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1. Introduction

In recent years the pioneering works of R. Hamilton 8 and G. Perelman 14 towards

the solution of the Poincare conjecture in dimension 3 have produced a flourishing

activity in the research of self similar solutions or solitons of the Ricci flow. The

study of the geometry of solitons, in particular their classification in dimension 3,

has been essential in providing a positive answer to the conjecture; however, in

higher dimension and in the complete possibly noncompact case, the understanding

of the geometry and the classification of solitons seems to remain a desired goal for a

not too proximate future. In the generic case a soliton structure on the Riemannian

manifold (M, g) is the choice of a smooth vector field X on M and a real constant

λ satisfying the structural requirement

Ric(g) +
1

2
LXg = λg, (1)
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where Ric(g) is the Ricci tensor of the metric g and LXg is the Lie derivative

in the direction of X. Here λ refer to as the soliton constant. The soliton is called

expanding, steady and shrinking if, respectively, λ > 0, λ = 0 and λ < 0. When

X is the gradient of a potential f ∈ C∞(M), the soliton is called a gradient Ricci

soliton and the equation (1) takes the form

Ric(g) +∇f = λg. (2)

Equations (1) and (2) are considered as perturbations of the Einstein equation

Ric(g) = λg (3)

In case X and ∇f are Killing vector fields. When X = 0 or f is constant, we

call the underlying Einstein manifold a trivial Ricci soliton.

In 7 A.E.Fischer introduced a variation of the classical Ricci flow equation that

modifies the unit volume constraint of that equation to a scalar curvature constraint.

The resulting equations are named the conformal Ricci flow equations because of

the role that conformal geometry plays in constraining the scalar curvature and

because these equations are the vector field sum of a conformal flow equation and

a Ricci flow equation. These new equations are given by

∂g

∂t
+ 2

(
Ric(g) +

1

n
g

)
= −ρg,

R(g) = −1.

Where R(g) is the scalar curvature of the manifold and ρ is scalar non-dynamical

field and n is the dimension of manifold.The conformal Ricci flow equations are anal-

ogous to the Navier-Stokes equations of fluid mechanics and because of this analogy,

the timedependent scalar field ρ is called a conformal pressure and as for the real

physical pressure in fluid mechanics that serves to maintain the incompressibility

of the fluid, the conformal pressure serves as a Lagrange multiplier to conformally

deform the metric flow so as to maintain the scalar curvature constraint.

The conformal Ricci soliton equation is given by 12

LXg + 2S =

[
2λ−

(
ρ+

2

n

)]
g. (4)

The equation is the generalization of the Ricci soliton equation and it also sat-

isfies the conformal Ricci flow equation.

If in the conformal Ricci soliton equation the tangent vector X is gradient of

a smooth function f the equation will be called conformal gradient Ricci soliton

equation and written as

∇∇f + 2S =

[
2λ−

(
ρ+

2

n

)]
g. (5)

In the present paper we shall study the conformal Ricci soliton in almost C(α)

manifolds satisfying the certain semi-symmetric and pseudo-symmetric conditions.

In sections.4 and 5 we discuss the conditions R ·W2 = 0 and R ·W2 = LW2Q(g,W2)
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(W2-semi symmetric and W2 pseudo symmetric respectively), here W2 is the W2-

curvature tensor, R is the derivation of the tensor algebra of the tangent space of

the manifold and LW2
is some smooth function on M . In sections.6 and 7 we discuss

the conditions W2 ·R = 0 and W2 ·R = LRQ(g,R), here W2 acts as the derivation

of tensor algebra of the tangent space of the manifold and LR is smooth function

on M .

2. Preliminaries

Let M be n-dimensional connected differentiable manifold endowed with an almost

contact metric structure (ϕ, ξ, η, g) where ϕ is a tensor field of type (1, 1), ξ is a

vector field, η is a 1-form and g is a Riemannian metric on M such that

ϕ2X = −X + η(X)ξ, η(ξ) = 1, (6)

g(ϕX, ϕY ) = g(X,Y )− η(X)η(Y ), X, Y ∈ TM (7)

ϕξ = 0, η(ϕX) = 0, (8)

g(ϕX,X) = 0, (9)

(∇Xϕ)(Y ) = g(X,Y )ξ − η(Y ). (10)

If an almost contact Riemannian manifold M satisfies the condition

S(X,Y ) = ag(X,Y ) + bη(X)η(Y ) (11)

for some smooth functions a and b on M , then M is said to be an η-Einstein

manifold. If, in particular, a=0 then this manifold will be called a special type of

η-Einstein manifold.

Theorem 1. An almost contact manifold is called an almost C(α) manifold if the

Riemannian curvature R satisfies the following relation 11

R(X,Y )Z = R(ϕX, ϕY )Z − α[g(Y,Z)X − g(X,Z)Y − g(ϕY,Z)ϕX + g(ϕX,Z)ϕY ]

(12)

where, X,Y, Z ∈ TM and α is a real number.

Theorem 2. An almost C(α)-manifold is Sasakian, co-Kahler and Kenmotsu ac-

cording as α = 1, 0, −1 respectively.

From (12) we have the following

R(X,Y )ξ = R(ϕX, ϕY )ξ − α[η(Y )X − η(X)Y ], (13)

R(ξ, Y )Z = −α[g(Y,Z)ξ − η(Z)Y ], (14)

R(ξ, Y )ξ = −α[η(Y )ξ − Y ], (15)

R(ξ, ξ)Z = 0. (16)



A study on conformal Ricci soliton ... 43

3. Conformal Ricci soliton in almost C(α) manifolds.

The conformal Ricci flow equation on M is defined by the equation [4],

∂g

∂t
+ 2

(
Ric(g) +

g

n

)
= −ρg. (17)

where R(g) = −1, ρ is a scalar non-dynamical field(time dependent scalar field) and

n is the dimension of manifold.

The notion of conformal Ricci soliton is given by

(LV g)(X,Y ) + 2S(X,Y ) =

[
2λ−

(
ρ+

2

n

)]
g(X,Y ). (18)

This equation is the generalization of the Ricci soliton equation and it also satisfies

the Ricci flow equation.

Now by using the definition of Lie derivative we can find the value of Lξg that is

given by

(Lξg)(X,Y ) = g(−ϕX, Y ) + g(X,−ϕY ) = 0 (19)

By virtue of (19) in (18) we get

S(X,Y ) = σg(X,Y ), (20)

where σ = 1
2

[
2λ−

(
ρ+ 2

n

)]
. If we put X = Y = ei in (20) where ei is an or-

thonormal basis, and summing over i, we get S = σn. But for conformal Ricci flow

R(g) = −1, which yields the value of λ

λ =
ρ

2
. (21)

We can consequently state the following

Theorem 3. An almost C(α) manifolds admitting conformal Ricci soliton is an

Einstein manifold and the scalar λ of the conformal Ricci soliton is equal to ρ
2 .

4. Conformal Ricci soliton in almost C(α) manifolds satisfying the

condition R · W2 = 0.

The W2-curvature tensor is given by

W2(X,Y )Z = R(X,Y )Z +
1

n− 1
[g(X,Z)QY − g(Y, Z)QX]. (22)

By virtue of (12), (20) and (22) we can get the following

W2(ξ, Y )Z =

(
−α− σ

n− 1

)
[g(Y,Z)ξ − η(Z)Y ], (23)

W2(ξ, Y )ξ =

(
−α− σ

n− 1

)
[η(Y )ξ − Y ]. (24)



44 K.R.Vidyavathi and C.S. Bagewadi

Let us consider (R(X,Y ) ·W2)(U, V )Z = 0

R(X,Y )W2(U, V )Z−W2(R(X,Y )U, V )Z−W2(U,R(X,Y )V )Z−W2(U, V )R(X,Y )Z = 0.

(25)

Put X = U = ξ in (25) and using (14), (15) and (16) we get

αW2(Y, V )Z = α

(
−α− σ

n− 1

)
[g(V,Z)Y − g(Y, Z)V ]. (26)

Taking inner product of (26) with T we can write

W2(Y, V, Z, T ) =

(
−α− σ

n− 1

)
[g(V,Z)g(Y, T )− g(Y,Z)g(V, T )]. (27)

Using (12) and (22) in (27) and contracting over Y and T we can get

S(ϕV,Z) =

[
α(n− 2) +

r

n− 1
+

(
−α− σ

n− 1

)
(n− 1)

]
g(V,Z) + αη(V )η(Z)

− 1

n− 1
S(V,Z). (28)

Interchanging V and Z in (28)

−S(ϕV,Z) =

[
α(n− 2) +

r

n− 1
+

(
−α− σ

n− 1

)
(n− 1)

]
g(V,Z) + αη(V )η(Z)

− 1

n− 1
S(V,Z). (29)

Now add (28) and (29)

S(V,Z) =

(
−α+

r

n− 1
− σ

)
(n− 1)g(V,Z) + α(n− 1)η(V )η(Z). (30)

We state the following

Theorem 4. An almost C(α) manifold satisfying the condition R · W2 = 0 is an

η-Einstein manifold.

For conformal Ricci flow R(g) = −1, using (20) in (30) and on contraction over

V and Z we get the value of λ and it is given by

λ = −α
(n− 1)

n
+

ρ

2
. (31)

Thus we state the following

Theorem 5. Ricci soliton in almost C(α) manifolds satisfying the condition R ·
W2 = 0 admitting conformal Ricci soliton is

(1) shrinking if ρ < 2α(n−1)
n

(2) steady if ρ = 2α(n−1)
n

(3) expanding if ρ > 2α(n−1)
n
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5. Conformal Ricci soliton in almost C(α) manifolds satisfying the

condition W2 · R = 0.

Let us consider (W2(X,Y ) ·R)(U, V )Z = 0

W2(X,Y )R(U, V )Z−R(W2(X,Y )U, V )Z−R(U,W2(X,Y )V )Z−R(U, V )W2(X,Y )Z = 0.

(32)

Putting X = U = ξ in (32) and using (23) and (24) we get(
−α− σ

n− 1

)
[R(Y, V )Z + α(g(V,Z)Y − g(Y,Z)V )] = 0. (33)

Since
(
−α− σ

n−1

)
̸= 0 and taking inner product of (33) with T we can write

R(Y, V, Z, T ) = α[g(Y,Z)g(V, T )− g(V,Z)g(Y, T )]. (34)

Putting Y = T = ei in (34), where ei is an orthonormal basis and taking summation

i = 1, 2......n we get

S(V,Z) = −α(n− 1)g(V,Z). (35)

We state the following

Theorem 6. An almost C(α) manifold satisfying the condition W2 · R = 0 is an

Einstein manifold.

For conformal Ricci flow R(g) = −1, using (20) in (35) and on contraction over

V and Z we get the value of λ and it is given by

λ =
1

2

(
ρ+

2

n

)
− α(n− 1). (36)

Theorem 7. Ricci soliton in almost C(α) manifolds satisfying the condition W2 ·
R = 0 admitting conformal Ricci soliton is

(1) shrinking if ρ < 2α(n− 1)− 2
n

(2) steady if ρ = 2α(n− 1)− 2
n

(3) expanding if ρ > 2α(n− 1)− 2
n

6. Conformal Ricci soliton in almost C(α) manifolds satisfying the

condition R · W2 = LW2Q(g,W2)

Let us consider R ·W2 = LW2
Q(g,W2)

R(X,Y )W2(U, V )Z −W2(R(X,Y )U, V )Z −W2(U,R(X,Y )V )Z −W2(U, V )R(X,Y )Z

= LW2
[(X ∧ Y )W2(U, V )Z −W2((X ∧ Y )U, V )Z −W2(U, (X ∧ Y )V )Z

−W2(U, V )R(X ∧ Y )Z (37)
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Put X = U = ξ in (37) using (14), (15) and (16) also by using the definition of

endomorphism that is (X ∧ Y )Z = g(Y,Z)X − g(X,Z)Y we get

(LW2 − α)[W2(Y, V )Z −
(
−α− σ

n− 1

)
(g(V,Z)Y − g(Y,Z)V )]. (38)

Since LW2
̸= α, taking inner product of (38) one can get

W2(Y, V )Z =

(
−α− σ

n− 1

)
[g(V,Z)Y − g(Y, Z)V ]. (39)

Taking inner product of (39) with T we can write

W2(Y, V, Z, T ) =

(
−α− σ

n− 1

)
[g(V,Z)g(Y, T )− g(Y,Z)g(V, T )]. (40)

Using (12) and (22) in (40) and contracting over Y and T we can get

S(ϕV,Z) =

[
α(n− 2) +

r

n− 1
+

(
−α− σ

n− 1

)
(n− 1)

]
g(V,Z) + αη(V )η(Z)

− 1

n− 1
S(V,Z). (41)

Interchanging V and Z in (41)

−S(ϕV,Z) =

[
α(n− 2) +

r

n− 1
+

(
−α− σ

n− 1

)
(n− 1)

]
g(V,Z) + αη(V )η(Z)

− 1

n− 1
S(V,Z). (42)

Now add (41) and (42)

S(V,Z) =

(
−α+

r

n− 1
− σ

)
(n− 1)g(V,Z) + α(n− 1)η(V )η(Z). (43)

We state the following

Theorem 8. An almost C(α) manifold satisfying the condition R · W2 =

LW2Q(g,W2) is an η-Einstein manifold LW2 ̸= α.

For conformal Ricci flow R(g) = −1, using (20) in (43) and on contraction over

V and Z we get the value of λ and it is given by

λ = −α
(n− 1)

n
+

ρ

2
. (44)

Theorem 9. Ricci soliton in almost C(α) manifolds satisfying the condition R ·
W2 = LW2

Q(g,W2) admitting conformal Ricci soliton is

(1) shrinking if ρ < 2α (n−1)
n

(2) steady if ρ = 2α (n−1)
n

(3) expanding if ρ > 2α (n−1)
n
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7. Conformal Ricci soliton in almost C(α) manifolds satisfying the

condition W2 · R = LRQ(g,R)

Let us consider W2 ·R = LRQ(g,R)

W2(X,Y )R(U, V )Z −R(W2(X,Y )U, V )Z −R(U,W2(X,Y )V )Z −R(U, V )W2(X,Y )Z

= LR[(X ∧ Y )R(U, V )Z −R((X ∧ Y )U, V )Z −R(U, (X ∧ Y )V )Z

−R(U, V )R(X ∧ Y )Z (45)

Put X = U = ξ in (45) and using (23) and (24) also by using the definition of

endomorphism that is (X ∧ Y )Z = g(Y,Z)X − g(X,Z)Y we get[
LR −

(
−α− σ

n− 1

)]
[R(Y, V )Z + α(g(V,Z)Y − g(Y,Z)V )] = 0. (46)

Since LR ̸=
(
−α− σ

n−1

)
and taking inner product of (46) with T we can write

R(Y, V, Z, T ) = α[g(Y,Z)g(V, T )− g(V,Z)g(Y, T )]. (47)

Putting Y = T = ei in (47), where ei is an orthonormal basis and taking summation

i = 1, 2......n we get

S(V,Z) = −α(n− 1)g(V,Z). (48)

We state the following

Theorem 10. An almost C(α) manifold satisfying the condition W2 · R =

LRQ(g,R) is an Einstein manifold provide LR ̸=
(
−α− σ

n−1

)
.

For conformal Ricci flow R(g) = −1, using (20) in (48) and on contraction over

V and Z we get the value of λ and it is given by

λ =
1

2

(
ρ+

2

n

)
− α(n− 1) (49)

Theorem 11. Ricci soliton in almost C(α) manifolds satisfying the condition W2 ·
R = LRQ(g,R) admitting conformal Ricci soliton is

(1) shrinking if ρ < 2α(n− 1)− 2
n

(2) steady if ρ = 2α(n− 1)− 2
n

(3) expanding if ρ > 2α(n− 1)− 2
n
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