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On the metallic structure on differentiable manifolds
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1. Introduction

The study of the metallic means family was started by Kapparaff 14,15,16 and

Spinadel 24,25. The Gold mean, Silver mean, Bronze mean, etc. are members of the

metallic means family. Let x2−ax− b,∀a, b ∈ N, where N is the set of positive inte-

gers, be polynomial of degree 2 and the set of positive solutions of x2−ax−b = 0 is

represented σa,b =
1
2 [a+

√
a2 + 4b] and said to be the metallic means family. How-

ever, the polynomial structures on the differentiable manifold were developed by

goldberg, Yano and petridis 9,?. Andreou, Yano and Al-Aqeel 1,2,26 studied a struc-

ture defined by a tensor field f satisfying f5 + f = 0 and established integrability

conditions.

The polynomial structure of degree 2 stisfying ϕ2−aϕ−bI = 0,∀a, b ∈ N and ϕ is

a tensor field of type (1,1), is known as metallic structure on a differentiable manifold

M 3,11. Recently, Chaudhary and Blaga 6 studied the metallic structures and derived

generalized Wintgen inequality for slant submanifolds in metallic Riemannian space

forms. Lifts of metallic structure on the frame bundle and tangent bundle have been

studied by Khan 18,20. The geometry of the metallic structure has been studied by

numerous researchers 5,8,12,13.
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This paper aims to study the metallic structure ϕ satisfying ϕ2 − aϕ − bI =

0,∀a, b ∈ N on M and obtain the metallic structure that acts on complementary

distribution DL as an almost product structure and complementary distribution

DM as the null operator. Some calculations on the Nijenhuis tensor of the metallic

structure on M are determined.

2. Metallic structures

Let M be an n-dimensional differentiable manifold. A tensor field ϕ of type (1,1) is

called the metallic structure on M that satisfies 18

ϕ2 − aϕ− bI = 0,∀a, b ∈ N, (1)

where I is the unit vector field.

Proposition 1. 18 Let L and M be the projection tensors given as

L =
ϕ2 − aϕ

b
, (2)

and

M = I −
(
ϕ2 − aϕ

b

)
. (3)

Then

L+M = 0,

L2 = L, M2 = M, LM = ML = 0, (4)

ϕL = Lϕ = ϕ, ϕM = Mϕ = 0.

where I denotes the identity operator in M .

Let DL and DM be the complementary distributions analogous to the projection

tensors L and M, respectively in M . If the rank of ϕ is r, then dimension of DL is

r and the dimension of DM is (n− r), where the dimension of M is n.

Theorem 2. Let M be an n-dimensional differentiable manifold equipped with the

metallic structure defined in (1). Then

ϕ2 − aϕ

b
= L, ϕ2 − aϕ

b
L = L, ϕ2 − aϕ

b
M = 0. (5)

Thus
√

ϕ2−aϕ
b acts on DL as an almost product structure and on DM as a null

operator.

Proof. The proof is obvious.

Theorem 3. Let M be an n-dimensional differentiable manifold equipped with the

metallic structure ϕ defined in (1). If ϕ is of maximal rank, ϕ remains a metallic

structure on M .
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Proof. Let the rank of ϕ be maximal then r = n. Therefore dimL = n and dimM = 0

i.e. M = 0 and L = I. Thus in the view of (2), we obtain

L =
ϕ2 − aϕ

b
= I,

ϕ2 − aϕ− bI = 0. (6)

Hence ϕ is a metallic structure on M .

Theorem 4. Let M be an n-dimensional differentiable manifold equipped with the

metallic structure defined in (1). A tensor field of type (1,1) J defined by

J = 2
ϕ2 − aϕ

b
− I (7)

gives an almost product structure.

Proof. From (7), we have

J2 = 4

(
ϕ2 − aϕ

b

)
− 4

(
ϕ2 − aϕ

b

)
+ I,

J2 = I. (8)

Hence J is an almost product structure on M .

Theorem 5. Let p and q be the tensor fields p and q on M as

p = M+

√
ϕ2 − aϕ

b
, (9)

and

p = M−
√

ϕ2 − aϕ

b
, (10)

Then

pq = qp = M− I. (11)

Proof. The proof is obvious.

3. Nijenhuis tensor

The Nijenhuis tensor N(X,Y ) of ϕ satisfying equation (1) in M is expressed as

follows

N(X,Y ) = [ϕX, ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] + ϕ2[X,Y ], (12)

for every vector field X,Y on M .
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Theorem 3.3 The conditions listed below are equivalent.

i. MN(X,Y ) = 0,

ii. M[ϕX, ϕY ] = 0,

iii. MN

(
ϕ2 − aϕ

b
X, Y

)
= 0,

iv. M
[
ϕ2 − aϕ

b
ϕX, ϕY

]
= 0,

v. M
[
ϕ2 − aϕ

b
LϕX, ϕY

]
= 0,

where X and Y are vector fields.

Proof: We need demonstrate that

(i) ⇔ (ii)

Let MN(X,Y ) = 0. By using (12), the obtain equation is

MN(X,Y ) = M[ϕX, ϕY ]−Mϕ[ϕX, Y ]−Mϕ[X,ϕY ] +Mϕ2[X,Y ],

since Mϕ = 0, we have

MN(X,Y ) = M[ϕX, ϕY ],

since MN(X,Y ) = 0, then

M[ϕX, ϕY ] = 0,

Thus,

MN(X,Y ) = 0 ⇔ M[ϕX, ϕY ] = 0.

(ii) ⇔ (iii)

Let M[ϕX, ϕY ] = 0. By using (12), the obtain equation is

MN(
ϕ2 − aϕ

b
X, Y ) = M[

ϕ2 − aϕ

b
ϕX, ϕY ]−Mϕ[

ϕ2 − aϕ

b
ϕX, Y ]

− Mϕ[
ϕ2 − aϕ

b
X, ϕY ]

+ Mϕ2[
ϕ2 − aϕ

b
X, Y ], (13)

since, ϕ2−aϕ
b = L, Mϕ = 0, then (13) becomes

MN(
ϕ2 − aϕ

b
X, Y ) = M[LϕX, ϕY ] = M[ϕX, ϕY ]as Lϕ = ϕ,

since M[ϕX, ϕY ] = 0, then we have

MN(
ϕ2 − aϕ

b
X, Y ) = 0,

Thus,

M[ϕX, ϕY ] = 0 ⇔ MN(
ϕ2 − aϕ

b
X, Y ) = 0.
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(iii) ⇔ (iv)

Let MN(ϕ
2−aϕ
b X,Y ) = 0 and using Mϕ = 0. Then the obtain equation is

MN(
ϕ2 − aϕ

b
X, Y ) = M[

ϕ2 − aϕ

b
ϕX, ϕY ],

since,

M[
ϕ2 − aϕ

b
ϕX, ϕY ] = 0

Thus,

MN(
ϕ2 − aϕ

b
X, Y ) = 0 =⇒ M[

ϕ2 − aϕ

b
ϕX, ϕY ] = 0.

(iv) ⇔ (v)

Let M[ϕ
2−aϕ
b ϕX, ϕY ] = 0 and using Lϕ = ϕ, ϕM = 0. Then the obtain

equation is

MN(
ϕ2 − aϕ

b
LX,Y ) = M[

ϕ2 − aϕ

b
LϕX, ϕY ],

= M[
ϕ2 − aϕ

b
ϕX, ϕY ] as Lϕ = ϕ,

So M[
ϕ2 − aϕ

b
LϕX, ϕY ] = m[

ϕ2 − aϕ

b
ϕX, ϕY ],

As M[
ϕ2 − aϕ

b
ϕX, ϕY ] = 0,

Thus,

M[
ϕ2 − aϕ

b
ϕX, ϕY ] = 0 =⇒ M[

ϕ2 − aϕ

b
LϕX, ϕY ] = 0.

(v) ⇔ (i) Let M[ϕ
2−aϕ
b LϕX, ϕY ] = 0.

By using (4), the obtain equations are

M[L2ϕX, ϕY ] = 0,

M[LϕX, ϕY ] = 0,

M[ϕX, ϕY ] = 0, as Lϕ = ϕ,

Since MN(X,Y ) = M[ϕX, ϕY ] as M[ϕX, ϕY ] = 0,

MN(X,Y ) = 0,

Thus, M[ϕ
2−aϕ
b LϕX, ϕY ] = 0 =⇒ MN(X,Y ) = 0.

This completes the proof.

References

1. A. AI-Aqeel, Integrability conditions of a structure Satisfying f5 − f = 0,
Arab Gulf J. Scient. Res., Mach. Phys. Sci., A6 (2) (1988), 163-171.



6 Mohammad Nazrul Islam Khan and Manisha Kankarej

2. F.G. Andreou, On a structure defined by a tensor field f satisfying f5+f = 0,
Tensor N.S., 36(1982),79-84.

3. S. Azami, Metallic structures on the tangent bundle of a P -Sasakian manifold,
arXiv:1904.12637v1[math.DG] 22 Apr. 2019.

4. S. Azami, General natural metallic structure on tangent bundle, Iran J. Sci.
Technol Trans Sci, 42(2018), 81-88.

5. A.M. Blaga and C.E. Hretcanu, Invariant, anti-invariant and slant submani-
folds of a metallic Riemannian manifold. Novi Sad J. Math., 48(2018), 57-82.

6. M.A. Choudhary and A.M. Blaga, Generalized Wintgen inequality for slant
submanifolds in metallic Riemannian space forms. J. Geom., 112(2)(2021),
Paper No. 26, 15. pp. https://doi.org/10.1007/s00022-021-00590-7

7. Lovejoy S. Das, On CR-structure and F-structure satisfying FK+(−)K+1F =
0. Rocky Mountain Journal of Mathematics, 36(3)(2006), 885-892.

8. A. Gezer and C. Karaman, On metallic Riemannian structures, Turk J Math.,
39(2015), 954-962.

9. S. I. Goldberg and K. Yano, Polynomial structures on manifolds, Kodai Math
Sem Rep., 22(1970), 199-218.

10. S. I. Goldberg and N.C.Petridis, Differentiable solutions of algebraic equations
on manifolds, Kodai Math. Sem. Rep., 25(1973), 111–128.

11. C.E. Hretcanu and M. Crasmareanu, Metallic Structures on Riemannian man-
ifolds, Revista De La Union Matematica Argentina, 54(2)(2013), 15-27.

12. C.E. Hretcanu and A.M. Blaga, Hemi-slant submanifolds in metallic Rieman-
nian manifolds, Carpathian Journal of Mathematics, 35(1)(2019), 59-68.

13. C.E. Hretcanu and A.M. Blaga, Submanifolds in metallic Riemannian mani-
folds, Differential Geometry-Dynamical Systems, 20(2018), 83-97.

14. J. Kappraff, Connections: The geometric bridge between Art an Science,
World Scientific, 2001.

15. J. Kappraff, Beyond Measure: A guided tour throught Nature, Myth and
Number, World Scientific, Singapore, 2002.

16. J. Kappraff, Musical Proportions of the Basis of Sistems of Architectural Pro-
portions both Ancient and Modern, Nexus Network Journal. Ed. K.Williams,
Fuccechio: Edizioni Dell’ Erba., 1996.

17. M. N. I. Khan and J.B. Jun, Lorentzian almost r-para-contact Structure in
Tangent Bundle, Journal of the Chungcheong Mathematical Society, 27(1)
(2014), 29-34.

18. M.N.I. Khan, Complete and horizontal lifts of Metallic structures, Interna-
tional Journal of Mathematics and Computer Science, 15(4)(2020), 983-992.

19. M.N.I. Khan, Tangent bundle endowed with quarter-symmetric non-metric
connection on an almost Hermitian manifold, Facta Universitatis, Series:
Mathematics and Informatics, 35(1)(2020), 167-178.

20. M.N.I. Khan, Novel theorems for the frame bundle endowed with metallic
structures on an almost contact metric manifold, Chaos, Solitons & Fractals,
146(2021), 110872. https://doi.org/10.1016/j.chaos.2021.110872.

21. M.N.I. Khan and Lovejoy S. Das, ON CR-structure and the general quadratic
structure, Journal for Geometry and Graphics, 24(2), (2020), 249-255.

22. M. N. I. Khan, Quarter-symmetric semi-metric connection on a Sasakian man-
ifold, Tensor, N.S., 68(2) (2007), 154-157.

23. M.N.I. Khan, Integrability of the Metallic Structures on the Frame Bundle,
Kyungpook Mathematical Journal, 61(4)(2021), 791-803.

24. V.W. de Spinadel, The Metallic Means family and multifractal spectra, Non-



On the metallic structure on ... 7

linear Analysis, 36(1999), 721-745.
25. V.W. de Spinadel, From the Golden Mean to Chaos, Ed. Nueva Libreria,

Buenos Aires, 1998.
26. K. Yano, On a structure defined by a tensor field f of the type (1,1) satisfying

f5 + f = 0, Tensor N.S. 14(1963), 99-109.




