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ABSTRACT : This paper deals with the performance evéluation of a Milk Packing
System involving two essential components viz. one main unit and two associate units.
Associate units depend upon main for functioning. Only one repairman is used for
repairing the failed components of both the units. Taking exponential failure rates and
arbitrary repair rates, various system effectiveness measures such as transition
probabilities, mean time to system failure, availability, busy period of repairman are
calculated. At last profit analysis is done on the basis of above measures.

1. INTRODUCTION

This chapter deals with the analysis of a milk packing system having three
independently functioning units namely main unit and two associate units. The
processing on any typical milk packing system is carried out using these units. In the
past, Mohammad El-Moniem Soleha et al have done reliability and availability
characteristiés of a two dissimilar unit cold standby system with three modes using
linear first order differential equation. Arora et-al have done reliability analysis of two
unit standby redundant system with constrained repair time. Gupta et-al have worked
on a compound redundant s{rstem involving human failure. Rander et-al have evaluated
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the cost analysis of two dissimilar cold standby system with preventive maintenance and
replacement of standby units. This model particularly differs from the other
models in the sense that the concept used in this model is based on the real situation.
This kind of analysis is of immense help to the system managers. Also the involvement
of preventive maintenance in the model increases the reliability of the functioning units.

2, ABOUT THE MODEL

The milk packing system consists of three independently functioning units namely
Guide roller, Sealing unit, Nozzle unit. Guide roller serves the purpose of Main unit in
this mode! and Sealing and Nozzle unit work as associate units. Initially, all the three
" units work without load. As soon as a iob arrives, all the units start working together.
First the job is processed in the main.unit called the Guide Roller. After it is processed
in the main unit, other two units do their work simuitaneously i.e. both the sealing and
the nozzle units are invoked instantaneously. Itis assumed that only one job is taken for
processing at a-time. There is a single repairman who repairs the failed units on first
come first served basis. Using regenerative point technigue several system
characteristics such as transition probabilities, mean sojourn times, mean time to
system failure, availability and busy period of the repairman are evaluated. In the end
the expected profit is also calculated.

3. ASSUMPTIONS USED IN THE MODEL

Guide roller unit is given preference over other unit for repair.

o o

Sealing section is preference over nozzle unit .

There is a single repairman which repairs the failed units on priority basis.

o

After random period of time the whole system goes 10 preventive
maintenance.

Q

e. All units work as new after repair.

£ The failure rates of all the units are taken to be exponential whereas the repair
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time distributions are arbitrary.

SYMBOLS AND NOTATIONS

E, = State of the system at epoch t =0

E = set of regenerative states S, ~Sg

2 = Job arrival Rate

q;;{t) = Probability density function of transition time from S, t0 S,
Q;;(t) = Cumulative distribution function of transition time from S; to S,

m(t) = Cumulative distribution function of time to system failure when starting
from state E, =S, cE

1;(t) = Mean Sojourn time in the state E; =S, cE

B,(t) = Repairman is busy in the repair attime t/E; =S; cE

r, /1y /r; = Constant repair rate of Guide roller/ Sealing unit/ Nozzle unit
oo /B/y = Failure rate of Guide roller/ Sealing unit/ Nozzle unit

g,(t)/ g,(t)/ g5t} = Probabiiity density function of repair time of Guide roller /
Sealing unit / Nozzle unit

G,(t)/ G,(t)/ G4(t) = Cumulative distribution function of repair time of Guide roller/
Sealing unit/ Nozzle unit

alt) = Probability density function of preventive maintenance

bit) = Probability density function of preventive maintenance completion time

Alt) = Cunulative distribution function of preventive maintenance

B(t} = Cumulative distribution function of preventive maintenance completion time

= Symbol for Laplace -stieltjes transform
¢ | = Symbol for Laplace-convolution
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5. SYMBOLS USED FOR STATES OF THE SYSTEM

G, /G4 /G, - Guide roller under operation/good and non-operative mode / repair

N, /Ng /N, /N, ~ Nozzle unit under operation/ good and non-operative-mode / repair/
waiting for repair

So/S4 1S, /Sy, ~ Sealing unit under operation / good and non-operative mode / repair/

waiting for repair

PM. — System under preventive maintenance.

Up States — Sg =(Gg.Ng.Sq) i Sz =GN, Sp)S3 =Gy N, S,): S = (G, Ny, S)
Down States —

S, = (G, /Ng.S,):S4 = (G, Ny S )i S5 = (G /Ny, Sg):S; = (PM.),S, = (SD)

6. TRANSITION PROBABILITIES

Simple probabilistic consideration yields the following expression for non-zero
transition probabilities

1. Py =a+§+7{1—a'{a+ﬁ+y)}, 2. Py =a+;;+?{1—a'(o.+8+7)}¢
i 3 Pas = OtHH_Y{1-a'(ot~1-|3+y}}. 4. Py =ala+B+y),

5. Pp=0s (0+B), 6. pzsta+ﬁl1—g‘ata+ﬁn.

7. P =aL+Bl1—g'3(a+B)l. 8. Pa =9 2(0) =g,

9. Pag =1-Q'2(a} =Psga. 10. Pyo = P43 =Pgz =P70 =Pgo =1
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It is easy to see that Po; +Poz +Pos +Po7 =1, Pao +P5 +Pg =1,

P30 +Pas =1, Pso +Psg = 1
and the mean sojourn times are given by,
15, ueftl= -:—l1—~a‘(x1)l. 16. u1(t)=j'§,(t)dt,
1 0
17, mpltt=——l-galatBl, 18 pglti=—f-g, (ol
2 a+B a ‘
19. Hult)= _[ G,(t)dt, 20. Mglt)= %H -g, (all,
1]
21 pelt)= [Gyltict, 2. wyit)=[E e,
0 0

-]

23, uglt) = [Gyltict
0

We define my; as follows
d =~
m-,i == EO”{S) s,ox O”f(O)
We can see that m12 +m13 +m14 +m17 = l.11: ITI“ +m45 +m46 = l‘l‘4

7. MEAN TIME TO SYSTEM FAILURE

(111

111-14]

[24-26]

Time #t0 system failure can be regarded as the first passage time to the failed

state. To obtain it we regard the down state as absorbing states. Using the arguments

as for the regenerative process, we obtain the following recursive relations for =(t) :

To(t) = Q1)+ Q) [S] 720+ Qoaft) [ ] maft) +Qgrlt)
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()= Qaolt) [5] molt)+Quslt) [5] mst) +Qaglt
7ialt) = Qgolt) E] 7o (t) + Qgy (1)
ns(t) = Qgyt) [ ] (t)+Qgglt) , (7.1-7.4)

Taking Laélace -stiltjes transform of equation 7.1 to 7.4 and writing in matrix
form, we obtained

1 -8y -8 0 |[f] |Qu*Q
"62ﬂ 1 0 "’625 ﬁz - 023 [
-0y 0 1 0 ||| |Qa
0 -Q, O 1 g késa ]
where
1 -Gy -Qp ©
D-I(S): -920 1 0 “025
-8, 0 1 0
0 "‘052 0 1

a
Ng (s)= 926 1 {1) —st
Qg -0 O

= (Qgy+Qq; +Qp3834)(1-Q,585,)+ 8,026 + Q20,505
Now letting s —> 0

D(0)=(1-p,sPs2 1-Po3P30) ~Po2P20 =Ny(0)
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The mean time to system failure when the system starts from the state is given by
_D}(0)-Ni(0)

s=0 D1 IO)

To obtain the numerator of the above equation, we collect the coefficients of relevant

of my in D}(0) -Nj(0) .

d
EBT)=——"
(T) dsno(s)

Coefficient of (Mg, = Mgy =Mgz = Mgy ) = 1-P2sPs2
Coefficient of (M, = My5 = Myg) = Py,
Coefficient of {mgo =My )= 903(1‘“p25952)

Coefficient of (Mg, = Mgg) = PpaPs

MrsE = Hol1-P2sPs2l+H2P02 + HaPosl~P2sPsal +15 P02 P2s

[7.5]
(1—p25p52)ﬁ"p03p30)—p02p20

8. AVAILABILITY ANALYSIS

Let M,(t)denote the probability that system is initially in regenerative state
S €E is up at time t without passing through any other regenerative state or
returning to itself through one or more non regenerative states .i.e. either it continues
to remain in regenerative S, or a non ¥éQenerative state including itself. By
brobabilistic arguments, we have the following recursive relations giving point wise
availability given as follows :

Aglt) =Mo(t)+agt) [C]A )+ agt1 [S] Ayt + agetti] €] Ayl1)
‘ +qo7(t}A7(t)

At =alt [c]ag

Ay(1) =My(1)+ 25000 [€] Agit)+ azsi1[C] Agttr+ azetts [S] Agtt)
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Aq(t) =My (1) + aso(t) [C] Aot +asati [C] AtD)

Alt)=ast)[C]As(1)
Ag(t) =Mg(t) +a5,(1) [C] Az (1) +aselt) [C] Aglt)
Ag(t) = aglt) [C] Aglt)
As(t) =gt [C]Aq(1)

Aglt)=dgolt) [C]A(D) 8.1-8.9]

Taking laplace stieltjes transformation of above equations and writing in matrix form

qlAs,ALLAS Ay AL AL AL A A's) = (My,0,M,M;,0,M;,0,0,0)
Where

Dz(S}=(1—q'34q'43}“1—q.n1q:o‘Q;nq.;-o)“‘q;sq:sz“q.zsq.sz)
*d‘ozqﬁzo"q:)zqésqisaQ‘sol—qloaqgon‘q;tsq:s:+q;6q;2]
N2(5}:ME:“"'C!'25Q.52“Q'zsqum‘q;aiq:tsHM;Q'ozn—q.saq’aa)
+M3 031~ 035057 =026 952) + M5 Q02 25(1-03443)
Now letting s — 0 we get D,(0)=0and

N,(0)=pgPaol1-P25Ps2 ~P26) + H2P02P30

+13P03(1-P25Ps2 ~P26) +H5P02P25P30
To find the steady -state availability we first caleulate

Mo (0) =Te‘*‘ Alt)dt=p,, M;(O}=je*‘“+““e_3{t) dt=p;
0

0

M, (0)= [e™G5lt) dt=pg =5
0
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Using relations :
0

Thus the steady-state availability of the system when the system starts from
S, cE is obtained as follows :

Aol = LimAj(s) = gi%

To obtain the value of D;( 0) we collect the coefficients of relevant my; in D,(s)
Coefficient of (Mg =My, =My3 =My;) = P3gl1-Pag —Pa5Ps2)
Coefficient of My = Po1P3o{1—P26 ~P25Ps2)

Coefficient of {Mzg =Mys =Myg) = PgaPap
Coeffic_ient of (Mg =Mg,) = Pgal1—Pag — P25 Ps3)

Coefficient of My3 =PgaPas(1-Prg —P2gPs2)

Coefficient of (M5, =Msg) = Poz P25P30

Coefficient of Mgy = Pga P26 P30

Coefficient of My = Po7 P30 (1P ~ P25 Ps2)

Coefficient of Mgy = PagPo2 Pas Psa

~.D5(0)=1oP3o(1-P 25 ~P25Ps2) + H1Po1P a0 (1-P 26 ~P 25 Ps:)
+H1yPo2P30 +HaPoal(1-P2s —P2sPsp)
F1aPo3Pasl1-P2s ~P25Psa) + 5Po2P2sP 3o+ HePo2P 26 P30
+H7P07P30{1-P2g ~P25Ps2)+ HeP30Po2P25Pss

N0 - -
5 Agloo) = =2
0 —T*DZ(O) [8.101
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9. BUSY PERIOD ANALYSIS

(a) Let W(t) denote the probability that the repairman is busy initially with re-
pair in regenerative state S; and remain busy at epoch t without transiting to any other
state or returning to itself through one or more regenerative states.

Wilt)= W, (1) = We(t) = Gy(t), Walt) = Gylth= Wx(t), Wy(t) =Gylt)
By probabilistic arguments, we have

Developing similar relationship in availability, we have

Bo(t) = Qoy(t) [C]By(t) + agat) [C] Byt +apstti [C]Byt0)
+q07(t)B7(t}

By(t) = Wi(t) +a0(t) [€] B (1)

B, (1) = Wy(t) [C]+ an(t)[C] Bolt) +azst) [C] Bstt) +az(t) [C Bett)

By(t) = Wy(t) + a0t [C] Bolt)+ azal) €] B4l)

B (t) = W,(t) +qa(ti[ ] Bylt)

B (t) = Wy(t) + a5, () C ] By(t) + agetti[S] Bglt)

By(t) = Wy(t) +qgy(t][ C] B, (1)

B,(t) =a (1) C] Bo(t)

Bg(t) = agolt)[ C] Bo(t) 9.1-9.9]

Taking taﬁlace? stieltjes transformation of above equations and writing in matrix

form

q(B;.B;,B3,B5,By Bs,Bg By, By) =(0, W), W, Wy , W, ,W; ,W; 0,0/
Where
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Ny (5) = W] G, (1- G55 Os3 =026 G621~ 034 Taa) + W5 Qg (1- Q34 05 )
+W; Qg3 (1-025 952 — G126 Az )+ Wi Qo3 Q34 (1- 025 G52 ~ 026 Gz
+W; Qo Q26 (1- Q34 Qa3 )+ Wo G2 Q26 (1- Q34 Qi)

Now letting s — 0 we get ]

Ny (0)= H1Po1P30{1-P2g —P2sPs2 )+ H2P02P 30

+13Po3{1-P2g ~P2sPs2) + HaPo3P 34 (1-P 26 ~P25Ps>)
+H5Po2P25P30 +HePo2P26P30

N,(0)
D3(0)

(b} Busy period of the repairman in the performing preventive maintenance

Therefore By ()= [9.10]

Here W, (t) =B(t). using similar argument as in 8(a), in the long run the frac-
tion of time for which the repairman is busy in preventive maintenance of the Guide
roller we get -

Ny(s)= W; Q'rn “'CI'zs q.sz *‘qize "1"CI'34 q.-ua)
Now letting s — 0 we get

N,(0)
D3 (0)

. {c) Busy period of the repairman in preparation of the shut down condition.

N, (0) = 1,D07Pa0 {1~ Pys — Ga50s,) . Therefore By (oo} = [9.11]

Here Wglt) z-G;(t} , Using similar argument as in 8(a), in the long run the frac-
tion of time for which the repairman is busy with shut down repair of the Guide roller
we get

N5 (s) = W5 G2 025 U56{1- Q34 Ga3)

Now letting s — 0 we get

N (0) = 15030 Po; P2sPsg Therefore B’ () = -g—?% [9.12]
2
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10. PARTICULAR CASES

When all repair time distribution are n-phase Erlangian distribution i.e.

1 _-nit
nr(nnt)" e

Density function @;(t)= Z n_1l

= j n=nrt
and Survival function Gi(t)= g%
and other distribution are negative exponential

alt)=0e™, b{t)=ne™, A(t)=e", B(t)=e™
Forn=1 g;(t)=r,e™", G,(t)=e™
fi=1.234  gt=re™, gtl=ro™", gylh=rze™ ' g lt)=r e
Gi)=e™. G,lti=e™'. Gyti=e™" , G,lt)=e™"

Aiso  Pig =1=Ps3 = Pg2 =P70 =Pao

T o ¥ B )
~-¥%t -0t
pm=]ae Ye T dt= Po2 = Poz = Po7 =
5 X;+8° 02 +9r X, +0 7 X, +0
T . ] a
| ol Hfi -t _ 3 _ _
Dzo*je ne ™ dt = , P25 = , P =
) X, +f Xy +1y Xy +103
i s b & o r Bies a
N atn ot 2 ot Y a+n

Herealso Po;+Po2+Poa+Po7 =1 Ppo+Ps+Ps=1

p:‘w +Pas =1 Psy+Psg =1

1 1 1 1 1

L M= By = P M
x40 " LT x40 T atn f

Ho =
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* a+h’ . n' 7 n’ ° fs

Where x;=oa+B+7y, X, =a+p

MTS Ko +K; +K5 +K
= E — 0 2 3 §_
Availability = A"olec) = Lo+l +Ly+Ls

L0+L1 +L2 +L3 +L4 +L5 +L6 +L7 +La

Ltz +l +lg+Lg

Busy Period B, (a0} .

i=1
Bl =gl By (o) =
L 2L
=1 =1
1 B r Y
Kn = 1- - ' K, = Y
Where %o x1+0[ (x2+r3)(a+r2)] 27 (xp +13 X, +6)
: 1 ﬁ F-I_ B rZ K i BY
3= o TR '
0+ (X +0) | Xp+h atry (o +1,)(%p +05)(x, +6)
b 1 ly i - B h ____ &
DU H0larn) [ g+l atn) (+n) ]

L |4 B n_ __a
T X 40la+n) | (xRl otn) (x+5) ]

L= 1 f ¥
27 Xy 41y (o 45) (G4X)
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L= ﬁ 1 i B r2 e o
3T % 40 (o +n) | (G +R)la+n) (X +5) [

L41Ba[1ﬁfz a.]'

T X +0 (@) _{xz+r3}(a+r_zl—{x,+r31)

e 1 Y B f2
5T o4y X 40 (xy +05) (a+6)

__1_ Y a f
® X +01(x, +6) {o+n)

1.6 __ B L __«a
ir-'11)(1+8(t:-'.+r2) (xy +73) (o +1y) (X, +05) |

1 v B a fy

T X +0 06 +0) (a+h) (a+r)

g

11. PROFIT ANALYSIS

The profit analysis of the system can be carried out by considering the ex-
pected busy period of the repairman in repair of the unit in (0.t]. Therefore,
G(t) = Expected total revenue earned by the system in (0,t}-Expected repair cost of the
failed units-Expected repair cost of the repairman in preventive maintenance.
= Cypyp (1) =Copp—Cakpa—Cakes
Where,

t t
aolt) = Agltidt, ppy(t)= [By(tict,
0 0

t -
nea(t) = [BR(1)GL; Mea(t) = [B3(t)dt
0 1]
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STATE TRANSITION DIAGRAM

Y gZ{t}

Nr

g,(t)

' A g,(t}

Sg

Gr

Nwt
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Sg S,
Shut Down P M.
glt)y
S S
0 g‘“) i
Ge o Gr
So No Sg Ng
B ar:
g, t) A yB
83 Sl
o
Go Gr
Sr Ng Swt Ng
g,(t}

D upsute

Down State

[ ] Regenerative State
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