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Abstract

The object of the present paper is to study cyclic Ricci-recurrent spaces.
Some basic geometric properties of such a space are obtained. Among others
we study conformally symmetric cyclic Ricci-recurrent spaces. Also we study
decomposibility and conformal deformation of cyclic Ricci-recurrent spaces. Fi-
nally, the existence of such space is ensured by an interesting example.
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1. Introduction

Let M™ be a Riemannian space of dimension n with Riemannian metric g.
Then M™ is said to be Ricci symmetric or Ricci parallel if its Ricci tensor Sj;
of type (0, 2) satisfies the condition S;;, = 0, where ‘,” denotes the covariant
differentiation with respect to the metric tensor g. The class of Ricci parallel
spaces is very natural generalization of the class of spaces of constant scalar
curvature. Again generalizing the notion of Ricci parallel space, Patterson [5]
introduced the notion of Ricci-recurrent space and later studied by Roter [6] and
various authors. A Riemannian space is said to be Ricci-recurrent if \S;; satisfies
the condition Sj;, = AS;;, where Ay, is a nowhere vanishing 1-form. Again by
the decomposition of the covariant derivative S;;j of S;;, Gray [4] introduced
two important classes A, B, which lie between the class of Ricci-parallel spaces
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and the spaces of constant scalar curvature, namely (i) the class A is the class
of spaces whose Ricci tensor is cyclic parallel and (ii) the class B is the class of
spaces whose Ricci tensor is of Codazzi type. The spaces of class A are said to
be cyclic Ricci parallel spaces. Generalizing the notion of cyclic Ricci parallel
space, in the present paper we introduce the notion of cyclic Ricci-recurrent
space. A Riemannian space M™,(n > 2) is said to be cyclic Ricci-recurrent if
S;j satisfies the condition

Sijk + Sjki + Skij = AkSZ-j( or = AiSjk or = AjSki), (1.1)

where Aj is a nowhere vanishing 1-form associated to the vector field p such
that Ax = 0" grm.-

The present paper is organized as follows. Section 2 deals with preliminar-
ies. Section 3 is concerned with some basic properties of cyclic Ricci-recurrent
spaces. It is proved that if the Ricci tensor of a cyclic Ricci-recurrent space is
a Codazzi one then the scalar curvature of the space vanishes. Also it is shown
that a cyclic Ricci-recurrent space is Ricci-recurrent if and only if its Ricci tensor
is a Codazzi one.

In section 4, we investigate conformally symmetric cyclic Ricci-recurrent
spaces and proved that a conformally symmetric cyclic Ricci-recurrent space
is Ricci-recurrent if and only if its scalar curvature vanishes. Section 5 deals
with decomposibility of cyclic Ricci-recurrent space and it is shown that a de-
composable Riemannian space is cyclic Ricci-recurrent if and only if one of the
decomposition spaces is cyclic Ricci-recurrent and the other is Ricci flat. Sec-
tion 6 is devoted to the study of conformal deformation of cyclic Ricci-recurrent
space. Finally, the last section provides the existence of a cyclic Ricci-recurrent
space with vanishing scalar curvature.

2. Preliminaries

In the sequel each Latin index runs over 1,2,--- ,n and each Greek index
runs over 2,3,--- ,n — 1 and we shall need the following results:

Transvecting (1.1) with g% and using the well known relation Si, = %KJ
we get

2K ; = KA;, A.S;=2K, (2.1)

where K is the scalar curvature of the space.
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Moreover, using the condition jok » = Sij.k — Sik,j (which is a consequence
of the second Bianchi identity) and (1.1) we obtain

Siji+ Rijr + Ry = 4S50 — AiSij (2.2)
and
Sit; + Sty = AiSij — Sij1- (2.3)
From (1.1) we have
ASij = AiSjk (2.4)
hence
Sij = Ai©; (2.5)

where ©; = TkSkj and 7 is so choosen that 7" A, = 1.

Since the Ricci tensor is symmetric, we get

Sij = pAi4;, (2.6)
where p = 770,.. Hence we have

rank S;; < 1. (2.7)
We now suppose that the Ricci tensor does not vanish. Then putting

Bj = Vep4;, (2.8)
where € = 1 or — 1, we obtain from (2.6) that

Sij = eB;B;. (2.9)

Lemma 2.1. Let us assume that B; and T)j; are numbers satisfying

BT, + BTy, = 0. (2.10)
If not all B; are zero then T}, =0 for j,k =1,2,--- ,n.
Proof. Let B, # 0. Putting i = j = « in (2.10) we get ByTnr = 0, whence
Tor = 0 for all k.
Now let i = a then we have B,Tj; = 0 and hence T}, = 0 for all j and k.
3. Some basic properties of cyclic Ricci-recurrent Spaces

This section deals with various basic properties of cyclic Ricci-recurrent
spaces.

Theorem 3.1. If the Ricci tensor of a cyclic Ricci-recurrent space M is a
Codazzi one then the scalar curvature K of the space vanishes.
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Proof. Obviously if at a point of M the Ricci tensor vanishes then at that point
K = 0. Therefore suppose that S;; # 0.

Since the Ricci tensor is of Codazzi type [3] then we have

Sijk = Sik,j = Skjis (3.1)
which yields
K ;=0 for all j. (3.2)
Using (3.1) in (1.1) we obtain
1
Sijk = gAkSij. (3.3)
Differentiating (2.9) covariantly and using (3.3) we get
1
BiBj,k + BjBi,k = §AkSij, (34)
which can be written as
1 1
Bi(Bng — éAkB]) + Bj(Bi,k — éAsz) =0. (35)
In view of Lemma 2.1 it follows from (3.5) that
1
By = S AiB;. (3.6)
Again from (2.9) we get
K = ¢B"B,. (3.7)
Differentiating (3.7) covariantly and using (3.2) we obtain
2B" B, = 0. (3.8)
Using (3.6) in (3.8) we get
1
SeABT B, = 0. (3.9)

Since Ay, # 0 therefore from (3.7) and (3.9) we have K = 0 and hence the proof
is complete.

We now assume that a cyclic Ricci-recurrent space is Ricci-recurrent and
the Ricci tensor does not vanish at every point of a subset U of M. Then in
view of (2.9) and

Sijk = PrSij, (3.10)
we obtain
B;Bj + BB, = ®.B;Bj, (3.11)
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which yields by Lemma 2.1
BiBji = L.B;. (3.12)
In view of (2.9) and (3.10) it follows from (1.1) that
B;B;® + B; B,®; + B; By®; = qB;B; By, (3.13)

where ¢ = ﬁ. But (3.13) can be written as

€
B;Bjay + BjBya; + B;Braj = 0, (3.14)
where a; = ®; — %qBj.
Suppose now a, # 0 then (3.14) implies that 3B,Basaq, = 0 and hence
B, =0.

Moreover putting k& = « in (3.14) and using the last result we obtain
anB;Bj = 0, which yields B; = 0, a contradiction. Thus a, must be equal

to zero and hence
1

(I)j = quj. (315)
Using (3.15) in (3.12) we get
1
Bng = qujBk (316)
From (2.9) and (3.16) we have
Sijk = Sik,j» (3.17)

which implies that the Ricci tensor of a cyclic Ricci-recurrent space is at U a
Codazzi one.

Suppose now that the Ricci tensor vanishes at some point x of M. Then
from (3.10) we obtain

Sij,k =0= Sik,j; (318)

that is, the Ricci tensor of a cyclic Ricci-recurrent space is at  a Codazzi one.
Thus if a cyclic Ricci-recurrent space is Ricci-recurrent then the Ricci tensor of
the space is Codazzi one. Also from (3.3) it follows that if the Ricci tensor of
a cyclic Ricci-recurrent space is Codazzi one then the space is Ricci-recurrent.
Hence we can state the following:

Theorem 3.2. A cyclic Ricci-recurrent space is Ricci-recurrent if and only if
its Ricci tensor is a Codazzi one.
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Moreover we now consider that A; is locally a gradient, that is, A; ; = A;;.
Then there exists a function, say A, such that A ; = A;.

Define now v as follows:

;= e 4B, (3.19)
Then in view of (3.6) we have
ik = 0. (3.20)
Also from (3.19) we get
WYy, = e 34BTB, =0, (3.21)

which is an immediate consequence of (2.9) and hence K = 0. Thus we can
state the following:

Theorem 3.3. If the covector A of a cyclic Ricci-recurrent space is locally a
gradient and its Ricci tensor does not vanish and it is a Codazzi one then the
manifold is Ricci-recurrent and it admits locally a null parallel vector field.

4. Conformally Symmetric cyclic Ricci-recurrent Spaces

This section deals with conformally symmetric and conformally flat cyclic
Ricci-recurrent spaces.

Theorem 4.1. Let (M, g) be conformally symmetric cyclic Ricci-recurrent space.
Then M is Ricci-recurrent if and only if the scalar curvature of M vanishes.

Proof. The Weyl conformal curvature tensor Ch;j;i of type (0, 4) is given by

1
Chij = Rhnijk — m[sijghk — Shjgik + Shk9ij — Sik9hj) (4.1)
(n _ 1)(n _ 2) gljghk ghjglk
and hence
Chijkg = Rhijig — m[sij,lghk — Shjgik + Shk9i5 — Sikgni]  (4.2)

K,
(0= 1)(n = 2) Yis9nk ~ Inik]-

_|_
Since the space is conformally symmetric, we have [2]
Chijkt =0 (4.3)
and hence
Chijid + Crijih + Cijng = 0. (4.4)
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In view of (4.2) and (1.1), (4.4) yields
1
Rpijrg + Riijin + Riijng — E[Algijshk = 9ikShji + 9rkSiji — GnjSik,

—itSkj,h — GkjSih — 9inSijk + GnSij e — 915 Sink)] + ( (4.5)

n—1)(n—2)
(K 1(9i59nk — 9nj9ik) + K n(9i591 — 9x591) + K k(955910 — 9ingi;)] = 0.

Transvecting (4.5) with ¢"* and making use of Lemma 2.1, we get

1 1 1
ASij0 — Ay — —— 2K 19:j +nSiju — 55590 — 5K g5+ Sija — A1Si5]
1
[0+ V) K gij — Kagiy — K jgu] = 0, (4,
+(n—1)(n—2)[(n+ VK 193 915 49it] =0, (4.6)

whence, by a quite elementary computation, we find
(n—3)[3(n —1)S;j; — (n — 1) A;S;; — K 1gij + %K,jgz‘l + %K,igjz} =0. (4.7
Consequently we have finally
3(n—1)Si1 — (n—1)A;S;; — K 1955 + %K,jgu + %Kvigjl =0. (4.8)
If Kj =0or by (2.1), K =0 then from (4.8) we get
Siji = éAlSij, (4.9)

that is the space is Ricci-recurrent. Conversely, if the space is Ricci-recurrent
then (4.9) holds and using (4.9) in (4.8) we obtain K ; = 0 and hence from (2.1)
we have K = 0. This completes the proof.

Corollary 4.1. Let M be conformally flat cyclic Ricci-recurrent space. Then
M is Ricci-recurrent if and only if the scalar curvature of M vanishes.

Proof. Evidently every conformally flat space is conformally symmetric. Hence
the relation (4.8) holds for conformally flat cyclic Ricci-recurrent spaces. Thus
every conformally flat cyclic Ricci-recurrent space with vanishing scalar cur-
vature is Ricci-recurrent. Conversely, if a conformally flat and cyclic Ricci-
recurrent space is Ricci-recurrent then, which follows from (4.8), the space must
have a vanishing scalar curvature.

Theorem 4.2. (i) In a conformally symmetric cyclic Ricci-recurrent space with
vanishing scalar curvature, coordinates can be locally choosen so that the metric
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takes the form

ds* = Q(dz')? + kyudatdat + 2datda™, (4.10)
Q = (Ghkyy+ay, )z ah, (4.11)
where [k),] is a symmetric and non-singular matrix of constants, ay, is a sym-

metric matrix of constants satisfying k*“ay,, = 0 with [£*] = [kx.] ™! and G is
a non-zero and non-constant function of z! only.

(7i) Let R™ be endowed with the metric satisfying (4.10) and (4.11), where
[kxu] and [ay,] are as above and G is a function of z' only such that 0 #
G # constant. Then R” is conformally symmetric and cyclic Ricci-recurrent.
Moreover its scalar curvature vanishes.

Proof. Assume that the scalar curvature of a conformally symmetric cyclic
Ricci-recurrent space M vanishes. Then by Theorem 4.1, the space M is Ricci-

recurrent with recurrence vector field 7; = %Aj.
Here and in the sequel we assume that the Ricci tensor does not vanish.

Adati and Miyazawa [1] proved that in a conformally symmetric Ricci-
recurrent space 7; is locally a gradient. Hence there exists a function, say 7
such that 7; = 7;.

Define now v as follows:
%‘ = 6_%TBJ' (412)

where Bj satisfies (3.12). But by Theorem 3.3 it follows that v; is parallel and
null. Therefore M admits locally a null parallel vector field.

From (2.6) and (2.9) we have
EBZ‘B]' = pAiAj,

whence A; = 0B;. Hence by (4.12) and 7; = %Aj we get 7; = atp;. Therefore
the recurrence vector field 7; is codirectional with a parallel null vector field ;.

From [6] it follows that the curvature tensor of a conformally symmetric
Ricci-recurrent space has locally the form

Rinkem = T™hTkSmj — ThTjSmk + TmTjSnk — TmTkShj, (4.13)

where

Sij = sz' = arasRm-js and arT',« =1.
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Again Walker ([7],[8]) proved that if a pseudo-Riemannian space with the cur-
vature tensor of the form (4.13) admits a null parallel vector field ¢ satisfying
7j = apj then one can choose coordinates so that the metric can be written as

ds? = 0(dz")? + ky,dotdat + 2dztdz”, (4.14)
where k), are constants, det[ky,| # 0 and 6 is independent of z".

In this coordinate system the null parallel vector field is of the form ¢! = §¢ |
whence in view of 7; = a1);, we have

_ i _ 1
T = agit = agin = ad;.

The recurrence vector 7; is therefore a gradient of some function 7(z!) and so
a is a function of ! only.

In the metric (4.14) the only components of R and S not identically zero
are these related to

1 1
Rizu1 = 59,/\,u S11 = ikﬁwé’./ﬁw, (4.15)
where the dot denotes partial differentiation with respect to coordinates.

Moreover one can easily show that

1 1 1
CD\;A = 59)\“ - mkAukaeﬂm RlAul,j = 59)\@ (4~16)
and
1 1 B 1 4,
Cl)\,u,l,j = 59.)\#]‘ - mlﬂpk eﬂwj) Sll,j = §k H.Bwj' (4'17)

All other components of C' and the covariant derivative of S, R and C are iden-
tically zero.

Since the space is, by assumption, conformally symmetric and Ricci-recurrent

we obtain
1 w
0 \j — Qkxu(/fﬁ 0.50) .5, (4.18)
(K0 5.); = adjk™0 .. (4.19)
From (4.18) and (4.19) we have
0.)\“ = 2Gk)\# + 2a>\u, (4.20)

where ay, are constants such that kﬁwagw = 0 and G is a function of z' only.
Hence

0= Gk)\MxA:r“ + a,\ux)‘x“ + kaa + X, (4.21)
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k and x being functions of x! only.

Consider now a transformation [7] of the form

=2t — kMo, 2 =a" 4 pra 4 (4.22)
from 22, 23,--- 2", 2/2,2"3,--- , 2™, where py, on and 1 are functions of z!
satisfying
1 1
P = Q/k:)\da:l, o\ = /p)\d:cl, =3 /(X + k:ﬁwpgpw)d:zl. (4.23)

Transforming (4.14) and (4.21) and omitting the primes, we obtain (4.10) and
(4.11) for the metric of a conformally symmetric cyclic Ricci-recurrent space.

(ii) From (4.20) it follows that

1
G=———k"04,
2n—2)" 7P
But (4.17) implies

1
S11,1 = EGJSH-

The last condition shows that the space is Ricci-recurrent and the Ricci tensor of
this space is a Codazzi one. Hence R” is cyclic Ricci-recurrent. Moreover from
(4.17) and (4.20) it follows that R™ is also conformally symmetric and because
of g = 0 and K = ¢¥S;; = ¢g*'S11 = 0, its scalar curvature vanishes. This
completes the proof.

5. Decomposable Cyclic Ricci-recurrent Spaces

A Riemannian space M" is decomposable [9] if it can be expressed as a
product MY x M3 P for some p(2 < p < n—2), i.e., if coordinates can be found
so that its metric takes the form

p n
ds® = Z Gapdztda® + Z gagd:zadxﬁ, (5.1)
a,b=1 a,f=p+1
where the g, are functions of z', 22, --- 2P only and the Jgap are functions
of aPt1 xPt2 ... 2" only. Latin letters a,b,c,d,--- range over the indices

1,2,---,pand Greek letters o, 3,7, 4, - - - range over the indices p+1,p+2,--- ,n.
The two parts of (5.1) are the metrics of M} and M, *, called the decomposition
spaces of M™. From the above form of the metric it is easily seen that the
Christoffel symbols and the components of the curvature tensor and its covariant
derivatives in M™ are zero unless all suffixes belong to the same range 1,2,--- ,p
or p+ 1,p+2,---,n. When all the suffixes belong to the same range , say
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1,2,---,p, then the symbols and the tensor components are the same for M? as
for M™ and covariant differentiation in M7 is the same as in M" with respect
to z', 22, .-+, 2P. When one of the decomposition spaces, say, M7 is flat then

M™ described as a flat extension of Mf .

Let us consider a decomposable Riemannian space M"™ = MY x My P(2 <
p < n —2) which is cyclic Ricci-recurrent. Then we have from (1.1) that

Sab,c + Svea + Scap = AcSabs (5.2)
SaBy + S8y,a + Sya,s = AySas- (5.3)

Taking ¢ = v in (5.2) we get
AySap =0, (5.4)
which implies that Sy, = 0, since Ay # 0 and hence the decomposition M} is
Ricci flat and the decomposition My~ * is cyclic Ricci-recurrent. Again taking
v = ¢ in (5.3) we obtain My " is Ricci flat and MY is cyclic Ricci-recurrent.

Conversely, if M? is Ricci flat and My " is cyclic Ricci-recurrent then M" =
MY x My P is cyclic Ricci-recurrent. This leads to the following:

Theorem 5.1. Let M™ = M? x M, be a decomposable Riemannian space.
Then M is cyclic Ricci-recurrent if and only if one of the decomposition spaces
is cyclic Ricci-recurrent and the other is Ricci flat.

6. Conformal Mapping of cyclic Ricci-recurrent Spaces

Let M be an n-dimensional smooth space with metric tensors g and g
relative to a neighbourhood U with local coordinates z*, we have

Gij = €% gij, (6.1)
where o is a smooth function of the coordinates ‘. Clearly the angle between

any two directions at point of U is independent of the choice of metric g or g.
We say that these two spaces (M, g) and (M, g) are conformally related.

From (6.1) it follows that
—20

Gl =e 274", (6.2)

A straightforward calculation shows that the Christoffel symbols are related by

lij, k] = € ([ij, k] + gikoj + k0, — Gijo k), (6.3)
Ly = T4 +00;+ 80— 990 m, (6.4)

where 0 ; = % and [ij, k] = Qhkr?j‘
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In Eisenhart’s notation, the covariant form of the curvature tensor has

components

0

, 9 ... ,
Rusji = ik, B = 57 [0, h] + Ty [k, 1] = Tiy R, 1],

Ok
If we substitute for the analogous expression derived from g we find
e Rpiji = Rhniji + 9nk0ij + 9ijOnk — GniCin
GikOhj + A10(ghrgi; — Gnjgik)s
where
Oij = 045 — 0,40
and Ao is the first Beltrami operator defined by
Ao = gijo,ia7j.
Contracting (6.6) over the indices h and k and using (6.2) we obtain
Sij = Sij + (n— 2)0ij + [Ag0 + (n — 2)A10]gij,
where Ao is the second Beltrami operator defined by
Ago = gijaﬂ-j.
Again taking contraction of (6.9) we obtain

K =e¢2[K +2(n—1)As0 + (n—1)(n — 2)A0].

(6.5)

(6.6)

(6.7)

(6.8)

(6.10)

(6.11)

We now suppose that both (M, g) and (M, g) are cyclic Ricci-recurrent spaces.

Then we have the relation (1.1) and
Sijk + Sjki + Skij = ApSij(or = A;S;x or = A;Sk),
where Aj, is a nowhere vanishing 1-form such that Ay = p™Grm.
From (6.9) we have
Sij = Sij +2(n—1)oi; + n(n — 1)o 0
and hence
Sijk = Sijk +2(n— 1ok +n(n—1){ouwoj + 0,0k}
By virtue of (6.14) we obtain from (6.12) that
(A, — Ap)Sis = (n—1)[2(0ijk + Ojki + Okij)
+ n(oko;+ 0,40k + 00k
+ 0O kit O kjO+ O kO j)
— {204+ (n—2)0,0;} Agl.

(6.12)

(6.13)

(6.14)

(6.15)
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We may assume that Ay = Ay, then (6.15) yields
{2045+ (n = 2)00;} A = 2(0ij + ojri + ki) (6.16)
+ 2n(o'ij0',k + 00+ okio ; + 30’,i0',j0',k)'

Again if the 1-form Ay is of the form (6.16) then from (6.15) we get Ay = Ay,
that is, the 1-form Ay of the space is invariant. This leads to the following;:

Theorem 6.1. If a cyclic Ricci-recurrent space is transformed into another
cyclic Ricci-recurrent space then the associated 1-form of the space is invariant
if and only if the 1-form of the space satisfies the relation (6.16).

Contracting (6.12) over ¢ and k we obtain

2K j = KA;. (6.17)
From (6.11) we have
K =¢ 2K +2(n—1)g%oy +n(n —1)g%0 04 (6.18)
and hence
K;j = —2%0;K+e K ;+2(n—1)§%0y (6.19)

+ n(n-— l)gik[ayijavk + 00 kjl.

In view of (6.19), (6.17) yields
—4e 0 ;K + 272K ; +4(n — 1)g"% oy (6.20)
+2n(n — 1)§ik[0¢ja7k + 00k = KA.

This leads to the following:

Theorem 6.2. If a cyclic Ricci-recurrent space is transformed into another
cyclic Ricci-recurrent space then the associated 1-form of the space satisfies the
relation (6.20).

7. Example of Cyclic Ricci-recurrent Space

This section deals with an interesting example of cyclic Ricci-recurrent
space.

Example 7.1. Let R"(n > 3) be endowed with the following metric
gijdridr! = ¢(da’)? + ky,datda” + 2dat da™, (7.1)
¢ = (Aky, + DC)\M)I‘)\.%'M,
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where [ky,] is a symmetric and non-singular matrix consisting of constants, [cy,]
is a symmetric matrix of constants satisfying rankcy, > 1 and k"\"c,\u = 0 with
[kM] = [ky,] ™! and A, D are functions of ! only such that 0 # A # constant,
0 # D # constant. Then R” with above metric is conformally recurrent and
Ricci-recurrent with vanishing scalar curvature. Moreover it is also cyclic Ricci-
recurrent and its Ricci tensor is a Codazzi one.

Proof. In the above metric the only component of the Ricci tensor, Weyl
conformal curvature tensor and their covariant derivatives not identically zero
are those related to

Si1=(n—2)A, Cixu = Deyy, (7.3)
S11,j = (n—=2)A;, Ciau = D jeap (7.4)

Moreover as one can easily verify, in the metric (7.1) we have g'! = 0. Hence the
scalar curvature K = g% Sij = g'1S11 = 0. The assertion is now a consequence
of (7.3), (7.4) and (1.1). This completes the proof.

The above example shows that there exists a subclass of cyclic Ricci-
recurrent metrics with vanishing scalar curvature. Thus we can state the fol-
lowing:

Theorem 7.1. There exists a cyclic Ricci-recurrent space with vanishing scalar
curvature.
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