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In the present paper, we have introduced the concept of (¢, 3,v) — metric and find
some important tensors for (a, 3,7) — metric, where oo = {a;; () yiyj}lm, 1- form
B = b; (z)y' and cubic metric. v = {a;;x () yiyjyk}l/?’. We have also considerd the
hypersurface given the equation b(z) = constant of the Finsler space with the(c, 3,7v) —
metric given by L= L (a, 8, 7).
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1. Introduction
Matsumoto, M. in the year 1972 ° , introduced the notion of (a, 3) — metric and
studied in detail. A Finsler metric L (x,y) is called an (a, ) — metric, if it is posi-

P §
tively homogenous function of degree one in Riemannian metric a={a;;(z)y'y? }>
and 1-form (3 = b; () y". The well-known examples of (, ) — metric are

Rander’s metric o + 8 '°, Kropina metric QT; 2 3, generalized Kropina metric
“;: - (m # 0,—1)!, and Matsumoto metric aajﬁ 7 etc, whose studies have greatly

contributed to the growth of Finsler geometry.

Again in the year 1979, Matsumoto, M. 4 introduced the concept of cubic metric
on a differentiable manifold with the locaal co—ordinates, defined by

L(z,y) = {aiji(x)y'y " }1/°.

where, a;;i (z) are components of a symmetric tensor field of (0, 3) -type depending
on the position = alone, and a Finsler space with a cubic metric is called the cubic
Finsler space.


https://doi.org/10.56424/jts.v14i01.10611


2 R.K. Pandey and Neetu Singh

After that several authors also studied the cubic Finsler spaces 3 5 12 13 14 15
In the year 2011, Pandey, T. N. and Chaubey, V. K., ? had introduced the concept
of (v, 8) — metric and a number of propositions and theorems obtained, where v =
{aiji () y'y’y*}1/3 is a cubic metric and § = b; (z) ¢ is a one-form metric.

After studying these valuable research papers, we have introduced the («, 3, v)—
metric, where a:{aij (z) yiyj}l/Z7 1-form 3 = b; (z) y* and cubic-metric,
’y:{aijk (x) yiyjyk}1/3.1n the year 1995, Matsumoto, M.,% had discussed the prop-
erties of special hypersurface of Rander space with b; (z) = (9;b) being the gradient
of a scalar function b; (x) and also consider a hypersurface which is given by
b(x) = constant.

In this paper we have also considered the hypersurface given by the equation
b (x) — constant, of the Finsler space with («, 3, v)— metric.

2. Basic tensors of (a, B, ’y) — metric

Definition : A Finsler metric L(x,y) is called a (a, B, 7) — metric,when L is
positively homogenous function L ( a, B,y ) of first degree in the variables «, (3
and v , where v = {aijk (z) yiyjyk}1/3 is a cubic metric and B = b; ()9’ is a
one-form metric.
In this present paper we have used the following results

aijk ()Y y* = a;,  aijpy® = a;5,09b; = b, a0t =P

where, (aij ) is the inverse matrix of (aij).

As for (o, B, ) — metric,

L= L (a, 8, 7) (21)
Where,
S . .
a={a;(x)y'y’}?  B=0bi(2)y" and  y={ay (x)y'yly*}/? (2.2)
Differentiating (2.2), we get,
g—; =&, where  a;,y" =y, b = ;ﬁ and % =% (2.3)

Again differentiating (2.1) with respect to 3%, we get,

l; = 9;L, where O;L =3L
Y

l; = %‘yi + Lﬁbi + %ai (24)
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Further subscripts «, 3, v denote partial differentiations with respect to o, 3,
respectively.

Again differentiating (2.4) with respect toy’, the angular metric tensor
hij = L&E)JL is given by

hij = PJaij(x) + Povai; (2,y) + auy; + a1 (wibj + ;b)) + &5 (asy; + ajy;)

+q_2 (a;bj + ajb;) + q_sa;a; + qob;b; (2.5)
Where,

e, s (= (Loa— ).

g = tes g% = Lcﬁ;?, q—2 Lﬁfwa

G-4=1 (Lw 2?) ; 90 = LLgg,

In (2.5) the subscripts of coefficients Py ,P_1, ¢%5, ¢*1,4%5, ¢-2, g-sand qo are
used to indicate respective degrees of homogeneity.

Again ,
9ij = hij + il;

o . L2
gij = aij () Py + P_qai; (z,y) + (qu + ;‘5) Yilj

¢ | Lol « | Lol
+ (Qfl + fo) (yibj +y;ibi) + (qu + avf) (aiy; + a;y;)

2

L
+ (qu + LQQL”) (aibj + a;b;) + <q74 + 'TZ) a;a; + (qO + L%) bib;

It

e

. 2 . . .
(% + &) = P2, (a7, + Lake) = P2,

% L,L % LgL,\ _
(qf3 + a’yQ’Y) = Pié?)? (q*2 + 22 ) - P*QJ
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(q,4 + %2?) =Py, (QO + L%) = o,
then, we have,
9ij = Py aij () + P-yag; (x,y) + PZysy; + Py (yibs + yibs)
+P*; (aiy; + a;yi)+ Pz (asb; + a;b;) + P_sasa; + Pobib;

; Oy _ ai 11 Oy _ wi —
Since we know that 5y = 7§and from BT = o then we get a; = yy;

By using a; = v y;, we find,

. § P*
9ij = Py aij () + P-1a:5(2,y) + a;a; (sz’y_z +2—=2 + P—4>

P%:é
+ (;1 + P—z) (aibj + ajb;) + Pobib;
where we put,

X

. P*,
S_y=Pry 7+ 27*3 +Py
X

then we have,
gij = Py aij(z) + Poyay(z,y)+S_sa;a; + S_o (a;b; + a;jb;) + Pob;b,

We know that,
ghjgij = 5?

Then ,the reciprocal tensor of g;; is given by,

ij _a¥ i (m_1S_a—7-15_2)d 4415 (TPo—mS_2)d
g’ =% —ada = by
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J J
Where, J=Pf+Py, 7=Pf+P1+5_4+528

T==S8_07 +PfB, T-1=PBS_4+ S50
W—1:P§+P—1+S_2,3+Pob2, d= 1

TH_1—TT—1

g = S1al — Spaial — Sabibi — Sy (a'b + albi)

(2.7)
Where,
Sl = %7 5’2 — (7"—1574T]7',1S,z)d7
TPy—mS_35)d T_1S_o—7_1Py)d 7S _o—7S_4)d
S3 = %, Sy = ( o )d_ ( J )
where,

(m_1S8_9 — 71 FPy)= (15_2 — wS_4)

(7T_1S_2 - 7'_1P0): (TS_Q - 7TS_4): PJZI{I + Pilijél + B(PT:)Q +

P* P, . P,P¥, P,P*,
2——+ PFP o+ P_1P_o+ B(P2)? -5 = — 28— - BRP4

Theorem (2.1) The angular metric tensor h;; , the fundamental
tensor g;; and its reciprocal tensor g¥ of («, 8, ) — metric are given
by equations (2.5) , (2.6) and (2.7) respectively.

3. The Hypersurfaces F*~1(c)
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In this section we have considered a special («, 3, v) — metric with a
gradient b; () = 9;b for a scalar function b (x) and consider a
hypersurface F"~! (¢)which is given by the equation

b(x) = c(constant).

Since the parametric equation of F"~1(c) is z* = 2% (u®), hence,
(0/0u*)b(x(u)) =0 = b; () X., where b; (z) are considered as covariant
components of a normal vector field of F"~!(¢). Therefore, along the
F"1(c), we have,

le& =0 and bzyz =0 (31)

In general, the induced metric L(u, v) given by,

Lt ) =L (103 (0 070%) (a0 e0707)"),
(3.2)

where,
tap (u) = agj (@ () XeX5  and  aesy (u) = agp (v (u) X, X5XE
By using equation (3.1) and (2.7), we have,
g7b;ib; = b?(S1—S3b?),  where b = ab;b;
Hence we get,

bi = by/S1 — b2S3N;
(3.3)

Hence from (2.7) and (3.3) we get,

i i — b i b2S, 7
bt = a]bj— SlbeSgN + <51*b233> a
(3.4)
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Theorem (3.1). Let F" be a Finsler space with (a, 8, v) — metric
(2.1) and b; (x) =9;b(x) and F" !(c) be a hypersurface of F™ given by
b(z) = c (constant). If the Riemannian metric a;; (x) dz‘da? be positive
definite and b; is a non- zero field, then the induced metric of
F"1(c)is a Riemannian metric given by (3.2) and relations ( 3.3) and
(3.4 ) hold.
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