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Abstract

We study generic Riemannian submersions from nearly Kaehler manifolds
onto Riemannian manifolds. We investigate conditions for the integrability of
various distributions arising for generic Riemannian submersions and also obtain
conditions for leaves to be totally geodesic foliations. We obtain conditions for
a generic Riemannian submersion to be a totally geodesic map and also study
generic Riemannian submersions with totally umbilical fibers. Finally, we derive
conditions for generic Riemannian submersions to be harmonic map.
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1. Introduction

Riemannian submersions between Riemannian manifolds equipped with an
additional structure of almost complex type were introduced by Watson in
[18]. Watson defined an almost Hermitian submersion between almost Her-
mitian manifolds and showed that, in most of the cases, the base manifold and
each fiber have the same kind of structure as the total space. Later, Sahin [14]
introduced the notion of anti-invariant Riemannian submersions from almost


https://doi.org/10.56424/jts.v13i01.10604


2 Rupali Kaushal, Rashmi Sachdeva, Rakesh Kumar and R. K. Nagaich

Hermitian manifolds onto Riemannian manifolds, where the vertical distribu-
tion is anti-invariant under the action of almost complex structure of the total
manifold. As a generalization of anti-invariant submersions and almost Hermit-
ian submersions, Sahin [15] introduced the notion of semi-invariant Riemannian
submersions from almost Hermitian manifolds onto Riemannian manifolds.

As a generalization of semi-invariant submersions, Ali and Fatima [3] in-
troduced the notion of generic Riemannian submersions from almost Hermitian
manifolds onto Riemannian manifolds. Then, Fatima and Ali [6] studied sub-
mersion of generic submanifolds of Kéehler manifolds onto almost Hermitian
manifolds. Later, Akyol [1] studied generic submersions from almost Riemann-
ian product manifolds. Recently, Sayar et al. [17] introduced a new kind of
Riemannian submersions, where the fibers are generic submanifolds, in the sense
of Ronsse [13] and called such submersions as generic submersions.

A more general and geometrically interesting class of almost Hermitian
manifolds is of nearly Kéehler manifolds, which is one of the sixteen classes of
almost Hermitian manifolds and given by Gray and Hervella in their celebrated
paper [8]. The geometrical meaning of nearly Kéehler condition is that the
geodesics on the manifolds are holomorphically planar curves. Nearly Kéaehler
manifolds were extensively studied by Gray in [7] and a well known example of
a non-Kéehlerian nearly Kéehler manifold is 6—dimensional sphere.

Ali and Fatima [2] studied anti-invariant Riemannian submersions from
nearly Kéehler manifolds onto Riemannian manifolds. Recently, Rupali et al.
[9] studied semi-invariant Riemannian submersions from nearly Kéehler mani-
folds onto Riemannian manifolds. In this paper, we study generic Riemannian
submersions from nearly Kéehler manifolds onto Riemannian manifolds. We
investigate conditions for the integrability of various distributions arising for
generic Riemannian submersions and also obtained conditions for leaves to be
totally geodesic foliations. We also obtain conditions for generic Riemannian
submersion to be a totally geodesic map and to be a harmonic map.

2. Preliminaries

Let (M, g, J) be an almost Hermitian manifold with a Riemannian metric
gy and an almost complex structure J such that

J=—1, gu(X,Y)=gu(JX,JY),

for any X,Y € I'(T'M). Let V be the Levi-Civita connection on M with respect
to gar. If the almost complex structure J is parallel with respect to V, that is,
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(VxJ)Y =0, then M is called a Kéehler manifold and if the tensor field V.J is
skew-symmetric, that is

(VxJ)Y +(VyJ)X =0, (2.1)
then M is called a nearly Kéehler manifold.

Let (M, gn) and (B, gp) be Riemannian manifolds of dimensions m and
n, respectively, where m > n. Then, a map F' : (M, gy) — (B,gp) is called a
Riemannian submersion [10] if it satisfies the following axioms:

Al. F has maximal rank.
A2. The differential map F, of F preserves the scalar product of vectors
normal to the fibers.

Here, the fibers F~1(y), y € B are (m — n)—dimensional submanifolds of M.
A vector field on M is called vertical (respectively, horizontal) if it is always
tangent (respectively, orthogonal) to the fibers. The vertical distribution of M
is denoted by V, = (kerFyp), p € M, which is always integrable and the or-
thogonal distribution to V), is denoted by H, = (kerF*p)J', called the horizontal
distribution, hence TM =V & H. A vector field X on M is called a basic
vector field if X is horizontal and F'—related to a vector field X, on B, that is,
F.Xp = Xip(p), for any p € M.

Next, we recall the following important lemma from O’Neill [10] for later
uses.

Lemma 2.1. Let F': (M, gy) — (B, gB) be a Riemannian submersion between
Riemannian manifolds and let V and V be the Levi-Civita connections of M
and B, respectively. If X,Y are basic vector fields on M and are F'—related to
X, Y, respectively, then

() gu(X,Y) = gp(Xs,Ys) 0 F.

(ii) H[X,Y] is the basic vector field and F'—related to [X,, Y]
(iii) (VxY)™ is the basic vector field and F—related to V, Y
(iv) For any vertical vector field V, [X, V] is always vertical.
It is known that the geometry of Riemannian submersions is characterized by
O’Neill’s tensors T and A. For any arbitrary vector fields U and V' on M, these
tensors are defined as

ToV = HVyuVV + VVywHV, AV = VVxuHV + HV 4y VYV, (2.2)



4 Rupali Kaushal, Rashmi Sachdeva, Rakesh Kumar and R. K. Nagaich

where V is the Levi-Civita connection on M with respect to gps. It is easy to
see that the tensor fields 7 and A are vertical and horizontal, respectively and
satisfy

ToV =TyU, YU,V €T(kerF,), (2.3)

AxY = —Ay X = %V[X, Y], VX,Y elD(kerF,)*. (2.4)

It should be noted that the tensor 7 serves as the second fundamental form
of the fibers and hence a Riemannian submersion F' has totally geodesic fibers
if and only if 7 vanishes identically. Moreover, relation in (2.4), shows that
A is necessarily the integrability tensor of the horizontal distribution (kerF,)*:
on M. Using the definition of these tensors, we have the following important
lemma from [10] immediately.

Lemma 2.2. Let X,Y be horizontal vector fields and U,V be vertical vector
fields. Then

(i) VoV =TgV + VgV,
(ii) Vg X = HVyX + Tu X,
(iii) VxU=AxU +VVxU,
(iv) VxY =HVxY + AxY,

where ViV = V(VyV). If X is basic then H(VyX) = AxU.

Let F : (M,gn) — (B,gp) be a smooth map between the Riemannian mani-
folds. Then, the differential F, of F' can be viewed as a section of the bundle
Hom(TM, F~Y(TB)) of M, where F~1(TB) is the pullback bundle with fibres
(F~YTB))y = TrpB, p € M. Hom(TM,F~(TB)) has connection V¥ in-
duced from the Levi-Civita connection V of M and a pull back connection.
Then, the second fundamental form (VF,) of F is given by

(VE)(X,Y) = VEF.(Y) - F.(VxY), (2.5)

for any X,Y € I'(TM). It should be noted that the second fundamental form
is always symmetric. Further, the smooth map F' is said to be harmonic if
trace(VF,) = 0. The tension field 7(F) of F is the section of I'(F~1(TB)) and
given by

7(F) = divF. = > (VF)(es ), (2.6)
i=1
where {e1,...,en} is the orthonormal frame on M then F' is harmonic if and

only if 7(F') = 0, for more details, see [4].
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3. Generic Riemannian Submersions

Let N be a real submanifold of an almost Hermitian manifold (M, gar, J)
and let D, = T,M N JT,M, p € N, be the maximal complex subspace of
the tangent space T, M which is contained in T, N. If the dimension of D, is
constant along N and it defines a differentiable distribution on N, then N is
called a generic submanifold of M, for details, see [5]. Here, the distribution D,
on N is called the holomorphic distribution. A generic submanifold is said to be
a purely real submanifold if D, = {0}. Denote the orthogonal complementary
distribution to D in TN by D+, known as the purely real distribution and
satisfies D, LDy, Dy N JDy = {0}. Therefore, for any vector field X tangent
to N, we put JX =tX + fX, where tX and fX are the tangential and normal
components of JX, respectively. Further, for a generic submanifold, we have
following important observations:

tD=D, fD={0}, tD, CD,, fD, CT"N. (3.1)

Definition 3.1. [3]. Let F': (M, g, J) — (B, gp) be a Riemannian submersion
from an almost Hermitian manifold onto a Riemannian manifold. Then the
Riemannian submersion F' is called a generic Riemannian submersion if there is
a distribution D C I'(kerF) such that

(kerF,) =D& D+, JD =D, (3.2)

where D+ is the orthogonal complementary of D in (kerF,), and is called a
purely real distribution on the fibers of the submersion F'.

It is well known that the vertical distribution (kerF)) is always integrable.
Hence, above definition implies that the integral manifolds (fibers) 7~1(q), ¢ € B
of (kerFy) are generic submanifolds of M.

From the definition of generic Riemannian submersions, it is obvious that
for any Ue I'(kerFy), we can write

JU = ¢U + wU, (3.3)

where ¢U € T'(kerF,) and wU € I'(kerF,)*. From (3.1), it is clear that wD =
{0} and wD* € I'(kerFy)*. Denote the complementary distribution to wD= in
(kerF,)* by u then we get (kerF,)" = wD+ @ u, and that y is invariant under
J. Thus, for X € I'(kerF,)*, we can write

JX = BX +CX, (3.4)
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where BX € T'(D1) and CX € T'(p).

Example 1. Let (R8,J, g1) be an almost Hermitian manifold endowed with an
almost complex structure (J,g1) and given by g1 = dx? + dx3 +dx§ +da? —i—dx% +
dx? + do2 + dai, J(x1, 72, v3, T4, 5, T6, T7, Ts) = (—T9, T1, —T4, T3, —T6,
w5, —w8,27). Let (R*, go) be a Riemannian manifold endowed with metric go =
dy? + dy? + dy? + dy? and F : (R8,J,1) — (R* g2) be a map defined by

F(x1,x9,x3, 24, x5, T, T7, T) = (%\/53, %, sin axs+cos axy, sin arg—cos arg).

Then, by straightforward calculations
(kerFy) = span{Xl = 0x1 — Ox3, X9 = Oz — 01y,
X3 = cos adxs — sin a0x7, X4 = cos adxg + sin aaxg}.

Clearly, JX1 = Xy therefore D = span{X1, X2} and DL is a slant distribution
with slant angle 2o therefore it is a purely real distribution. Moreover

(ke’r’F*)J‘ = span{Zl = 0x1 + Ox3, Zo = Ox9 + Oy,
Z3 = sin adrs + cos adxr, Z4 = sin adxg — coS a@:(:g}.

Since JZy = —Zy therefore p = span{Zy, Zs} and invariant with respect to
J. Furthermore, we derive F,Z1 = \/20y1, F.Zo = \/20y2, F.Z3 = Oy3 and
F.Z, = Oyy such that

91(Z1,21) =2 = go(Fu 21, B Zh),  91(Z2, Z2) = 2 = g2(FiZa, FiZ2),
gl(Zg,Zg,) =1= gg(F*Zg,F*Zg), gl(Z4, Z4) =1= QQ(F*Z4,F*Z4).

Hence, F' is a proper generic Riemannian submersion from an almost Hermitian
manifold onto a Riemannian manifold.

Example 2. Let F: (R%,J,g1) — (R* g2) be a map defined by

Ty — T3
F(x1, 22,23, 24, x5, T6, T7,28) = 5 , X4, T5, T ) 5

where (R®, J, g1) and (R, g2) defined as in above evample. Then, by straightfor-
ward calculations
(kerFy) = span{X1 = 0x1,X9 = Oxg + Ox3, X3 = Ox7, X4 = 81:8}.

Clearly, D = span{Xs, X4} and DL is a slant distribution with slant angle vy
therefore it is a purely real distribution. Moreover

(ke'rF*)L = span{Zl = 0wy — O3, Zo = Oy, J3 = Ox5, J4 = 8:1:6}.
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where p = span{Zs, Zy}. Furthermore, we derive F.Z, = /20y, FyZy = Oys,
F.Z35 = 0ys and FyZ4, = Oyy such that

91(Z1,21) =2 = g2(FiZ1, F . Zh),  g1(Za,Z2) = 1 = ga(FiZa, Fi Z3),
91(Z3,Z3) = 1 = go(FiZ3, Fy Z3),  g1(Z4, Zs) = 1 = ga(FiZy, FuZy).

Hence, F' is a proper generic Riemannian submersion from an almost Hermitian
manifold onto a Riemannian manifold.

Example 3. Every semi-invariant submersion [15] is a generic Riemannian
submersion with a totally real distribution D+ .

Example 4. Every slant submersion [16] is a generic Riemannian submersion
with D = {0} and slant distribution D+.

Example 5. Every semi-slant submersion [11] is a generic Riemannian sub-
mersion with slant distribution D*.

Next, from (3.1)—(3.4), we get the following lemma immediately for later use.

Lemma 3.2. Let F': (M, gy, J) — (B, gp) be a generic Riemannian submer-
sion from an almost Hermitian manifold onto a Riemannian manifold. Then

(i) 6D =D, ¢D+C DL, B(kerF,)*: =Dt
(11) ¢2 + Bw - _Zd’ CQ + CUB = _’Ld7 w¢ + Cw = 0, BC + QZ)B = 0.

For any arbitrary tangent vector fields U and V on M, we set

(Vu)V =PyV + QuV, (3.5)

where Py V' (respectively, QuyV') denotes the horizontal (respectively, vertical)
part of (VyJ)V. Clearly, if M is a Kéehler manifold then P = Q@ = 0. and if
M is a nearly Kaehler manifold then P and Q satisfy

PyV = —PyU, QuV =—0QyU. (3.6)

Hence, from the Lemma 2.2 and (3.3), (3.4), we derive covariant derivative of
¢, w, B and C as below:

Theorem 3.3. Let F': (M, gy, J) — (B, gp) be a generic Riemannian submer-
sion from a nearly Kéehler manifold onto a Riemannian manifold. Then

(Vuo)V =BTyV — TywV + QuV, (3.7)
(Vyw)V =CTyV — TuoV + PyV, (3.8)
(VUB)X =¢TuX — TuyCX + Qu X,
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(Vo)X = wTo X — TuBX + PyX,
where
(Vuo)V = VoV — ViV, (Vyw)V = HVywV —wViV, (3.9)
(VuB)X = VWyBX — BHVyX, (VyC)X =HVyCX — CHVyX,
for any U,V € T'(kerF,) and X € T'(kerF,)*.

Lemma 3.4. Let F : (M, gy, J) — (B, gp) be a generic Riemannian submer-
sion from a nearly Kéehler manifold onto a Riemannian manifold. Then

BToV 4+ oVVyV = VVyoV + TywV + Oy U, (3 10)

CTuV +wVVyV =TV + HVywV + Py U, '
BHVxY + pAxY = VVxBY + AxCY + Oy X, (3 11)
CHVxY + wAxY = AxBY + HVxCY + Py X, ’
BAxV + ¢VVxV =VVxoV + AxwV + Qv X, (3 12)
CAxV +wVVxV = AxoV + HVxwV + Py X, ’

for any X,Y € I‘(kerF*)J- and U,V € T'(kerFy).

Proof. Let U,V € I'(kerF,) then from (2.1), we have JVyV = VyJV +
(VyJ)U. Using the Lemma 2.2 with (3.3)-(3.5), we get

BTgV +CTyV + ¢VVyV +wVVyV = TyoV + VVyoV
+H(VywV) + TpwV + PyU + QyU.

On comparing the vertical and horizontal parts of the last expression, we obtain
(3.10). Analogously, for X,Y € T'(kerF,)* and U € T'(kerF,), we derive (3.11)
and (3.12).

Corollary 3.5. Take U € I'(kerF), V € I'(D) and £ € T'(u) in (3.10)2 then it
follows that
gm(CToV, &) = gu(TudV, &) + gu(PvU, §),
this, further implies that
gu((Tu )V, &) = gu(PuV;, §).

Similarly, for X € T'\(kerF,)*, Y € T'(u) and U € T'(D), from (3.11)1, we derive

gu((AxJ)Y,U) = gu(QxY,U).
For X € T'(kerF,)*,Y,Z € T'(wD%t), from (3.11)2, we obtain

gu(Ax )Y, Z) = gu(PxY, Z).
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For X € I'(kerF,)*, Y € I'(1) and V € T'(D), from (3.12)2, we get
g (Ax H)V,Y) = gu(PxV,Y).
Theorem 3.6. Let F' : (M, g, J) — (B,gp) be a generic Riemannian sub-

mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then the
distribution D defines a totally geodesic foliation in M if and only if

VVyoV — QuV € F(D), TuoV — PyV € F(u),
for any U,V € I'(D).

Proof. Let U,V € I'(D) then using the Lemma 2.2 with (2.1) and (3.5), we
derive
VoV =—=J(TupV + VVyoV + PyU + QyU).
Take scalar product of last expression with W € I'(D), we get
gu(VuV, W) = gu(VWWuoV — QuV,¢W) + gu(TudV — PuV,wW), (3.13)

hence the proof is complete.

On interchanging the role of U, V' and subtracting the resulting expression
form (3.13) and using (3.6), we obtain the following observation immediately.

Corollary 3.7. Let F : (M,gm,J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then the
distribution D is integrable if and only if

VWyoV —VVyoU —2QuV € (D), TuoV —TyoU —2PyV € I'(p),
for any U,V € I'(D).
Theorem 3.8. Let F': (M,gn,J) — (B,gp) be a generic Riemannian sub-

mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then the
distribution D+ defines a totally geodesic foliation in M if and only if

VVuoV + TowV — QuV e (DY),
for any U,V € T(D4).

Proof. Let U,V € I'(D') then using the Lemma 2.2 with (2.1) and (3.5), we
derive

VoV ==J(TopV + VVyoV + HVywV + TupwV + PyU + QyU).
Take scalar product of last expression with W € T'(D), we get
g (VuV, W) = g (VVyoV + TuwV — QuV, oW),
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hence the proof is complete.

Corollary 3.9. Let F': (M,gnm,J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then the
distribution D+ is integrable if and only if

VWV — VVyoU + TpwV — TywlU — 2QuV € I(Dh),

for any U,V € T'\(D™).

Now, we recall an important theorem for product structures from [12].

Theorem 3.10. Let g be a Riemannian metric tensor on the manifold M =
M x N and assume that the canonical foliations Dj,; and Dy intersect perpen-
dicularly everywhere. Then g is the metric tensor of:

(i) a double-twisted product M x ;g N if and only if Dy and Dy are
totally umbilical foliations,

(ii) atwisted product M x ;N if and only if D)y is a totally geodesic foliation
and Dy is a totally umbilical foliation,

(iii) a warped product M x ¢ N if and only if Dy is a totally geodesic foliation
and Dy is a spherical foliation, i.e., it is umbilical and its mean curvature
vector field is parallel, and

(iv) a usual product of Riemannian manifolds if and only if Dy and Dy are
totally geodesic foliations.

Thus, from the Theorems 3.6 and 3.8, we have the following assertion immedi-
ately.

Theorem 3.11. Let F' : (M, gn,J) = (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then
fibers of F' are locally product Riemannian manifolds of the form Mp x Mp.,
where Mp and Mp. are integral manifolds of the vertical distribution (kerFy)
if and only if

VWyoV — QuV € I'(D), TuoV —PyV € I'(w), (3.14)

and
VWWiwoZ + TwwZ — QwZ € T(D), (3.15)
for any U,V € T(D), W, Z € T(D%).
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Theorem 3.12. Let F': (M, gy, J) — (B, gB) be a generic Riemannian sub-
mersion from a nearly Kéaehler manifold onto a Riemannian manifold. Then the
horizontal distribution (kerF,)* defines a totally geodesic foliation in M if and
only if

AxBY + HVxCY — PxY € F(,u), VVxBY + AxCY — QxY =0, (3.16)

for any X,Y € I'(kerF,)*.

Proof. For any for any X,Y € I'(kerF,)*, we have
VxY = —-J(AxBY + VVWxBY + HVxCY + AxCY + Py X + Qy X).
On taking scalar product of last expression with U € T'(kerFy), the proof is

complete.

It is known that for a Riemannian submersion, the vertical distribution
(kerFy) is always integrable and the horizontal distribution (kerF) is not always
integrable. Therefore, from the above Theorem 3.12, we obtain necessary and
sufficient conditions for the horizontal distribution to be integrable.

Corollary 3.13. Let F': (M, gy, J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then,
the horizontal distribution (kerF,)* is integrable if and only if

AxBY — AyBX + HVxCY — HVyCX —2PxY € I'(n),
VWxBY —VVyBX + AxCY — AyCX —20xY =0,

for any X,Y € I'(kerF,)*.

Theorem 3.14. Let F' : (M, gn,J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéaehler manifold onto a Riemannian manifold. Then,
the vertical distribution (kerF}) defines a totally geodesic foliation in M if and
only if

TodV + HVywV — PyV € I'(wD?h), (3.17)

VoV + TowV — QuV € T(D), (3.18)

for any U,V € I'(kerF).
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Proof. Let U,V € I'(kerFy), then using the Lemma 2.2 with (2.1) and (3.5),
we obtain

VoV = —=J(TudV +VVyoV + HVywV + TywV + PyU + QvU)
= —{B(Tu¢V + HVywV +PyU) + ¢(VVyoV + TowV + QyU)}
—{C(TupV + HVywV + PyU) + w(VVyoV + TpwV + QyU)}.

Hence, the vertical distribution (kerF) defines a totally geodesic foliation in M
if and only if

C(TuoV + HVywV +PyU) =0, w(VVyoV + TywV + QyU) =0,

thus, the proof is complete. Thus, from the Theorems 3.6, 3.8, 3.12 and 3.14,
we have following observations:

Corollary 3.15. Let F': (M, gy, J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then,
the total space M of generic Riemannian submersion F' is a locally product
Riemannian manifold of the form Mp X Mpi X M, p,)o if and only if the
expressions in (3.14)(3.16) hold, where Mp, Mp. and Mje,p, )1 are integral
manifolds of (kerF,) and (kerF,)*, respectively.

Corollary 3.16. Let F': (M, g, J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then,
the total space M of generic Riemannian submersion F' is a locally product
Riemannian manifold of the form My, r,) X Mjepp, )1 if and only if the expres-
sions in (3.16)—(3.18) hold, where M (e, r,) and My, 5,y are integral manifolds
of (kerF,) and (kerF,)*, respectively.

Let F : (M,gym) — (B,gp) be a smooth map between Riemannian man-
ifolds. If F maps every geodesic in the total manifold into a geodesic in the
base manifold, in proportion to the arc length then the mapping F is called a
totally geodesic map. In other words, F' is called a totally geodesic map if and
only if the second fundamental form of the map F' vanishes identically, that is,

(VE,) = 0.

Theorem 3.17. Let F be a generic Riemannian submersion from a nearly
Kéehler manifold (M, g, J) to a Riemannian manifold (B, gp). Then, the map
F' is a totally geodesic map if and only if

(TudV + HVywV — PyV), (TuBX + HVyCX — PyX) belong to T(wDt),
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and
(VWWVuoV + TywV — QuV), (VVyBX + TyCX — QuX) belong to I'(D),

for any U,V € T'(kerF,) and X,Y € T'(kerF,)*.

Proof. From the Lemma 2.1 and (2.5), it is obvious that the second fundamental
form (VFy) of the Riemannian submersion F' satisfies (VF,)(X,Y) = 0, for
any X,Y € I'(kerF,)*. Therefore, the generic Riemannian submersion F is a
totally geodesic map if and only if (VF,)(U,V) = 0 and (VF,)(U,X) = 0, for
any U,V € I'(kerF,) and X € I'(kerF,)*. From the Lemma 2.1, (2.1) and
(2.5), we can write

(VENU,V) = —F,(VyV) = F,(J*VyV)
= FABTuoV + CTudV + ¢VVpoV +wVVyeV
+BHVywV + CHVywV + ¢TywV + wTywV
+BPyU + CPyU + ¢QyU + wQy U}
= EACTroV + wVVyeV + CHVpwV + wTpwV
—CPyV —wQuV'}. (3.19)
Hence, (VF,)(U,V) = 0 if and only if C{Ty¢V + HVywV — PyV} = 0 and

w{VVyoV + TywV — QuV'} = 0, that is, if and only if (Ty¢V + HVywV —
PUV) € F(w'DJ‘) and (VVU¢V + TywV — QUV) € F(D).

It is known that the second fundamental form of the map is symmetric
then analogous to above derivation, for U € I'(kerFx) and X € I'(kerF,)*, we
obtain

(VF)(U,X) = FEACTuBX 4+ wVVyBX +CHVyCX
+WTyCX — CPyX —wQyX ).

Hence, (VE,)(U,X) = 0, if and only if, (TyBX + HVyCX — Py X) € I'(wD™)
and (WVyBX + TyCX — QuX) € I'(D). Thus, the proof is complete.

Corollary 3.18. Using (2.5) and the symmetry of the second fundamental form
of I, it follows that

9(VE)U,V),FX) = —gp(R.VuV.F.X) = —g5(FHVyV, F.X)
= —gu(ToV. X), (3.20)
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and
gB((VF*)(U,X),F*Y) = —gB(F*VxU, F*Y) = —gB(F*HVXU, F*Y)
= —gu(AxU,Y) = gu(AxY,U). (3.21)

This implies that F' is a totally geodesic map if and only if 77V = 0 and
AxY =0, for any U,V € I'(kerF,) and X,Y € I'(kerF,)= .

Theorem 3.19. Let F : (M, gy, J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then
¢ is parallel with respect to V if and only if QpV = TywV — BTV, for any
U,V € T'(kerFy).

Proof. For U,V,W € T'(kerF,) and X € I'(kerF,)*, it is easy to see that
g (Tu X, V) = —gu (X, Ty V) then from (3.7), it follows that
g ((Vue)W, V) = gu(JToW, V) + gu (W, Tu V) + g (QuV, V).
Since gy (QuW, V) = —gum (W, QuV) then last expression becomes
g ((Vue)W, V) = gu(W, TowV) — g (W, BTy V) — g (W, Qu'V),
this completes the proof.

Theorem 3.20. Let F': (M, gn,J) = (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéaehler manifold onto a Riemannian manifold. Then
w is parallel with respect to V if and only if Py X = TyCX — ¢Ty X, for any
U € T'(kerF,) and X € I'(kerF,)*.

Proof. Let U,V € I'(kerF,) and X € I'(kerF,)* then from (3.8), we have
gm((Vow)V, X) = —gu(ToV,CX) + gu (oV, Tu X) + gu (PuV, X).
This further implies
g (Vow)V, X) = gy (V, TuCX) = gu(V, 6To X) — gu (V, Pu X)),
this completes the proof.
Analogously, we can derive the following assertions.

Theorem 3.21. Let F': (M, gn,J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then
B is parallel with respect to V if and only if QuV = Ty¢V — CTyV, for any
U,V € I'(kerFy).
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Theorem 3.22. Let F': (M, gy, J) — (B, gB) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then
C is parallel with respect to V if and only if Py X = TyBX — w7y X, for any
U € T'(kerF,) and X € I'(kerF,)*.

Theorem 3.23. Let F': (M,gn,J) — (B,gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. If w is
parallel with respect to V then

TowdU = —TyBwlU — TyU — 2Pyl (3.22)
for any U € I'(kerFy).

Proof. Let w be parallel with respect to V then from (3.8), we have
CTuV +PyV =TudV,

for any U,V € I'(kerFy). Interchange the role of U, V' and then subtract the
resulting equation from the last equation and further on using (2.3), we obtain

2Py V = TyoV — Ty oU.

Furthermore, on substituting V' as ¢U and then using the Lemma 3.2 (ii), the
assertion follows.

Now, we recall that a Riemannian submersion F' : (M,gy) — (B, gB)
between Riemannian manifolds is called a Riemannian submersion with totally
umbilical fibers if

ToV = H gy (U, V), (3.23)

for U,V € I'(kerFy), where H* is the mean curvature vector of the fibers.

Theorem 3.24. Let F' be a generic Riemannian submersion with totally umbil-
ical fibers from a nearly Kéehler manifold (M, g, J) onto a Riemannian manifold
(B,gg). Then H* € T'(wD™).

Proof. Let U,V € I'(D) then using the Lemma 2.2 with (2.1), (3.3) and (3.4),
it follows that
TV +VVyoV = BTyV +CTyV + ¢VVyV +wVVyV — PyU — QyU.
Take scalar product of last expression with X € I'(u) and using (3.23), we get
gm(U, oV )gu(H*, X) = —gu (U, V)gu (H*,CX) + gu(PuV, X).  (3.24)
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Interchange the role of U, V and then on adding the resulting expression with
(3.24), it follows that gar (U, V)ga (H*,CX) = 0, further, the non-degeneracy of
['(D) and T'(p) implies that H* € T'(wD>).

Theorem 3.25. Let F' : (M, gy, J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kédehler manifold onto a Riemannian manifold with totally
umbilical fibers such that PyoU = 0, for any U € I'(kerF). If w is parallel
with respect to V then F' is with totally geodesic fibers.

Proof. For any U € I'(D), from (2.1), it follows that

(V¢UJ)U + (VUJ)¢U = 0.
Further, from the Lemma 2.2 with (3.3)—(3.5) and the hypothesis PyoU = 0,
we obtain

7;5U¢U +VVyuoU — B%UU — C%UU — pVVypyU — WVV¢UU + QuoU = 0.

Since w is parallel with respect to V then for any U € I'(D), from (3.9), we have
WYV U = 0 and using (3.22) in the last expression, we get

—ToU + VVuoU — B%UU — C%UU — oVVeuyU + QuoU = 0.

On taking scalar product of the last expression with X € I'(w(D%1)), we get
gum(ToU, X) = 0. Fibers of the submersion F' are totally umbilical therefore,
we have g7 (U, U)gar(H*, X) = 0, then non-degeneracy of (kerF,) and w(D%1)
gives H* = 0, this completes the proof.

Theorem 3.26. Let F' : (M, gy, J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kaehler manifold onto a Riemannian manifold. Then M
is a locally twisted product manifold of the form M, )1 X5 Mgerr,) if and
only if

AxBY + HVxCY — PxY EF(M), VVxBY + AxCY — QxY =0,

ToJX = —gu(X, ToU)|U||72JU — JVy X,
for any U,V € T'(kerF) and X € F(kerF*)J-.

Proof. Let U,V € I'(kerF,) and X € I'(kerF,)* then from (2.1), we have
g (Vo V. X) = —gu(JV,VyJX — (VyJ)X).

Further, from the Lemma 2.2, we get

gM(VUV,X) = —gM(JV, ToBX +VVyBX +HVyCX +TyCX —PyX — QUX),
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this implies that (kerF}) is totally umbilical if and only if
ToBX +VVyuBX +HVyCX + TyCX — PyX — QuX = -X(\)JU,
where )\ is some function on M. Then by straightforward calculations, we obtain
X(A\) = gu (X, TyU)||U|| =2 and hence
ToJX = —gu (X, ToU)||U||72JU — JVy X.
Thus, the proof follows form the Theorem 3.10 and Theorem 3.12.

It is well known that if a nearly Kéaehler manifold M is of constant holo-
morphic sectional curvature ¢(m) at every point m € M then the Riemannian
curvature tensor of M is of the form [19]

ROCYZW) = 0 W)gn (Y, 2) — u (X, Z)gn (V. 7)

+9m (X, IW) g (Y, JZ) — g (X, T Z) g (Y, JW)

(VX)WL (Ty0)2) = g (Vx ) Z, (T )W)

—29m((Vx J)Y, (VZJ)W)}, (3.25)
for any vector fields X, Y, Z, W on M.

Now, we recall following result from [7] for later use.

Theorem 3.27. Let M be a nearly Kéehler manifold. Then M has (pointwise)
constant type if and only if there exists a smooth function v on M such that

I(Vx DY [* = a{ IXIPIY]? - gar(X,Y)? = gur (X, JY)?}, (3.26)

for any vector fields X,Y on M. Furthermore, M has global constant type if
and only if (3.26) holds with a constant function . In this case « is called the
constant type of M.

Theorem 3.28. Let F': (M, gy, J) — (B,gB) be a generic Riemannian sub-
mersion from a nearly Kéaehler manifold onto a Riemannian manifold such that
M is with constant holomorphic sectional curvature ¢ and with constant type a.
If the distribution D is integrable and the submersion F' is with totally umbilical
fibers then ¢ = «.

Proof. For a nearly Kéehler manifold M, it is known that (VyJ)(JV) = —J
((VyJ)V), for any vector fields U and V on M. Using this fact for U € I'(D)
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and V € I'(D1) with (3.25), we derive
c 1
93 (R(U,QU)V,wV) = =Zgui (U, V)gut (V.V) + 5 |(Ve)VIP. - (3.27)
From [10], it is known that
gM(R<U7 V)VV, X) = gM((vVT)UW7 X) - gM(<vU7-)VW7 X)? (3'28)
for any U, V,W € I'(kerF,) and X € I'(kerF,)*. Hence, from (3.28), we have
gM(R(U, (bU)V,wV) = gM(V¢UTUV — TV¢UUV — TUV¢UV,WV)
—gM(VU’@UV - TVU<;SUV - %UVUV,WV)(?).QQ)

Since submersion F' is with totally umbilical fibers therefore T;;V = 0, ToyV =0
and using the fact the 7 is symmetric, (3.29) becomes

gum (R(U, U)V,wV) = QM(T[U,d)U]Va wV) —gmu(VuV, %UWV)
+9m (VeuV, TuwV).

Again using the hypothesis that the submersion F is with totally umbilical
fibers therefore TyywV = 0 and TywV = 0, therefore last expression becomes
gm (R(U, oU)V,wV) = gy ([U, U], V)ga (H*,wV'), as the distribution D is in-
tegrable, then we obtain

gu (R(U, oU)V,wV) = 0. (3.30)
Hence from (3.27) and (3.30), we have cgn (U, U)ga (V, V) = ||[(VuJ)V||?, thus

on using (3.26), proof is complete.

Theorem 3.29. Let F : (M, gy, J) — (B, gp) be a generic Riemannian sub-
mersion from a nearly Kéehler manifold onto a Riemannian manifold. Then F
is a harmonic map if and only if

Ve = Verei, (TEJ¢E]' + HVijEj) € F(wDJ‘),
and
(Vijd)Ej + TijEj) € F(D),

for {e1,... e €%, ...,ex} and {F,..., Ex} orthogonal bases of D and D+, re-
spectively.

Proof. It is known that the distribution D is ¢—invariant therefore take
{e1,...,er€f,...,€er} as an orthogonal basis of D, where ef = Je; = ¢e;, for
i € {1,...,r} and let {F1,...,E} be an orthogonal basis of D*. Moreover,
the second fundamental form VF, of the Riemannian submersion F satisfies
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(VE)(X,Y) =0, for any X,Y € I'(kerF,)*. Hence, the tension field 7(F) of
F is given by

r k
= Z {(VF*)(e,,ez) (VF z? 1 Z )7

using (3.19), we further derive

= Z {Fu(CTeef + wVVe,€f) — Fu(CTerei + wVVre;) }
k
+> F(CTE,0E; + wVV g, ¢ Ej + CHV p,wE; + wT,wk;)
j=1
r k
=Y F(wV(Veef = Verei) + Y Fu(C(T, ¢ E; + HV 5,wE;))
i=1 j=1

+ ZF (Vi 0E) + Te,wEj)). (3.31)
Thus, the proof is complete.
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