
Journal of The Tensor Society (J.T.S.) ISSN: 0974-5428
Vol. 14 (2020), page 1-08.

(α, β, γ) - Metric and its Properties

R.K.Pandey and Neetu Singh

Department of Mathematics,
Babu Banarasi Das University,

Dr. Akhlesh Das Nagar, Chinhut, Lucknow, U.P.,

226 028, India.
E-mail: neetu77singh@gmail.com

drrkpandey65@rediffmail.com

Received March 15, 2021

Accepted May 21, 2021
Published August 16, 2021

In the present paper, we have introduced the concept of (α, β, γ) – metric and find

some important tensors for (α, β, γ) – metric, where α =
{
aij (x) y

iyj
}
1/2, 1- form

β = bi (x) y
i and cubic metric. γ =

{
aijk (x) yiyjyk

}
1/3. We have also considerd the

hypersurface given the equation b(x) = constant of the Finsler space with the(α, β, γ) –

metric given by L= L (α, β, γ).

Keywords: Finsler Space with (α, β, γ) - metric; cubic metric; one form metric;

angular metric tensor; fundamental tensor and reciprocal tensor.

1. Introduction

Matsumoto, M. in the year 1972 5 , introduced the notion of (α, β) – metric and

studied in detail. A Finsler metric L (x, y) is called an (α, β) – metric, if it is posi-

tively homogenous function of degree one in Riemannian metric α=
{
aij(x)y

iyj
} 1

2

and 1-form β = bi (x) y
i. The well-known examples of (α, β) – metric are

Rander’s metric α + β 10, Kropina metric α2

β
2 3, generalized Kropina metric

αm+1

βm (m ̸= 0,−1)1, and Matsumoto metric α2

α−β
7 etc, whose studies have greatly

contributed to the growth of Finsler geometry.

Again in the year 1979, Matsumoto, M. 4 introduced the concept of cubic metric

on a differentiable manifold with the locaal co–ordinates, defined by

L(x, y) = {aijk(x)yiyjyk}1/3.

where, aijk (x) are components of a symmetric tensor field of (0, 3) -type depending

on the position x alone, and a Finsler space with a cubic metric is called the cubic

Finsler space.
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After that several authors also studied the cubic Finsler spaces 3 5 12 13 14 15 .

In the year 2011, Pandey, T. N. and Chaubey, V. K., 9 had introduced the concept

of (γ, β) – metric and a number of propositions and theorems obtained, where γ ={
aijk (x) y

iyjyk
}
1/3 is a cubic metric and β = bi (x) y

i is a one-form metric.

After studying these valuable research papers, we have introduced the (α, β, γ)–

metric, where α=
{
aij (x) y

iyj
}
1/2, 1-form β = bi (x) y

i and cubic-metric,

γ=
{
aijk (x) y

iyjyk
}
1/3.In the year 1995, Matsumoto, M.,6 had discussed the prop-

erties of special hypersurface of Rander space with bi (x) = (∂ib) being the gradient

of a scalar function bi (x) and also consider a hypersurface which is given by

b (x) = constant.

In this paper we have also considered the hypersurface given by the equation

b (x)− constant, of the Finsler space with (α, β, γ)– metric.

2. Basic tensors of (α, β, γ) – metric

Definition : A Finsler metric L(x, y) is called a (α, β, γ) – metric,when L is

positively homogenous function L (α, β, γ) of first degree in the variables α, β
and γ , where γ =

{
aijk (x) y

iyjyk
}
1/3 is a cubic metric and β = bi (x) y

i is a

one-form metric.

In this present paper we have used the following results

aijk (x) y
jyk = ai, aijky

k = aij ,a
ijbj = bi, aiai = γ3

where, (aij) is the inverse matrix of (aij).

As for (α, β, γ) – metric,

L= L (α, β, γ) (2.1)

Where,

α=
{
aij(x)y

iyj
} 1

2 β = bi (x) y
i and γ=

{
aijk (x) y

iyjyk
}
1/3 (2.2)

Differentiating (2.2), we get,
∂α
∂yr = yr

α , where airy
r = yi, br = ∂β

∂yr and ∂γ
∂yr = ar

γ2 (2.3)

Again differentiating (2.1) with respect to yi, we get,

li = ∂̇iL, where ∂̇iL = ∂L
∂yi

li =
Lα

α yi +Lβbi +
Lγ

γ2 ai (2.4)
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Further subscripts α, β, γ denote partial differentiations with respect to α, β, γ
respectively.

Again differentiating (2.4) with respect toyj , the angular metric tensor

hij = L∂̇i∂̇jL is given by

hij = P⋇
0 aij(x) + P−1aij (x, y) + q⋇−2yiyj + q⋇−1 (yibj + yjbi) + q⋇−3 (aiyj + ajyi)

+q−2 (aibj + ajbi) + q−4aiaj + q0bibj (2.5)

Where,

P⋇
0 = LLα

α , P−1 =
2LLγ

γ2 , q⋇−2 = L
α2

(
Lαα − Lα

α

)
,

q⋇−1 =
LLαβ

α , q⋇−3 =
LLαγ

αγ2 , q−2 =
LLβγ

γ2 ,

q−4 = L
γ4

(
Lγγ − 2Lγ

γ

)
, q0 = LLββ,

In (2.5) the subscripts of coefficients P⋇
0 ,P−1, q⋇−2, q

⋇
−1,q

⋇
−3, q−2, q−4and q0 are

used to indicate respective degrees of homogeneity.

Again ,

gij = hij + lilj

gij = aij (x)P
⋇
0 + P−1aij (x, y) +

(
q⋇−2 +

L2
α

α2

)
yiyj

+
(
q⋇−1 +

LαLβ

α

)
(yibj + yjbi) +

(
q⋇−3 +

LαLγ

αγ2

)
(aiyj + ajyi)

+
(
q−2 +

LβLγ

γ2

)
(aibj + ajbi) +

(
q−4 +

L2
γ

γ4

)
aiaj +

(
q0 + L2

β

)
bibj

If , (
q⋇−2 +

L2
α

α2

)
= P⋇

−2,
(
q⋇−1 +

LαLβ

α

)
= P⋇

−1,

(
q⋇−3 +

LαLγ

αγ2

)
= P⋇

−3,
(
q−2 +

LβLγ

γ2

)
= P−2,
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(
q−4 +

L2
γ

γ4

)
= P−4,

(
q0 + L2

β

)
= P0,

then, we have,

gij = P⋇
0 aij (x) + P−1aij (x, y) + P⋇

−2yiyj + P⋇
−1 (yibj + yjbi)

+P⋇
−3 (aiyj + ajyi)+P−2 (aibj + ajbi) + P−4aiaj + P0bibj

Since we know that ∂γ
∂yi = ai

γ2 and from 11 ∂γ
∂yi = yi

γ , then we get ai = γyi
By using ai = γ yi, we find,

gij = P⋇
0 aij (x) + P−1aij(x, y) + aiaj

(
P⋇
−2γ

−2 + 2
P⋇

−3

γ + P−4

)

+

(
P⋇
−1

γ
+ P−2

)
(aibj + ajbi) + P0bibj

where we put,

S−4 = P⋇
−2γ

−2 + 2
P⋇
−3

γ
+ P−4

S−2 =
P⋇
−2

γ
+ P−2

then we have,

gij = P⋇
0 aij(x) + P−1aij(x, y)+S−4aiaj + S−2 (aibj + ajbi) + P0bibj (2.6)

We know that,

ghjgij = δhi

Then ,the reciprocal tensor of gij is given by,

gij = aij

J − aiaj (π−1S−4−τ−1S−2)d
J –bibj (τP0−πS−2)d

J
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−aibj
(π−1S−2 − τ−1P0) d

J
− ajbi

(τS−2 − πS−4) d

J

Where, J =P⋇
0 + P−1, τ = P⋇

0 + P−1 + γ3S−4 + S−2β

π = S−2γ
3 + P0β, τ−1 = βS−4 + S−2b

2

π−1 = P⋇
0 + P−1 + S−2β + P0b

2, d = 1
τπ−1−πτ−1

gij = S1a
ij − S2a

iaj − S3b
ibj − S4

(
aibj + ajbi

)
(2.7)

Where,

S1 =
1
J , S2 =

(π−1S−4−τ−1S−2)d
J ,

S3 =
(τP0−πS−2)d

J , S4 =
(π−1S−2−τ−1P0)d

J = (τS−2−πS−4)d
J

where,

(π−1S−2 − τ−1P0)= (τS−2 − πS−4)

(π−1S−2 − τ−1P0)= (τS−2 − πS−4)=
P⋇

0 P−1

γ +
P−1P

⋇
−1

γ + β(
P⋇

−1

γ )2 +

2β
P⋇

−1P−2

γ + P⋇
0 P−2 + P−1P−2 + β(P−2)

2 − β
P0P

⋇
−2

γ2 − 2β
P0P

⋇
−3

γ − βP0P−4

Theorem (2.1) The angular metric tensor hij , the fundamental
tensor gij and its reciprocal tensor gij of (α, β, γ) – metric are given
by equations (2.5) , (2.6) and (2.7) respectively.

3. The Hypersurfaces Fn−1(c)
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In this section we have considered a special (α, β, γ) – metric with a
gradient bi (x) = ∂ib for a scalar function b (x) and consider a
hypersurface Fn−1 (c)which is given by the equation
b (x) = c(constant).

Since the parametric equation of Fn−1(c) is xi = xi (uα) , hence,
(∂/∂uα)b(x(u)) = 0 = bi (x)X

i
α, where bi (x) are considered as covariant

components of a normal vector field of Fn−1 (c) . Therefore, along the
Fn−1 (c) , we have,

biX
i
α = 0 and biy

i = 0 (3.1)

In general, the induced metric L(u, v) given by,

L(u, v) =L
((

aαβ (u) v
αvβ
) 1

2 ,
(
aαβγ (u) v

αvβvγ
) 1

3

)
,

(3.2)

where,

aαβ (u) = aij (x (u))X
i
αX

j
β and aαβγ (u) = aijk (x (u))X

i
αX

j
βX

k
γ

By using equation (3.1) and (2.7), we have,

gijbibj = b2(S1−S3b
2), where b2 = aijbibj

Hence we get,

bi = b
√

S1 − b2S3Ni

(3.3)

Hence from (2.7) and (3.3) we get,

bi = aijbj=
b√

S1−b2S3
N i +

(
b2S4

S1−b2S3

)
ai

(3.4)
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Theorem (3.1). Let Fn be a Finsler space with (α, β, γ) – metric
(2.1) and bi (x) =∂ib(x) and Fn−1(c) be a hypersurface of Fn given by
b (x) = c (constant). If the Riemannian metric aij (x) dx

idxj be positive
definite and bi is a non- zero field, then the induced metric of
Fn−1(c)is a Riemannian metric given by (3.2) and relations ( 3.3) and
(3.4 ) hold.
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