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Abstract

In the present paper, we define an unified integral and then, obtain its
generating functions on introducing Lie-group of operators. Finally, we obtain
some generating relations involving H-function of two variables (cf. [2], [3], [4],

[6])-
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1. Introduction

The unified integrals are occurred in the solutions of various scientific prob-
lems of physical sciences, chemical sciences, biomechanics, integral equations
and probability theory etcetera (see Srivastava, Gupta and Goyal [6]) and for
computational work, they may be converted into numerical generating relations
through Lie group of operators. The integrals involving generalized hyperge-
ometric functions such as Fox’s [1] H-function have a great importance and
become very good generalized functions in an analytic continuation theory.

Here, we define an unification formula in the form

[a,ﬁ,'y,l/,,u,(oq,Aﬂ, ~~~~~~~~~ ,(an7An),(an+1,An+1), ......... 7((:1(17,Ap): |:h:|i|
b:va:NaM’(ﬁlvBl)’ """ 7(Bm7Bm)’(Bm+1’B’m+1)’ """" 7(ﬂq’BQ):

b
7/87 b 9 7( .’A’) E} : h - _ - _1
—F [Zy;;"&féj’éj)z:: [IH = 27(1 + bx2) ’Y/O 211 — )
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(+5) )

pfiy (=D 1 s Ly (— (1.1)
22(z +t/b) N\ T '
where, b > 0, Re(a) > 0,Re(8) > 0 and Re(y) > 0, v is any positive real number,

{1 is any complex number such that Re(p) > Re (13%), Vb =1,2,....., [%} , M
is any positive integer,

(e:45)1,p

e
P,q (Bi:Bj)1q

N € [{No} ={0,1,2,.....}], [], is the greatest integral function not less than,
(Also Re() > Re(y) when k = 0),z #0,h #0, |arg(z + §)| <m— €, 0<t <7
for 0 <t <hb.

The Fox’s [1] H-function is defined by (Also, see Srivastava and Manocha

[7])
T(8; — Bju) [1 T(1 — a; + Aju)h*

j=1
du

mon (aj:Am} L
Hp,q [h BisBi)ra | — 2mi /_ioo _ A, ) g — A
[T T(A-35+Bju) [I Tla;—Aju)

(1.2)
i = 4/(—1), the integers m,n,p,q are such that 0 < m < g and 0 < n < p,
the coefficients Aq, ...... ,Ap and By, ....., B, are positive real numbers and the
complex parameters ayq, ....., o, and (i, ....., B, are so constrained that no poles
of the integrand in (1.2) coincide, also, if
n

p m q
A= "A;- A;j+> Bj— > B;j>0 (1.3)
j=1 j=1

The integral in (1.2) is absolutely convergent and analytic in the sector
larg(h)| < A, the point h = 0 being tacitly excluded.

The general class of polynomials is introduced by Srivastava [5] in the form

/M) y
SNl = ) (=N)ardn k77 (1.4)
k=0 '

where, N and M are given in (1.1), the coefficients ¢ 1 (kK > 0) are arbitrary
constants, real or complex and are independent of y. S% [.] yields number of
known and unknown polynomials as its particular cases. These include among
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other Laguerre polynomials, Hermite polynomials, Goulds and Hopper polyno-
mials and several others.

Here, in our investigations, we first evaluate an analytic function due to the
formula given in (1.1) and derive its differential recurrence relations and then,
on defining a basis function, we obtain some of its generating functions through
Lie-group theoretic techniques. Finally, we apply them to derive generating
relations involving H-function of two variables (cf. [2], [3], [4], [6]).

2. An Analytic Function Due To Unified Integral

In this section, we evaluate an analytic function by the unified integral
formula (1.1) for the given conditions in (1.1) - (1.4).

Theorm 1: For the given conditions in (1.1) - (1.4), due to integral formula
(1.1) an analytic function exists and there holds the formula

pogmo1 IN/M]
O‘vﬁv’%’/vua(o"vA') ,p* h _ baJr

F [b7y7sz7M,(5’j7§j)lfq: [gc” R (—N)mkdn I (o0 — v + pk)
k=0

b \M\F

Y

< (1+Z)> HO,l:m,n:l,l
k! 1,0:p,q+1:2,1><

hyb il (2.1)

[1—vyw1]:(aj:A5)1,p N GG I D O )
[oeerineeen 1:(B5:Bj)1,q,(1=yiv) = (0:1),(14+y—a—F—pk:1):

arg(z~'z71)| < m, A is given in (1.3) and it is

q
in analytic continuation for > A; — > B; <O0.
j=1 j=1

provided that |arg(h)| < 1A,
p

Proof: The right hand side of (1.1) may be written in the form

R R
oot} ] s (i) e e

Now, in (2.2), express SV [] due to (1.4) and then change the order of
summation and integration and thus write the Mellin-Barnes integral on defining

m,n
'Hp’q
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Hp"[] given in (1.2), and then, change the order of integration we get,

(/M) g1 pee AT =B ITTO =0y + Akt
Y (N)awdNg 75— | - = 5
k=0 ' - 11 TA =6+ Bju) I T'(ey— Aju)
j=m+1 Jj=n+1
b —o+y—B+uk —y—vu
b _ t (b—1)
AR (/S e - 1+ ——>— dtd
/0 b=t 2+3 TR t/h) "
(2.3)
Next, use the Mellin-Barnes formula
1 100 T(—u)T v
(1+2)77= (=)l (y +v)z dv, |arg(z)| <, (2.4)

in (2.3) and then, change the order of integration, we find that

[N/M] yk 1
b7 Z (—N)MMN,kEW
k=0 )

m

[ T(8; — Bju) [ T(L - aj + A;u)T(—0) A (x0T (v + vu + v)

oo J—iso T(y+ou) [[ T(1—B+Bu) [ Tlaj— Aju)
Jj=m-+1 j=n+l

b
. / (IR _ B0 ()0t B gy e (25)
0

Finally, making an appeal to the formula

pr+5-1 D(a)1(8)
(1+2)228 T'(a + B)
where, b > 0, |arg(z +1t/b)| < 71— €, 0 <e< 7, for, 0 < ¢t < b, Re(a) > 0
and Re(f) > 0, in the inner integral of (2.5), and then on defining H-function
of two variables given by Mittal and Gupta [3] (Also, see Saxena and Nishi-
moto [4], Srivastva, Gupta and Goyal [6] and Kumar and Srivastava [2]), we
approach at the right hand side of (2.1), which is absolutely convergent when
larg (h)| < 1Am, Aisgivenin (1.3) and ‘arg(x_lz_l)’ < m. Also it is in analytic

/b t Yo — )P Yz t/b) 2 Pdt = (2.6)
0

P q
continuation when ) A; — > B; <0.
J=1 J=1
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3. Differential Recurrence Relations

a Y= 1 a,ﬂ,’Y,Vyll,(aj:Aj)l,p: h _ 1 a a
{hﬁh . }F [bvvaM:(ﬂj:Bj)Lqi [mH T hV% o T !

aflvﬁ:’yflzyvuv(a':A‘)l, “h
I {b,y,zyN,M,(ﬁjiBj)]l,qij ’ [IH 8.1)
)

0 l1—uq By v (a;:45)1p0 [h]]
{hah/ + A] } F [bzyvzzN7M)(/8j:Bj)1,q: _Zl':|_

_ 1 [aﬂmvvm(ay’—11Aj)1,n7(ajiAj)n+1,pi _h}_ (3.2)

Ij byy,z,N,M,(8;:B;)1,q: *1]

when, 1 <5 <n.

0 l1-uo By (a;:45)1p0 [h]]
{hah T Aj }F [b,y,z,N,M,(ﬁjiBj)l,qi $]

! F [avBmmm(O@'iAj)lv”’(o‘j_lej)n“’p: [h} (3.3)

_I] b,y,Z,N,M,(ﬁj,Bj)l,q: l’-

when, n+1<j5 <p.
0 B By v (A [k
{hah o BJ} F [b,y,z,N,Mv(ﬁj?Bj)l,qr [l”H

o 1 047/37%1’7%(01‘314')1,10: h
- _FjF [b,y,Z,N,M,(BJjJrJl,Bj)I,m7(Bj:Bj)m+1yq: |:x]:| (3.4)

when, 1 < 57 <m.
9 B F [a,ﬂ,%v,#,(aw“j)l,pi [hH
ah B] b,y,Z,N,M,(,BjiBj)l,q: z
1 .87, (A ) 1,p h
B E]F |:b,y,Z’N,M,(,8],Bj)l’m7(,8]+1B])m-!—l,q |:£Ei|i| <35)
when, m+1<j5 <q.
2 a7ﬂ7’Y7V7/‘L7(a 7A )17 - h P Oé:ﬂ;yﬂjnu'?(a 'A )1) . h
o %F [b’yyz,N,M&f;j,éj)fq: [xH =k [b’y:Z»N:Mv(éJ:éj)fq: [xH (3.6)

4. Basis Function and Actions of Lie-Group of Operaters

In this section, we define following basis function related to the analytic
function (2.1) as introducing some new parameters s;t1, ...., by, by 1, ooy Tpi UL, ooney
Uy U1, ----, Ug 10 the form,

[a,ﬁ,'y,l/,m(aj:f“j)l,p: {h,s»t17~--~’tp}:| _ [a,ﬁ,%u,u,(aj:Aj)l,p: [hH

b,y,Z,N,M,(,BjZBj)l,q: ULyeeesUq, @ b,y,Z,N,M,(ﬂjiBj)lyq: x
v o Qn 2 On+1 Qp B1 B Bm+1 Bq
STt Ty g (4.1)
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Also, we define following Lie-group of operators

t: O
T, =L — 1<j<n<
u; O
U =—-2_—"—, 1<j<m<g,
J ;i Ouj =J=m=4q

oh Bj 8uj -
0 s 0 1
= -1 - -
AS=s (hﬁh v 0s u)’
0
— .27
X==x 5 (4.2)

Then, action of above operators given in (4.2) on the basis function (4.1)
are given by

TG CM“B,’}’,V,/;L,(QJ':A]‘)LPZ hzsztla"'7tpv
J b,y,z,N,M,(ﬂj:Bj)lyq: Ut,...,Ug,T

_ a.] avﬂ:’y:Vnuﬂ(aj:Aj)l,p: h,S,tl,....,tp,

and {itiie })
AJ b7y3Z7N»M7(ﬂj:Bj)1,q: ULyeeesUqy T
when, 1 <j<n <p.
U.G o, By, 0,0, (0: A )1 ,p0 [ RyS,t,.tp,
J b,y727N7M’(Bj:Bj)l,q: Ulye-oeyUg T
. & o8,y v,,(0:A5) 1,00 [ RSt tp, (4 4)
- B] bvyvz7N7M7(ﬁj:Bj)17q: UlseeesUgyT :

when, 1 <j7<m <gq.

. ayﬁ:’y:VHuﬂ(aj:Aj)l,P: hvsatlv""vtzh
HEG |:b,y,Z,N,M,(ﬂj:Bj)1,q: Ulsreestigy®

(4.3)

_ iG o, By, 0, (0—1:A45)1,n,(: A ) ng1,pt [ RySt ey, (4 5)
= AJ b,y,2,N,M,(8j:B;j)1,q: UL gy Ug, T .

when, 1 < j <n.

. a,,B,’Y,l/,,U,,(aj:Aj)LPZ hysztly'"wt}’)’
HI;G |:b7y7Z7N7M7(ﬂ]':Bj)l,q: ULyerensUgyT

L T (0 A) 1 m (0= 1A ng 1 pt [ Bt et (4.6)
A, bz NM(8;:Bj)1,q: ULy Uq,T ‘

J

when, n+1 <7 <gq.

. Oé,,@fyﬂl,[l/,(aj:Aj)l’p: h‘vsvtlv"“vtp7
HU]G [b,y,Z,N,M,(ﬁjiBj)l,q5 ULyeeenyUq, T
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_ —LG .87, (01 A )1,p: hys,t1 ..ty (4.7)
b’y7z7N7M7(ﬁj+1:Bj)17m7(ﬁjIBj)m_‘_l’q: UL yerneyUq, T .

when, 1 <57 <m.

. a:ﬂ?’Y?”va(a]':Aj)l,p: hus)tlu'“')tlh
HU;G [b,yﬂz,N,M»(ﬁjiBj)l,qi ULseee Uy ®

— iG a»ﬂ:'Y:Vv/»h(aj:Aj)l,p: h,s,t1,....5tp, (4 8)
_B‘7 bvyazvNaM7(ﬂj:Bj)l,m,(ﬁj+1:Bj)m+1,q: Uls..-osUgq, T '

when, m+1<j <gq.

n a7ﬁ’7’l/7,u‘7(aj:‘4j)1,p: h7s’t17""7tp9
(HS) G[b,y,z,N,M,(ﬁj:Bjn,q: ULyt

o)
. (_7 — Vh% + 1)n (_1)nG o,B,7,v,0,(0j: A5 )10 [ hys,t,.tp, (4 9)
- (Z/S)n b7y7Z7N7M7(/6j:Bj)1,q: UlseenesUqs T :

XG a)ﬂ:77y7)u7(aj:Aj)l,p: hysztlv“'»tlh
b7y127N)M7(ﬂ]':Bj)1yq: ULyeeesUgyT

_ By, (A )1,pt [ huste,tp,

=G [byy,z,N,M(ﬁjjiéj)fq: {"1"""“‘1’; H (4.10)
5(i) Generating Functions Resulting From the Lie-group Theoretic
Techniques for One Parameter Subgroup exp[AHT; + AX] when 1 <
J<n<p.

From the Lie-group theoretic techniques due to Srivastava and Manocha [7,
p.320], the transformations due to action of one parameter subgroup exp[AHT;+
AX], 1 <j <n <pon the basis function (4.1), are given by

[ h ] [ h(= At
t (tj — A Aj)
Uj - Uj s (5.1)
x z/(1— Ax)

and the multiplier w = (1 — \/A;T;)"" where 1 < j < n < p.

Then, we obtain the generating functions for the analytic function (2.1)
corresponding to the operators A(HT; + X) when 1 < j < n < p, by direct
expansion on one hand and then substituting transformations for exp[AHT; +

h787tj7

AX]G Huﬂ; H on the other hand given in (5.1) such that

A - o, By, (A )1 pt h(l_)\/A.t.)_Aj o
<1 B Ajtj> F [b,y,z,N,M,(ﬁ]jzéj)l,q; 2/ (-2t} (t; — AA;)%
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©° T
_ Z ()\$) Ja a,ﬂﬁ:%#,(a]’*TZA]')lyn,(aj:Aj)nJrlyp; h tajir (5 2)
a rI(A;)" b,y,2,N,M,(8;:Bj)1,q: i .

A - o, By, (A1 pe h(lf)\/A~t~)7AJ' @
(1 B Am) i {b’mN,Mxéj:énfq: /(1) (t5 = A/A)™

S (—Az)" B (i A;)1 )
_ OGPV (O A5 )1 i, (O —T285 )n+1,p° | h ai—r
- Z ! F [bvvavaMﬂ(ﬁjjiéj)l,qi Lo { H ty’ (5.3)

(i) Generating Functions Resulting From the Lie-group Theoretic
Techniques for One Parameter Subgroup exp[AHU; + AX]| when 1 <
J<m<q.

In the similar fashion, the transformations due to action of one parameter,
subgroup exp[AHU; + AX], 1 < j < m < q on the basis function (4.1) are given
by

[ ] [ h(4xu/By)P
t; t;
uj | = | wj (14 /By (5.4)
x xz/(1— Ax)
S S

when, 1 <j<m <gq.

Now with the help of above transformation (5.4) and techniques applied
above, we obtain the generating functions

(ot e\ ] o (1, )
b7y727N7M7(/6]BJ)17€1 x/(l_Ax) J B]

> (_)\‘T)TF |:Oé,ﬂ,'Y,V,,Uz,(Oéj:Aj)1,p: {h}:| uﬂj‘Hﬂ (5 5)
«r!(B;)" by, N, M, (Bj+7:B;)1,m,(B;:Bj)m+1,a: \T ] 757 '
r—

when, 1 < j < m.
Ia a,Bry i (agiA)p: | h(1+Xu;/B;) P B4 + —)\uj s
b7y727N7Ma(ﬁjB])1,q x/(l—/\x) u] B]

:i (Az)" F oA M. 6

r{(B;)r LN M (85:B5)1,m. (B +7:Bj)m+ 1,00 | ® Jo

<
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(iii) Generating Functions Resulting From the Lie-group Theoretic
Techniques for One Parameter Subgroup exp[AH S + AX].

The transformations due to action of one parameter, subgroup exp[AHS +
AX] on the basis function (4.1), are given by

h [ h (14X vs)”
t; t;
Uj — Uj s (57)
x z/(1— Ax)
s | (st A/v)

with the multiplier w = (1 + A )

vs

Then, with the help of above transformations (5.7) and the techniques
analysed in (5.2) and (5.3), we find the identity

>\ aﬁ,%l/,%(a‘ﬂ')l, : h(l+>\/VS)V )\ 7
(1 2) ooy L ) (o2
=11 AN F |aBr v (eg:Ai) e f(yvi): [a(iae/vs)” ] o7 5.8
N + ; |:b7yuz7NuM,(ﬁjZBj)17ql {m }] s’ ( . )
provided that ‘%} <1, flyyvir) = (-1)"(1 — v —vu)p, —ico <u <ioco, r =
0,1,2,.......
6. Applications

In this section, making an appeal to (2.1) and the generating functions from
the section 5, we evaluate following generating relations involving H-function of
two variables [cf. 2, 3, 4, 6]

[N/M] k -1
> (- NaowTla v + k) L (1 - Aﬁ,)
k=0 . 277
g0 Lmoni 1 [ 1—v:v1]:(aj: Aj)ips (o) : (1 =F:1):
MOpat 2l | L] (B, By L=y :v) 1 (0:1),(1+y —a— - pk: 1) :
AN\TY 1=z A\
(o) () ()

o0 r p m k
= Z TE?Z]),)T (=N)mrdngl (o — v + Mk)(y(b/ll:!r))
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0 Limonil 1 [ l—r:v1]:(aj—7:A)im, (@ Aj)prip: (1 —=0F:1), ()
LOpatl2 L 1: (B Bj)i,g(1—~v:v):(0:1),l+y—a—-B—pk:1):

hob~ta ] t?j_r (6.1)
when, 1 < j <n.
[N/M] k -1 —ay
(y(b/1+ 2)") A A)
k:ZO (—N)mrdn gl (o — v+ Mk)T (1 - Ajtj) <tj - A]>
0 Lmni 1 [ 1—7:v,1] (0 Aj)ips (corennnnn J:(L=8:1): (correennn ):
Homat 120 | ] (8, Byug (1= :9) 1 (0: 1), (147 —a— f—pk: 1) :

0 r . [N/M] )
—A\x 1 b/l 4 2}

B Z ( ; > rl Z (=N)mronpl(o — 7+,uk)(y(/k'))

T k=0 !
0 Lmni11 [ =7y :v,1) (o A)ip, (=7t A)pgrp: (L= B 1), (o)
51,0:p,g+1:2,1 [ ........ ] : ( j)Bj)Lq,(]_—’y:y) : (0 1)5(1+’Y—a—ﬁ—ﬂk 1) :
hob e (6.2)
when, n +1 < j < p.

[N/M] k —B;
b/1+ z)» : A !
Z (=N)mrdn il (a0 — v + M@M“@ 1+ =2
k=0 H ’ Bi
p0.Lim i1 1 [ l—v:v1]:(aj: Aj)ip:(1—=0:1): (oo ):
Lot 120 | [ ) (B4, Bj)ig, 1= :v): (0:1),(1+y—a—F—pk:1):
w14 2m)” (@ =2) 2
B; ’
0o r 4 [N/M] k
“Az\" 1 (y(b/1+2)")" o1mni1,
_ Z <Bj > 5 Z (=N)pron el (o — v + Mk)T'Hg,ézp,qull:zl,l
r=0 k=0

[ I—7:v,1]: (o Aj)1p, (v Y:(L=08:1), (e ):
[ 2 (B + 7, Bi)ims (Bt Bj)margs (L= :v): (0:1),(14+y—a—B—pk:1):
h, b_lx_lz_l} u]ﬁ.j—i_r, (6.3)
when, 1 <57 <m.
[N/M]
> (=N)urdnal (o — v + k)
k=0

b/1+ 2)ME 5 Auj —
(y(/k! ))ufj(lJr)
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0 Lmoni1 1 { I—vy:v,1]: (0 : A)1p: (1 =0:1): (o ) :
L0121 [ (B, Bj)ig, (1 —v:v):(0:1),(14+y—a—-F—pk:1):

. B
h(1+ Au]> j,b_l (x—l_)\)z—l

B;
oo r oo [N/M] k
Az 1 (y(b/l + Z)'u) 0,1:m,n:1,1
=> <BJ> ) > (=N)ardnal(a =y + :U’k)T‘Hl,O:p,q—i-l:Q,l
r=0 k=0

[ L= :,1]: (0 A1y (v DI Y :(1=B:1), (o ) :
Lo (85, Bj)ims (B +7,Bj)mt1,q, (L —v:v): (0:1),(1—y—a—F—pk:1):

h,b_las_lz_l] ufj—w, (6.4)

when, m+1<j <gq.

[N/M] k

b A A\’
> (=N)urdnal(a = + Mk)(y(/ll:,rz)u) <1 + VS) <3 + V>
k=0 '
0,1:myn:l,1 [ 1 —v:v,1] (a5 Aj)ips (oo )i (1 =0:1), (e ):

Lol (B, Bigy (L= :iv) i (0:1),(1+y—a—B—pk:1):

h (1 + A) bt (a:_l — )\) z_l}
Vs
[N/M]

> " z)H)k I
= Z Oe/v)’ Z (—=N)mrdngl (o — v + uMW-Hﬁ’&;’L’Zi’il
r=0 ' k=0 '
[ 1=, 1] (a5 Aj)ips (oo J:(1=0:1), (e ) :
[ (BjsBjig, A +r—7:v):(0:1),Ql—y—a—F—pk:1):
h, b_lx_lz_l] ST (6.5)
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