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Abstract

In this paper, some FRW models exhibiting late-time acceleration are ob-

tained in the presence of an interacting dark energy represented by a time vary-

ing cosmological constant in general theory of relativity. In order to solve the

Einstein’s field equations, we have considered a simple parametrization of the

energy density ρ connecting radiation and matter dominated eras. Some features

of the obtained models are then discussed.
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1. Introduction

Cosmic acceleration is the most discussed area of research in the contempo-

rary cosmological studies. The observation of high redshift supernovae of type

Ia [1, 2] in the late 90’s changed the view of the then cosmology of the expand-

ing universe with deceleration due to attractive gravity. Since then, the idea

of late-time cosmic acceleration has become an important topic in the scientific

community with more robust analyses. But, the cause of acceleration is still

a mystery and we are mostly in dark about the nature of this weird form of

energy. However, it is assumed to be homogeneous with high negative pressure

with increasing density dominating the energy budget in the Universe. This

https://doi.org/10.56424/jts.v13i01.10598



82 S. K. J. Pacif and L. K. Paikroy

mysterious form of energy is generally termed as dark energy [3]. The candida-

ture of dark energy is a debatable topic till. Various candidates of dark energy

have been considered in the past two decades and a plethora of different dark

energy models have been proposed [4, 5].

The simplest and most favoured candidate of dark energy is the Einstein’s

cosmological constant Λ and the ΛCDM model is also in good agreement with

some present observations. However, it’s non-dynamical nature of Λ, alterna-

tives have been discussed such as scalar field models [6, 7, 8, 9, 10, 11]. However,

the consideration of time-dependent cosmological constant has a long history

before the discovery of cosmic acceleration in the context of solving the cosmo-

logical constant problem. In this paper, we have discussed a dark energy model

by considering a time-dependent cosmological constant as a candidate of dark

energy. Exact solution of Einstein’s field equations are obtained by considering

an ansatz describing the variation of energy density of matter connecting radi-

ation and matter eras. The parametrization of cosmological parameters or the

model independent way is the simple method to study any dark energy model

(see [12] for various parametrization schemes).

The paper is organized as follows. The first section is introductory and

discusses the present cosmological scenario. In the second section, we have

discussed the Einstein’s field equations in general relativity in presence of inter-

acting dark energy. The third section discusses the solution and interpretation.

Finally, we have concluded our results in the fourth section.

2. Field Equations

Let us considers the Robertson-Walker metric in the form,

ds2 = −dt2 +R2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θ dφ2)

]
, (1)

which represents the homogeneous and isotropic Universe (at sufficiently large

scales) in which the distribution of matter is represented by the energy-momentum

tensor of a perfect fluid

TMij = (ρ+ p)UiUj + p gij , (2)

where ρ is the energy density of the cosmic matter and p is its pressure, then

the Einstein field equations

Rij −
1

2
Rkkgij = −8πGTMij , (3)
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yield the following two independent equations

8πGρ = 3
Ṙ2

R2
+ 3

k

R2
, (4)

8πGp = −2
R̈

R
− Ṙ2

R2
− k

R2
. (5)

It is then easy to see that for normal matter with p > 0, ρ > 0, the equations

(4) and (5) require R̈ < 0 forever, regardless of the geometry of the universe.

Though, very less is known about the dark energy, but it can be represented

by a large-scale scalar field φ dominated either by potential energy or nearly

constant potential energy. This kind of matter can have its energy-stress tensor

in the form TDEij = (ρφ+pφ)UiUj +pφ gij and with equation of state in the form

pφ = wφρφ, where wφ is a function of time in general. Obviously, this describes a

number of candidates for dark energy depending upon the dynamics of the field

φ and its potential energy. For potential dominated scalar field, this reduces to

the Einstein’s cosmological constant Λ for which wφ becomes −1. As we have

discussed the simplest candidate of dark energy is the Einstein’s cosmological

constant Λ, hereafter, we introduce Λ into the field equations as an extra source.

Moreover, dark energy can be introduced in Einstein’s theory by replacing TMij
by T totalij in equation (3), where T totalij = TMij +TDEij = (ρt+pt)UiUj +pt gij with

the understanding that ρt = ρ+ ρφ and pt = p+ pφ. In this case, equations (4)

and (5) are modified as

8πGρt = 3
Ṙ2

R2
+ 3

k

R2
, (6)

8πGpt = −2
R̈

R
− Ṙ2

R2
− k

R2
. (7)

Now, the Bianchi identities requires that T totalij must have a vanishing divergence.

Without considering any additional assumption of minimal coupling between

matter and dark energy believing the interaction is natural and is a fundamental

principle [13] leading to,

d

dt

(
ρtR

3
)

+ pt
dR3

dt
= 0. (8)

3. Solution and Interpretation

We can see, there are only two independent equations (6) and (7) connecting

four unknowns R, ρ, p and Λ. As we know the cosmological constant can also be

represented as intrinsic energy density of vacuum as Λ = 8πGρv, we consider ρv
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in the following. For complete determination, two more equations are required,

one of which we choose here as the usual barotropic equation of state

p = wρ, w = constant. (9)

Now the conservation equation (8) with ρ = ρm + ρr, ρm and ρr being the

matter (rest mass) and radiation energy densities and ρv being the vacuum

energy density, may be written as

ρ̇v +
1

R3

d

dt

(
ρmR

3
)

+
1

R4

d

dt

(
ρrR

4
)

= 0 (10)

From the above equation we notice immediately that if ρ̇v 6= 0 at least one of

the ordinary adiabatic relations ρr ∼ R−4, ρm ∼ R−3 ceases to be valid.

In view of this we consider the ansatz given by Islam [14] for the variation

of density ρ as

ρ =
A

R4

√
R2 + b (11)

where A and b are positive constants, in presence of radiation and matter both

which is also the second condition required to close the system. We can see,

for small R, the term b dominates R and the variation of the energy density is

R−4 describing the radiation era of standard scenario. Similarly, for large R,

the term b is dominated and the variation of energy density is R−3 describing

the matter dominated era. Now, from equation (6), (7), (9) and (11), we obtain

R̈

R
− Ṙ2

R2
− k

R2
+ 4πGA (1 + w)

√
R2 + b

R4
= 0 (12)

whose first integral is given by

Ṙ2 = αR2 − k +
πGA (1 + w)

b

 (R2+2b)
√
R2+b

R2

+R2
√
b

log
(√

R2+b−
√
b

R

)  , b 6= 0 (13)

where α is a constant of integration. This can further be integrated to give

t =

∫ αR2 − k +
πGA (1 + w)

b


(R2+2b)

√
R2+b

R2

+R2
√
b

log
(√

R2+b−
√
b

R

) 
−1/2 (14)
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The expression for the vacuum energy is obtained from equations (13) and (6)

as

ρv =
3α

8πG
−A
√
R2 + b

R4
+

3A (1 + w)

8b

 (R2+2b)
√
R2+b

R4

+ 1√
b

log
(√

R2+b−
√
b

R

)  (15)

The Hubble parameter H and deceleration parameter q in the model are ob-

tained as

H2 = α− k

R2
+
πGA (1 + w)

b

 (R2+2b)
√
R2+b

R4

+ 1√
b

log
(√

R2+b−
√
b

R

)  (16)

and

q = −1−
k
R2 − 4πGA (1 + w)

√
R2+b
R4

α− k
R2 + πGA(1+w)

b

[
(R2+2b)

√
R2+b

R4 + 1√
b

log
(√

R2+b−
√
b

R

)] (17)

3.1. Case-1

When b = 0 i.e. ρ = (ρm + ρr) ∼ 1
R3 equation (12) reduces to

R̈

R
− Ṙ2

R2
− k

R2
+ 4πGA (1 + w)

1

R3
= 0 (18)

which yields

Ṙ2 = αR2 − k +
8πGA (1 + w)

3R
(19)

The vacuum energy, Hubble parameter and deceleration parameter are found to

be

ρv =
3α

8πG
+
Aw

R3
(20)

H2 = α− k

R2
+

8πGA (1 + w)

3R3
(21)

and
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q = −1−
k
R2 − 4πGA(1+w)

R3

α− k
R2 + 8πGA(1+w)

3R3

(22)

We see that for large values of R, ρv approaches to a constant value 3α
8πG , H

approaches to a constant value
√
α and q approaches to −1 describing an accel-

erating Universe at late times.

3.2. Case-2

For k = 0, b = 0, we have from equation (18), the explicit form of the scale

factor is obtained as,

R(t) =

(
8πGA (1 + w)

3α

) 1
3

sinh
2
3

(
3
√
α

2
t+ t0

)
(23)

where t0 is a constant of integration which may be taken as zero. The solution

(23) for large values of t reduces to R(t) ∼ e
√
αt, which corresponds to an empty

de Sitter universe with accelerated expansion. The equation of state parameter

w assumes two values w = 1/3 in radiation dominated era and w = 0 in matter

dominated eras.

RD phase (w = 1/3)

In radiation dominated phase, the cosmological parameters are obtained

as,

R(t) =

(
32πGA

9α

) 1
3

sinh
2
3
(
1.5
√
αt
)
, (24)

H(t) =
√
α coth

(
1.5
√
αt
)
, (25)

q(t) = −1 +
3

1 + cosh(3
√
αt)

(26)

and

8πGρr(t) =
9α

4 sinh2(1.5
√
αt)

, (27)

8πGρv(t) = Λ = 3α coth2(1.5
√
αt). (28)
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We can see, in the early phase of evolution, while t → 0, the scale factor

R→ 0 implying a big bang origin of the Universe in this model. The following

figures describe the evolution of these cosmological parameters for some suitable

choice of the constants A and α with suitable time units.
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Figure 1. The panels (a), (b) and (c) in this figure respectively

show the evolution of the scale factor R, Hubble parameter H

and deceleration parameter q w.r.t. cosmic time t with A = 2

and different values of α− 0.010, 0.015, 0.020.
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Figure 2. The panels (a) and (b) in this figure respectively

show the evolution of the scale factor radiation energy density

ρr, vacuum energy density ρv w.r.t. cosmic time t with A = 2

and different values of α− 0.010, 0.015, 0.020.
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MD phase (w = 0)

In the matter dominated era, we have

R(t) = (8πG)
1
3

(
A

3α

) 1
3

sinh
2
3
(
1.5
√
αt
)
. (29)

While studying present behavior of the Universe, it is convenient express

the cosmological parameters in terms of redshift z (where 1 + z = R0
R , R0 being

the present value of scale factor and is normalized to R0 = 1) for which, the t-z

relationship can be established as t(z) = 2
3
√
α

sinh−1
(√

3α
8πGA(1 + z)−

3
2

)
. Other

geometrical and physical parameters can be represented expressed in terms of

redshift z as follows.

H(z) = H0

coth
[
sinh−1

(
Mpl

√
3α
A (1 + z)−

3
2

)]
coth

[
sinh−1

(
Mpl

√
3α
A

)] , (30)

q(z) = −1 +
3

1 + cosh
[
sinh−1

(
Mpl

√
3α
A (1 + z)−

3
2

)] (31)

and

ρm(z)/M2
pl =

9α

4 sinh2
[
sinh−1

(
Mpl

√
3α
A (1 + z)−

3
2

)] , (32)

ρv(z)/M
2
pl = Λ = 3α. (33)

Where 8πG = M−2pl and H0 is the present value of the Hubble parameter (H0 =

67.4+0.5
−0.5 km/sec/Mpc according to Planck 2018 results [15]). The constant A

must be of the order of M2
pl. To get some rough estimate of the values of model

parameters A and α, we can compare the value of any of the cosmological

parameter at z = 0. We know H & q are two observable parameters and have

been measured by various methods (e.g. cosmic chronometer, Baryonic Acoustic

Oscillation method etc. for H) since past few years. So, we consider here the

present calculated value of deceleration parameter q0 ≈ −0.55 as estimated

by various observations for which we can get a relation from equation (31),

A ≈ 0.0964286 α and if we choose α = 1.5, we have A = 0.144643. For these

values, we can plot the evolution of q(z) at present era as follows.
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Figure 3. The panel (a) in this figure shows the evolution of

the deceleration parameter q vs. redshift z for α = 1.5 and

A = 0.09642 for which the present value of q0 = −0.55. Panels

(b) and (c) show the evolution H(z) and ρm(z) for the same

values.

4. Conclusion

In this paper, we have discussed a dark energy model with a candidate of

dark energy represented by the cosmological constant by constraining an ansatz

as depicted in [14] which shows variation of energy density as a function of scale

factor and connects the radiation and matter. The considered parametriza-

tion of the energy density (ρ) of matter contains two model parameters. The

model reduces to the Einstein de-Sitter for vary large value of the scale factor

with negative value of the deceleration parameter showing late time accelera-

tion. Further, for some particular values of the model parameters, we have two

cases. For one case, we have discussed a particular model in some details and

the evolution of the cosmological parameters are shown through graphical rep-

resentations. The models obtained here show acceleration at late-times which

is consistent with the present observation.
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