β|)2

[
aj̄i +

(
αFB

α3 + FαBµ
+

C(αFBϵ)2

δ(α3 + αFBµ)2

)
ηiηj̄ +

C

δ
bibj̄

+
FBCϵ

δ(1 +Bµ)
(biηj̄ + bj̄ηi) +

M2ηiηj̄ +MN(ηibj̄ + biηj̄ +N2bibj̄)

L
×{

α3A1 −A(A(32αη
iηj̄))

α3
aij̄F (A2) lilj̄ + 2

(
α4 − α3F

α

)
A3bibj̄

+
(α4 − 2α3|β|)A′

4 − a4(A5)

(A4)2
ηiηj̄

}]
, (4.1)

where

A = 2α4 + 2|β|4 + 2α2|β|2 + 8α3|β|+ 8α|β|3 − α5 + 3α|β|4

−2α3|β|2 − 3α4|β| − 4α2|β|+ α5

A1 =
(
4α2 + 2|β|2 + 12α|β|+ 4|β|3

α
− 5α3

2
+

3

2

|β|4

α
− 3α|β|2

+2α2|β| − |β|
)
ηiηj̄ +

(
8|β|3 + 4α2|β|+ 8α3 + 24α2|β|2 + 2α|β|3

−4α3|β| − 3α4 − 4α2 + 5|β|4
)
ηi

A2 = (12α2 − 4α+ 3|β|2 − α|β| − 6α2|β| − 9|β|+ α+ 2|β|)ηiηj̄

+(12− 2α2 − 4α3 − 4|β|)ηi

A3 = (3α3 + α|β|2 + 3|β|)ηiηj̄ + 12(|β|3 + 3α2|β|+ 3α|β|)ηi

A4 = 4α7 − 2α4 + 4α5|β|2 + 12α3|β|3 + 8α6|β|+ 16α4|β|2 + 2α2|β|4

+4α5|β| − 2α4|β|+ 8α|β|4

A′
4 = (24α6 + 14α5 − 4α2 + 2|β|4 + 4

|β|4

α
+ |β|+ 10α3|β|2

+18α|β|32α2|β|2 + 20α3|β|+ 4α2|β|)ηiηj̄

+(8α6 + 12α5 + 4α+ 2α4 + 32|β|3 + 10|β|4 + 36α3|β|2+)ηi

A5 = 2α3ηi + 3α|β|ηiηj̄ .

Now using equation (4.1) and (gj̄i) on Rj̄k(see definition(??) we get the

Riemann curvature tensor Rj̄k as,
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Rj̄k = {A1 +A2 +A3 +A4 +A5 +A6 +A7 +A8 +A9 +A10 +A11 +A12

+A13 +A14 + A15 +A16} ηiη̄j + {A17 +A18 +A19 +A20 +A21

+A22 +A23}lilj̄ + {A24 +A25 +A26 +A27 +A28 +A29 +A30

+A31 +A32 +A33 +A34 +A35 +A36}bibj̄ + {A37 +A38 +A39

+A40 +A41 +A42 +A43 +A44 +A45 +A46 +A47 +A48 +A49}biη̄j

+{A50 +A51 +A52 +A53 +A54 +A55 +A56 +A57}ηib̄j + {A58

+A59 +A60 +A61 +A62}ηj̄ + {A63 +A64 +A65 +A66 +A67}lib̄j

+A68lib̄
jp0|k + {A69 +A70}p0|k +A71li|k +A72ηj̄|k +A73p2|k. (4.2)

where,

A1 =
σ1

1 + σ1γ
p0aj̄|k, A2 =

σ2
1σ2ϵ

2

τ(1 + σ1γ)2
p0aij̄|k,

A3 =
U2p0

[1 + Uγ + V ϵ]
√
σ3

aij̄|k, A4 =
σ1

1 + σ1γ
lilj̄pi|k,

A5 =
σ2
1σ − 2ϵ2

τ(1 + σ1γ)2
lilj̄p1|k, A6 =

U2

[1 + (Uγ + V ϵ)]
√
σ3

lilj̄p1|k,

A7 =
σ1p1

1 + σ1γ
lilj̄|k, A8 =

σ2
1σ2ϵ

2p1
τ(1 + σ1γ)

lj̄li|k,

A9 =
σ2p1
τ

lj̄li|k, A10 =
U2p1

[1 + (Uγ + V ϵ)]
√
σ3

lj̄li|k,

A11 =
σ1p1

1 + σ1γ
lilj|k, A12 =

σ2
1σ2ϵ

2p1
τ(1 + σ1γ)2

lilj|k,

A13 =
U2p1

[1 + (Uγ + V ϵ)]
√
σ3

lilj|k, A14 =
σ1p2

(1 + σ1γ)
ηj̄ηi|k,

A15 =
σ2
1σ2ϵ

2p2
τ(1 + σ1γ)

ηj̄ηi|k, A16 =
U2p2

[1 + (Uγ + V ϵ)]
√
σ3

ηjηi|k,

A17 = aj̄ip1|k , A18 =
σ2
τ
bib̄jp1|k,

A19 =
σ1σ2ϵ

τ(1 + σ1γ)
biη̄jpi|k, A20 =

σ1σ2ϵ

τ(1 + σ1γ)
b̄jηip1|k,

A21 =
UV

[1 + (Uγ + V ϵ)]
√
σ3

ηib̄jp1|k, A22 =
UV

[1 + (Uγ + V ϵ)]
√
σ3

b̄jηip1|k,

A23 =
V 2

[1 + (Uγ + V ϵ)]
√
σ3

lj̄li|k, A24 =
σ2
τ
aij̄ ,

A25 =
V 2

[1 + (Uγ + V ϵ)]
√
σ3

p0|kaij̄ , A26 =
σ2p0
τ

aij̄|k,
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A27 =
V 2p0

[1 + (Uγ + V ϵ)]
√
σ3

aij̄|k, A28 =
V 2p1

[1 + (Uγ + V ϵ)]
√
σ3

lj̄li|k,

A29 =
σ2p1
τ

lilj̄|k, A30 =
V 2

[1 + (Uγ + V ϵ)]
√
σ3

lilj̄|k,

A31 =
σ2p2
τ

ηj̄ηj̄ηi|k, A32 =
V 2

[1 + (Uγ + V ϵ)]
√
σ3

ηj̄ηi|k,

A33 =
p2σ3
τ

ηiηj|k, A34 =
V 2p2

[1 + (Uγ + V ϵ)]
√
σ3

ηiηj̄|k,

A35 =
σ2
τ
ηiηj̄p|k2, A36 =

V 2

[1 + (Uγ + V ϵ)]
√
σ3

ηiηj̄p2|k,

A37 =
σ1σ2ϵ

τ(1 + σ1γ)
p0|k, A38 =

UV

[1 + (Uγ + V ϵ)]
√
σ3

p0|klib
i,

A39 =
σ1σ2ϵ

τ(1 + σ1γ)
lilj̄|k, A40 =

σ1σ2ϵp0
τ(1 + σ1γ)

aij̄|k,

A41 =
p1σ1σ2ϵ

τ(1 + σ1γ)
, A42 =

UV p1
[1 + (Uγ + V ϵ)]

lj̄li|k,

A43 =
UV p1

[1 + (Uγ + V ϵ)]
√
σ3

lilj̄|k, A44 =
σ1σ2p2

τ(1 + σ1γ)
ηj̄ηi|k,

A45 =
σ1σ2ϵp2

τ(1 + σ1γ)
ηj̄ηi|k, A46 =

UV p2
[1 + (Uγ + V ϵ)]

√
σ3

ηj̄ηi|k,

A47 =
UV p2

[1 + (Uγ + V ϵ)]σ3
ηiηj|k, A48 =

σ1σ2ϵ

τ(1 + σ1γ)
ηiηj̄p2|k,

A49 =
UV

[1 + (Uγ + V ϵ)]
√
σ3

ηiηj̄p2|k, A50 =
σ1σ2ϵp0

τ(1 + σ1γ)
aij̄|k,

A51 =
UV p0

[1 + (Uγ + V ϵ)]
√
σ3

aij̄|k, A52 =
σ1σ2ϵp1

l j̄
li|k,

A53 =
UV p1

[1 + (Uγ + V ϵ)]
√
σ3

lj̄li|k, A54 =
σ1σ2ϵp1

τ(1 + σ1γ)
lilj̄|k,

A55 =
UV p1

[1 + (Uγ + V ϵ)]
√
σ3

lilj̄|k, A56 =
UV p2

[1 + (Uγ + V ϵ)]
√
σ3

η̄jηi|k,

A57 =
σ1σ2ϵp2

τ(1 + σ1γ)
ηiηj̄|k, A58 =

σ1p2
1 + σ1γ

ηj̄|k,

A59 =
σ2
1σ2ϵ

2p2
τ(1 + σ1γ)2

ηj̄|k, A60 =
U2p2

[1 + (Uγ + V ϵ)]
√
σ3

ηj̄|k,

A61 =
σ1

1 + σ1γ
ηj̄p2|k, A62 =

σ2
1σ2ϵ

2

τ(1 + σ1γ)2
ηj̄p2|k,

A63 =
UV p2

[1 + (Uγ + V ϵ)]
√
σ3

ηj̄|k, A64 =
σ1σ2ϵ

τ(1 + σ1γ)
ηj̄p2||k,

A65 =
UV

[1 + (Uγ + V ϵ)]
√
σ3

ηj̄p2|k, A66 =
σ1σ2ϵp2

τ(1 + σ1γ)
ηj̄|k,

A67 =
UV

[1 + (Uγ + V ϵ)]
√
σ3

lj̄p0|k, A68 =
σ1σ2ϵ

τ(1 + σ1γ)
lib̄

jp0|k,
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A69 =
σ1α

2

1 + σ1γ
p0|k, A70 =

U2α2

[1 + (Uγ + V ϵ)]
√
σ3

p0|k,

A71 = p1a
j̄lj̄li|k, A72 = p2l

j̄ηj̄|k,

A73 = lj̄ηjp2|k.

Therefore, all of above we can be stated as:

Theorem 4.1. The Ricci curvature of Complex FInsler space with special

(α, β)-metric F = α+
|β|2

α
is given by,

Rj̄k = ℑ0η
iη̄j + ℑ1lilj̄ + ℑ2b

ibj̄ + ℑ3b
iη̄j + ℑ5ηj̄ + ℑ6lib̄

j + ℑ7lib̄
jpo|k

+ℑ8p0|k + ℑ9li|k + ℑ10ηj̄|k, (4.3)

where, ℑi, i = 0, 1, 2, 3......10 are the terms of A−tensors.

Remark 4.2. Since from theorem (4.1) we have curvature Rj̄k, this together

with eqution (2.4), then obtain the holomorphic curvature of (3.1).

5. Conclusion

The concepts of holomorphic curvature is main role in Complex Finsler

geometry. In this paper, we investigated the holomorphic curvature of com-

plex Finsler-Square metric(i.e F = (α+|β|)2
α ) through the coefficients of Chern-

Finsler connection. Finally, we proved the Complex Finsler space with special

(α, β)−metric is not a Käler and Weakly Käler.
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