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Abstract

The object of the present paper is to study cyclic Ricci-recurrent spaces.

Some basic geometric properties of such a space are obtained. Among others

we study conformally symmetric cyclic Ricci-recurrent spaces. Also we study

decomposibility and conformal deformation of cyclic Ricci-recurrent spaces. Fi-

nally, the existence of such space is ensured by an interesting example.
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1. Introduction

Let Mn be a Riemannian space of dimension n with Riemannian metric g.

Then Mn is said to be Ricci symmetric or Ricci parallel if its Ricci tensor Sij
of type (0, 2) satisfies the condition Sij,k = 0, where ‘,’ denotes the covariant

differentiation with respect to the metric tensor g. The class of Ricci parallel

spaces is very natural generalization of the class of spaces of constant scalar

curvature. Again generalizing the notion of Ricci parallel space, Patterson [5]

introduced the notion of Ricci-recurrent space and later studied by Roter [6] and

various authors. A Riemannian space is said to be Ricci-recurrent if Sij satisfies

the condition Sij,k = AkSij , where Ak is a nowhere vanishing 1-form. Again by

the decomposition of the covariant derivative Sij,k of Sij , Gray [4] introduced

two important classes A, B, which lie between the class of Ricci-parallel spaces
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and the spaces of constant scalar curvature, namely (i) the class A is the class

of spaces whose Ricci tensor is cyclic parallel and (ii) the class B is the class of

spaces whose Ricci tensor is of Codazzi type. The spaces of class A are said to

be cyclic Ricci parallel spaces. Generalizing the notion of cyclic Ricci parallel

space, in the present paper we introduce the notion of cyclic Ricci-recurrent

space. A Riemannian space Mn,(n > 2) is said to be cyclic Ricci-recurrent if

Sij satisfies the condition

Sij,k + Sjk,i + Ski,j = AkSij( or = AiSjk or = AjSki), (1.1)

where Ak is a nowhere vanishing 1-form associated to the vector field ρ such

that Ak = ρmgkm.

The present paper is organized as follows. Section 2 deals with preliminar-

ies. Section 3 is concerned with some basic properties of cyclic Ricci-recurrent

spaces. It is proved that if the Ricci tensor of a cyclic Ricci-recurrent space is

a Codazzi one then the scalar curvature of the space vanishes. Also it is shown

that a cyclic Ricci-recurrent space is Ricci-recurrent if and only if its Ricci tensor

is a Codazzi one.

In section 4, we investigate conformally symmetric cyclic Ricci-recurrent

spaces and proved that a conformally symmetric cyclic Ricci-recurrent space

is Ricci-recurrent if and only if its scalar curvature vanishes. Section 5 deals

with decomposibility of cyclic Ricci-recurrent space and it is shown that a de-

composable Riemannian space is cyclic Ricci-recurrent if and only if one of the

decomposition spaces is cyclic Ricci-recurrent and the other is Ricci flat. Sec-

tion 6 is devoted to the study of conformal deformation of cyclic Ricci-recurrent

space. Finally, the last section provides the existence of a cyclic Ricci-recurrent

space with vanishing scalar curvature.

2. Preliminaries

In the sequel each Latin index runs over 1, 2, · · · , n and each Greek index

runs over 2, 3, · · · , n− 1 and we shall need the following results:

Transvecting (1.1) with gij and using the well known relation Srj,r = 1
2K,j

we get

2K,j = KAj , ArS
r
j = 2K,j , (2.1)

where K is the scalar curvature of the space.
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Moreover, using the condition Rrijk,r = Sij,k−Sik,j (which is a consequence

of the second Bianchi identity) and (1.1) we obtain

Sij,l +Rrijl,r +Rrjil,r = 4Sij,l −AlSij (2.2)

and

Sil,j + Slj,i = AlSij − Sij,l. (2.3)

From (1.1) we have

AkSij = AiSjk (2.4)

hence

Sij = AiΘj (2.5)

where Θj = τkSkj and τ is so choosen that τ rAr = 1.

Since the Ricci tensor is symmetric, we get

Sij = pAiAj , (2.6)

where p = τ rΘr. Hence we have

rank Sij ≤ 1. (2.7)

We now suppose that the Ricci tensor does not vanish. Then putting

Bj =
√
εpAj , (2.8)

where ε = 1 or− 1, we obtain from (2.6) that

Sij = εBiBj . (2.9)

Lemma 2.1. Let us assume that Bi and Tjk are numbers satisfying

BiTjk +BjTik = 0. (2.10)

If not all Bi are zero then Tjk = 0 for j, k = 1, 2, · · · , n.

Proof. Let Bα 6= 0. Putting i = j = α in (2.10) we get BαTαk = 0, whence

Tαk = 0 for all k.

Now let i = α then we have BαTjk = 0 and hence Tjk = 0 for all j and k.

3. Some basic properties of cyclic Ricci-recurrent Spaces

This section deals with various basic properties of cyclic Ricci-recurrent

spaces.

Theorem 3.1. If the Ricci tensor of a cyclic Ricci-recurrent space M is a

Codazzi one then the scalar curvature K of the space vanishes.
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Proof. Obviously if at a point of M the Ricci tensor vanishes then at that point

K = 0. Therefore suppose that Sij 6= 0.

Since the Ricci tensor is of Codazzi type [3] then we have

Sij,k = Sik,j = Skj,i, (3.1)

which yields

K,j = 0 for all j. (3.2)

Using (3.1) in (1.1) we obtain

Sij,k =
1

3
AkSij . (3.3)

Differentiating (2.9) covariantly and using (3.3) we get

BiBj,k +BjBi,k =
1

3
AkSij , (3.4)

which can be written as

Bi(Bj,k −
1

6
AkBj) +Bj(Bi,k −

1

6
AkBi) = 0. (3.5)

In view of Lemma 2.1 it follows from (3.5) that

Bj,k =
1

6
AkBj . (3.6)

Again from (2.9) we get

K = εBrBr. (3.7)

Differentiating (3.7) covariantly and using (3.2) we obtain

2εBrBr,k = 0. (3.8)

Using (3.6) in (3.8) we get
1

3
εAkB

rBr = 0. (3.9)

Since Ak 6= 0 therefore from (3.7) and (3.9) we have K = 0 and hence the proof

is complete.

We now assume that a cyclic Ricci-recurrent space is Ricci-recurrent and

the Ricci tensor does not vanish at every point of a subset U of M . Then in

view of (2.9) and

Sij,k = ΦkSij , (3.10)

we obtain

BiBj,k +BjBi,k = ΦkBiBj , (3.11)
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which yields by Lemma 2.1

BiBj,k =
1

2
ΦkBj . (3.12)

In view of (2.9) and (3.10) it follows from (1.1) that

BiBjΦk +BjBkΦi +BiBkΦj = qBiBjBk, (3.13)

where q = 1√
εp . But (3.13) can be written as

BiBjak +BjBkai +BiBkaj = 0, (3.14)

where aj = Φj − 1
3qBj .

Suppose now aα 6= 0 then (3.14) implies that 3BαBαaα = 0 and hence

Bα = 0.

Moreover putting k = α in (3.14) and using the last result we obtain

aαBiBj = 0, which yields Bj = 0, a contradiction. Thus aα must be equal

to zero and hence

Φj =
1

3
qBj . (3.15)

Using (3.15) in (3.12) we get

Bj,k =
1

6
qBjBk (3.16)

From (2.9) and (3.16) we have

Sij,k = Sik,j , (3.17)

which implies that the Ricci tensor of a cyclic Ricci-recurrent space is at U a

Codazzi one.

Suppose now that the Ricci tensor vanishes at some point x of M . Then

from (3.10) we obtain

Sij,k = 0 = Sik,j , (3.18)

that is, the Ricci tensor of a cyclic Ricci-recurrent space is at x a Codazzi one.

Thus if a cyclic Ricci-recurrent space is Ricci-recurrent then the Ricci tensor of

the space is Codazzi one. Also from (3.3) it follows that if the Ricci tensor of

a cyclic Ricci-recurrent space is Codazzi one then the space is Ricci-recurrent.

Hence we can state the following:

Theorem 3.2. A cyclic Ricci-recurrent space is Ricci-recurrent if and only if

its Ricci tensor is a Codazzi one.
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Moreover we now consider that Aj is locally a gradient, that is, Ai,j = Aj,i.

Then there exists a function, say A, such that A,j = Aj .

Define now ψ as follows:

ψj = e−
1
6
ABj . (3.19)

Then in view of (3.6) we have

ψj,k = 0. (3.20)

Also from (3.19) we get

ψrψr = e−
1
3
ABrBr = 0, (3.21)

which is an immediate consequence of (2.9) and hence K = 0. Thus we can

state the following:

Theorem 3.3. If the covector A of a cyclic Ricci-recurrent space is locally a

gradient and its Ricci tensor does not vanish and it is a Codazzi one then the

manifold is Ricci-recurrent and it admits locally a null parallel vector field.

4. Conformally Symmetric cyclic Ricci-recurrent Spaces

This section deals with conformally symmetric and conformally flat cyclic

Ricci-recurrent spaces.

Theorem 4.1. Let (M, g) be conformally symmetric cyclic Ricci-recurrent space.

Then M is Ricci-recurrent if and only if the scalar curvature of M vanishes.

Proof. The Weyl conformal curvature tensor Chijk of type (0, 4) is given by

Chijk = Rhijk −
1

n− 2
[Sijghk − Shjgik + Shkgij − Sikghj ] (4.1)

+
K

(n− 1)(n− 2)
[gijghk − ghjgik]

and hence

Chijk,l = Rhijk,l −
1

n− 2
[Sij,lghk − Shj,lgik + Shk,lgij − Sik,lghj ] (4.2)

+
K,l

(n− 1)(n− 2)
[gijghk − ghjgik].

Since the space is conformally symmetric, we have [2]

Chijk,l = 0 (4.3)

and hence

Chijk,l + Ckijl,h + Clijh,k = 0. (4.4)
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In view of (4.2) and (1.1), (4.4) yields

Rhijk,l +Rkijl,h +Rlijh,k −
1

n− 2
[AlgijShk − gikShj,l + ghkSij,l − ghjSik,l

−gilSkj,h − gkjSil,h − gihSlj,k + glhSij,k − gljSih,k)] +
1

(n− 1)(n− 2)
(4.5)

[K,l(gijghk − ghjgik) +K,h(gijgkl − gkjgil) +K,k(gijglh − gihglj)] = 0.

Transvecting (4.5) with ghk and making use of Lemma 2.1, we get

4Sij,l −AlSij −
1

n− 2
[2K,lgij + nSij,l −

1

2
K,jgil −

1

2
K,igjl + Sij,l −AlSij ]

+
1

(n− 1)(n− 2)
[(n+ 1)K,lgij −K,iglj −K,jgil] = 0, (4.6)

whence, by a quite elementary computation, we find

(n− 3)[3(n− 1)Sij,l − (n− 1)AlSij −K,lgij +
1

2
K,jgil +

1

2
K,igjl] = 0. (4.7)

Consequently we have finally

3(n− 1)Sij,l − (n− 1)AlSij −K,lgij +
1

2
K,jgil +

1

2
K,igjl = 0. (4.8)

If K,j = 0 or by (2.1), K = 0 then from (4.8) we get

Sij,l =
1

3
AlSij , (4.9)

that is the space is Ricci-recurrent. Conversely, if the space is Ricci-recurrent

then (4.9) holds and using (4.9) in (4.8) we obtain K,j = 0 and hence from (2.1)

we have K = 0. This completes the proof.

Corollary 4.1. Let M be conformally flat cyclic Ricci-recurrent space. Then

M is Ricci-recurrent if and only if the scalar curvature of M vanishes.

Proof. Evidently every conformally flat space is conformally symmetric. Hence

the relation (4.8) holds for conformally flat cyclic Ricci-recurrent spaces. Thus

every conformally flat cyclic Ricci-recurrent space with vanishing scalar cur-

vature is Ricci-recurrent. Conversely, if a conformally flat and cyclic Ricci-

recurrent space is Ricci-recurrent then, which follows from (4.8), the space must

have a vanishing scalar curvature.

Theorem 4.2. (i) In a conformally symmetric cyclic Ricci-recurrent space with

vanishing scalar curvature, coordinates can be locally choosen so that the metric
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takes the form

ds2 = Ω(dx1)2 + kλµdx
λdxµ + 2dx1dxn, (4.10)

Ω = (Gkλµ + aλµ)xλxµ, (4.11)

where [kλµ] is a symmetric and non-singular matrix of constants, aλµ is a sym-

metric matrix of constants satisfying kλωaλω = 0 with [kλω] = [kλω]−1 and G is

a non-zero and non-constant function of x1 only.

(ii) Let Rn be endowed with the metric satisfying (4.10) and (4.11), where

[kλµ] and [aλµ] are as above and G is a function of x1 only such that 0 6=
G 6= constant. Then Rn is conformally symmetric and cyclic Ricci-recurrent.

Moreover its scalar curvature vanishes.

Proof. Assume that the scalar curvature of a conformally symmetric cyclic

Ricci-recurrent space M vanishes. Then by Theorem 4.1, the space M is Ricci-

recurrent with recurrence vector field τj = 1
3Aj .

Here and in the sequel we assume that the Ricci tensor does not vanish.

Adati and Miyazawa [1] proved that in a conformally symmetric Ricci-

recurrent space τj is locally a gradient. Hence there exists a function, say τ

such that τ,j = τj .

Define now ψ as follows:

ψj = e−
1
2
τBj , (4.12)

where Bj satisfies (3.12). But by Theorem 3.3 it follows that ψj is parallel and

null. Therefore M admits locally a null parallel vector field.

From (2.6) and (2.9) we have

εBiBj = pAiAj ,

whence Aj = σBj . Hence by (4.12) and τj = 1
3Aj we get τj = αψj . Therefore

the recurrence vector field τj is codirectional with a parallel null vector field ψj .

From [6] it follows that the curvature tensor of a conformally symmetric

Ricci-recurrent space has locally the form

Rjhkm = τhτkSmj − τhτjSmk + τmτjShk − τmτkShj , (4.13)

where

Sij = Sji = arasRrijs and arτr = 1.
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Again Walker ([7],[8]) proved that if a pseudo-Riemannian space with the cur-

vature tensor of the form (4.13) admits a null parallel vector field ψi satisfying

τj = αψj then one can choose coordinates so that the metric can be written as

ds2 = θ(dx1)2 + kλµdx
λdxµ + 2dx1dxn, (4.14)

where kλµ are constants, det[kλµ] 6= 0 and θ is independent of xn.

In this coordinate system the null parallel vector field is of the form ψi = δin,

whence in view of τj = αψj , we have

τj = αgijψ
i = αgjn = αδ1j .

The recurrence vector τj is therefore a gradient of some function τ(x1) and so

α is a function of x1 only.

In the metric (4.14) the only components of R and S not identically zero

are these related to

R1λµ1 =
1

2
θ.λµ, S11 =

1

2
kβωθ.βω, (4.15)

where the dot denotes partial differentiation with respect to coordinates.

Moreover one can easily show that

C1λµ1 =
1

2
θ.λµ −

1

2(n− 2)
kλµk

βωθ.βω, R1λµ1,j =
1

2
θ.λµj (4.16)

and

C1λµ1,j =
1

2
θ.λµj −

1

2(n− 2)
kλµk

βωθ.βωj , S11,j =
1

2
kβωθ.βωj . (4.17)

All other components of C and the covariant derivative of S,R and C are iden-

tically zero.

Since the space is, by assumption, conformally symmetric and Ricci-recurrent

we obtain

θ.λµj =
1

n− 2
kλµ(kβωθ.βω).j , (4.18)

(kβωθ.βω).j = αδ1j k
βωθ.βω. (4.19)

From (4.18) and (4.19) we have

θ.λµ = 2Gkλµ + 2aλµ, (4.20)

where aλµ are constants such that kβωaβω = 0 and G is a function of x1 only.

Hence

θ = Gkλµx
λxµ + aλµx

λxµ + kλx
λ + χ, (4.21)
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k and χ being functions of x1 only.

Consider now a transformation [7] of the form

x′λ = xλ − kλµσµ, x′n = xn + ρλx
λ + η (4.22)

from x2, x3, · · · , xn, x′2, x′3, · · · , x′n, where ρλ, σλ and η are functions of x1

satisfying

ρλ =
1

2

∫
kλdx

1, σλ =

∫
ρλdx

1, η =
1

2

∫
(χ+ kβωρβρω)dx1. (4.23)

Transforming (4.14) and (4.21) and omitting the primes, we obtain (4.10) and

(4.11) for the metric of a conformally symmetric cyclic Ricci-recurrent space.

(ii) From (4.20) it follows that

G =
1

2(n− 2)
kβωθ.βω.

But (4.17) implies

S11,1 =
1

G
G.1S11.

The last condition shows that the space is Ricci-recurrent and the Ricci tensor of

this space is a Codazzi one. Hence Rn is cyclic Ricci-recurrent. Moreover from

(4.17) and (4.20) it follows that Rn is also conformally symmetric and because

of g11 = 0 and K = gijSij = g11S11 = 0, its scalar curvature vanishes. This

completes the proof.

5. Decomposable Cyclic Ricci-recurrent Spaces

A Riemannian space Mn is decomposable [9] if it can be expressed as a

product Mp
1 ×M

n−p
2 for some p(2 ≤ p ≤ n− 2), i.e., if coordinates can be found

so that its metric takes the form

ds2 =

p∑
a,b=1

gabdx
adxb +

n∑
α,β=p+1

gαβdx
αdxβ, (5.1)

where the gab are functions of x1, x2, · · · , xp only and the gαβ are functions

of xp+1, xp+2, · · · , xn only. Latin letters a, b, c, d, · · · range over the indices

1, 2, · · · , p and Greek letters α, β, γ, δ, · · · range over the indices p+1, p+2, · · · , n.

The two parts of (5.1) are the metrics of Mp
1 and Mn−p

2 , called the decomposition

spaces of Mn. From the above form of the metric it is easily seen that the

Christoffel symbols and the components of the curvature tensor and its covariant

derivatives in Mn are zero unless all suffixes belong to the same range 1, 2, · · · , p
or p + 1, p + 2, · · · , n. When all the suffixes belong to the same range , say
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1, 2, · · · , p, then the symbols and the tensor components are the same for Mp
1 as

for Mn and covariant differentiation in Mp
1 is the same as in Mn with respect

to x1, x2, · · · , xp. When one of the decomposition spaces, say, Mn−p
2 is flat then

Mn described as a flat extension of Mp
1 .

Let us consider a decomposable Riemannian space Mn = Mp
1 ×M

n−p
2 (2 ≤

p ≤ n− 2) which is cyclic Ricci-recurrent. Then we have from (1.1) that

Sab,c + Sbc,a + Sca,b = AcSab, (5.2)

Sαβ,γ + Sβγ,α + Sγα,β = AγSαβ. (5.3)

Taking c = γ in (5.2) we get

AγSab = 0, (5.4)

which implies that Sab = 0, since Aγ 6= 0 and hence the decomposition Mp
1 is

Ricci flat and the decomposition Mn−p
2 is cyclic Ricci-recurrent. Again taking

γ = c in (5.3) we obtain Mn−p
2 is Ricci flat and Mp

1 is cyclic Ricci-recurrent.

Conversely, if Mp
1 is Ricci flat and Mn−p

2 is cyclic Ricci-recurrent then Mn =

Mp
1 ×M

n−p
2 is cyclic Ricci-recurrent. This leads to the following:

Theorem 5.1. Let Mn = Mp
1 ×M

n−p
2 be a decomposable Riemannian space.

Then M is cyclic Ricci-recurrent if and only if one of the decomposition spaces

is cyclic Ricci-recurrent and the other is Ricci flat.

6. Conformal Mapping of cyclic Ricci-recurrent Spaces

Let M be an n-dimensional smooth space with metric tensors g and ḡ

relative to a neighbourhood U with local coordinates xi, we have

ḡij = e2σgij , (6.1)

where σ is a smooth function of the coordinates xi. Clearly the angle between

any two directions at point of U is independent of the choice of metric g or ḡ.

We say that these two spaces (M, g) and (M, ḡ) are conformally related.

From (6.1) it follows that

ḡij = e−2σgij . (6.2)

A straightforward calculation shows that the Christoffel symbols are related by

[ij, k] = e2σ([ij, k] + gikσ,j + gjkσ,i − gijσ,k), (6.3)

Γ̄lij = Γlij + δliσ,j + δljσ,i − gijglmσ,m, (6.4)

where σ,i = ∂σ
∂xi

and [ij, k] = ghkΓ
h
ij .
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In Eisenhart’s notation, the covariant form of the curvature tensor has

components

Rhijk =
∂

∂xj
[ik, h]− ∂

∂xk
[ij, h] + Γlij [hk, l]− Γlik[hj, l]. (6.5)

If we substitute for the analogous expression derived from ḡ we find

e−2σR̄hijk = Rhijk + ghkσij + gijσhk − ghjσik (6.6)

− gikσhj + ∆1σ(ghkgij − ghjgik),

where

σij = σ,ij − σ,iσ,j (6.7)

and ∆1σ is the first Beltrami operator defined by

∆1σ = gijσ,iσ,j . (6.8)

Contracting (6.6) over the indices h and k and using (6.2) we obtain

S̄ij = Sij + (n− 2)σij + [∆2σ + (n− 2)∆1σ]gij , (6.9)

where ∆2σ is the second Beltrami operator defined by

∆2σ = gijσ,ij . (6.10)

Again taking contraction of (6.9) we obtain

K̄ = e−2σ[K + 2(n− 1)∆2σ + (n− 1)(n− 2)∆1σ]. (6.11)

We now suppose that both (M, g) and (M, ḡ) are cyclic Ricci-recurrent spaces.

Then we have the relation (1.1) and

S̄ij,k + S̄jk,i + S̄ki,j = ĀkS̄ij( or = ĀiS̄jk or = ĀjS̄ki), (6.12)

where Āk is a nowhere vanishing 1-form such that Āk = ρmḡkm.

From (6.9) we have

S̄ij = Sij + 2(n− 1)σij + n(n− 1)σ,iσ,j (6.13)

and hence

S̄ij,k = Sij,k + 2(n− 1)σij,k + n(n− 1){σ,ikσ,j + σ,iσ,jk}. (6.14)

By virtue of (6.14) we obtain from (6.12) that

(Āk −Ak)Sij = (n− 1)[2(σij,k + σjk,i + σki,j) (6.15)

+ n(σ,ikσ,j + σ,iσ,jk + σ,jiσ,k

+ σ,jσ,ki + σ,kjσ,i + σ,kσ,ij)

− {2σ,ij + (n− 2)σ,iσ,j}Āk].
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We may assume that Āk = Ak, then (6.15) yields

{2σ,ij + (n− 2)σ,iσ,j}Āk = 2(σij,k + σjk,i + σki,j) (6.16)

+ 2n(σijσ,k + σjkσ,i + σkiσ,j + 3σ,iσ,jσ,k).

Again if the 1-form Āk is of the form (6.16) then from (6.15) we get Āk = Ak,

that is, the 1-form Ak of the space is invariant. This leads to the following:

Theorem 6.1. If a cyclic Ricci-recurrent space is transformed into another

cyclic Ricci-recurrent space then the associated 1-form of the space is invariant

if and only if the 1-form of the space satisfies the relation (6.16).

Contracting (6.12) over i and k we obtain

2K̄,j = K̄Āj . (6.17)

From (6.11) we have

K̄ = e−2σK + 2(n− 1)ḡikσik + n(n− 1)ḡikσ,iσ,k (6.18)

and hence

K̄,j = −2e−2σσ,jK + e−2σK,j + 2(n− 1)ḡikσik,j (6.19)

+ n(n− 1)ḡik[σ,ijσ,k + σ,iσ,kj ].

In view of (6.19), (6.17) yields

−4e−2σσ,jK + 2e−2σK,j + 4(n− 1)ḡikσik,j (6.20)

+2n(n− 1)ḡik[σ,ijσ,k + σ,iσ,kj ] = K̄Āj .

This leads to the following:

Theorem 6.2. If a cyclic Ricci-recurrent space is transformed into another

cyclic Ricci-recurrent space then the associated 1-form of the space satisfies the

relation (6.20).

7. Example of Cyclic Ricci-recurrent Space

This section deals with an interesting example of cyclic Ricci-recurrent

space.

Example 7.1. Let Rn(n > 3) be endowed with the following metric

gijdx
idxj = φ(dxi)2 + kλµdx

λdxµ + 2dx1dxn, (7.1)

φ = (Akλµ +Dcλµ)xλxµ, (7.2)
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where [kλµ] is a symmetric and non-singular matrix consisting of constants, [cλµ]

is a symmetric matrix of constants satisfying rankcλµ > 1 and kλµcλµ = 0 with

[kλµ] = [kλµ]−1 and A,D are functions of x1 only such that 0 6= A 6= constant,

0 6= D 6= constant. Then Rn with above metric is conformally recurrent and

Ricci-recurrent with vanishing scalar curvature. Moreover it is also cyclic Ricci-

recurrent and its Ricci tensor is a Codazzi one.

Proof. In the above metric the only component of the Ricci tensor, Weyl

conformal curvature tensor and their covariant derivatives not identically zero

are those related to

S11 = (n− 2)A, C1λµ1 = Dcλµ, (7.3)

S11,j = (n− 2)A,j , C1λµ1,j = D,jcλµ. (7.4)

Moreover as one can easily verify, in the metric (7.1) we have g11 = 0. Hence the

scalar curvature K = gijSij = g11S11 = 0. The assertion is now a consequence

of (7.3), (7.4) and (1.1). This completes the proof.

The above example shows that there exists a subclass of cyclic Ricci-

recurrent metrics with vanishing scalar curvature. Thus we can state the fol-

lowing:

Theorem 7.1. There exists a cyclic Ricci-recurrent space with vanishing scalar

curvature.
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