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‘ ABSTRACT : The concept of on the curvature inheritance in Finsler space |l has
studies by Singh [4]. In the present paper, we study affine curvature inheritance in
- an NP-F, . Some special cases are also considered at the end.
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1. INTRODUCTION
K.Yano 2] defined a set of parameters

. i
. _ .
My =Gipn ~——Gipr » (1.1)
kh = Gn o +1ka
. which forms a connection catled the normal projective connection. The functions
nLh, GLh and G}kh are symmeric in their fower indices and are positively
homogeneous of degree zero, zero and-1 respectively in their directional arguments.

The functions G:-k are the Berwald's connection parameters. The derivatives

t

i gt i 1 o i
n'ikh=ajn&h=Gikh~m(5;Gkh,+x'GEkh,], “2)

is symmetric in k and honly and is positively homogeneous of degree -1 in directional
arguments. Therefore, the following relations which will be used in our discussion
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follow from (1.1) and (1.2):

al I}, X =T, X =G, b I =Gy;.
iyl i 2 .
o) XM, =0 d nikh=mqkh'
e) niiki;G:'klzniiik' (1.3)

The normal projective connection parameters define the projective convariant
derivative :

V X' =9 X' = (5, X' )1k, X" + XTI}

(8, =8/0x" 8, =8l0x"), (1.4)
and preserve the vector character of X . In particular, this derivative vanishes for X
The corresponding curvature tensor N}k n{X,X) tensor so-called, by K. Yano, the
normal projective curvature tensor, is given by

Ny = 240 Ty, + My Mg X™ + T T ) (1.5)
DEFINITION : The manifold F, with normal projective connection parameters HL h
and the normal projective curvature tensor N}k n is called the normal projective Finsler
manifold which is denoted by NP-F, .

The normal projective curvature tensor is skew-symmetric in j, k indices and
is a homogeneous function of degree 0 in directional arguments, so by definition we
have

a) N}kh?—NLih, b) NiyX'=0 . (1.6)

The contraction of N;kh with respect toi, j ; i, kand i, h give
. , .
a) Nign =Nen . b) Niih= :ih":"'Nih'

and c) Nijki = Zle i (1.7)
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repectively, where [k j| represents the skew-symmetric part.
The covariant derivative gives rise to the commutation formula
il wh A vl oh
ZV“VHX =lehx -lﬁlxllN,th {1.8]

together with the normal projective curvature tensor Nijk,, . Interms of the contracted
tensor Ny, = Nikh there is defined a tensor

Mxh=‘;"'2'1:?(”N<h +Ny) (1.9)

and the Weyl's projective curvature tensor Wi, is given by K. Yano [2]
‘ i i i i
ijn =N;kh+2{8;ij}h"Mliklsh}* (1.10)

The commutation formulae for any general tensor, involving the curvature
tensor, are given as follows K. Yano [2]

2V[kvthi]=N:(thil"N:{hi.ni”(élql}i’N::hm*ma _ (1.11)
(3jvk =V é‘)jn-ria =ni’k!T!:_nlikthi"n'ikm *m(énT:J- {1.12)

The Lie-derivative of a tensor Tii and the connection coefficients I‘l}k defined
by an infinitesimal transformation
X =x +ev(x) (1.13)

are characterized by K. Yano 2]

£T = VNV, T =T, V) + TV V) 448, THT V)R (1.14)
and

EIT, 2V, V, V' =Ny VP + T, (V)X (1.15)
respectively.

The commutation formulae with respect to Lie-derivative and other for any

tensor T;, are given by
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£{V|Tiik)“vll£-riik)={£mhn.ihk -(£11 ril)Trik
—(£T0,) T — (£1T)X™ (8, Ty, ) (1.16)

and

a,(sT,-‘.‘)—;(é,T;k)=o. ' (1.17)

The Lie-derivative of the normal projective curvature tensor N} ;,, is expressed
in the form

vk(zn;h}_viun;h)=£|\¢,.h+(£rr;m15<’“n:ih)-(£n;m}s<"‘n‘,k,,. (1.18)

The infinitesimal transformation (1.13) defines an affine motion, it satisfies the
condition by Misra and Meher [5]

£IT, =0 (1.19)
2. AFFINE N-CURVATURE INHERITANCE

Singh [4] defined the R*-curvature inheritance as an infinitesimal
transformation with respect to which the Lie-derivative of Berwald's curvature tensor
R *Ekh is the relation of the form

ER*p = * (X)R %y, (2.1)
where o *(x) is non-zero scalar function.

' Inthe presenf papér, we consider the infinitesimal transformation (1.13) which
admits an affine motion in a NP-F,. Now we define and study the infinitesimal

transformation (1.13) which is an affine motion in a NP-F,.
DEFINITION 2.1 : In an NP-F,, if the normal projective curvature tensor field
iik,, satisfies the relation
£N}kh = G{XINiikh * {22)

where a(x) is non-zero scalar function and £ denotes Lie-derivative defined by the
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infinitesimal transformation (1.13), then the transformation (1.13) is called an affine
N-curvature inheritance.
Contracting with respect to the indices i, j in (2.2), we get

ENp =aNgy. ' (2.3)
is called an affine Ricci-like N-curvature inheritance. |

Applying Lie operator to both sides of (1.9) and using (2.3) and (1.9), we
obtain

Applying Lie operator to both sides of (1.10), using {2.2), (2.4) and (1.10), we get
EWy, = (X)W (2.5)

By virture of (2.2) and (1.19), the equation (1.8) reduces to
a(xINj, =0 (2.6)

by using (1.6)a.
Since o (x) is'a non-zero scalar function, we have

Niyp=0 2.7
Accordingly, we have

THEOREM 2.1 : in an NP-F,, which admits an affine N- curvature inheritance, if
the space is flat.
Contracting with respect to i, j in {2.6) and using {1.7)a), we obtain

a(x)N., =0. (2.8)
Since a (x) is a non-zero scalor function, we get
Nk == 0‘ ‘2«9}

Thus, we state:

COROLLARY 2.1 : In an NP- F,, which admits an affine Ricci-like N-curvature
inheritance, if the space is flat.

Employing Lie operator to bath sides of {1.10) and using (2.4), (2.5),

Theorem (2.1) and corollary (2.1), we obtain
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a (X)W, =0. (2.6)
Since a.(x) is a non-zero scalar function, we get

Thus, we state:

THEOREM 2.2 : In an NP -F,, which admits an affine N - curvature inheritance, if
the space is projectively fiat.

Applying the commutation formula (1.16) for N}H,. using the equations (2.2) and
(1.19), we get

£(V|Niikh}*v1{a‘x,N}kh}=0- {2.11)
The equation (2.11) assumes the form

£(V\Niy ) =alX)V,Niy p. (2.12)

If the gradient vector field V,a =a, is zero.
Hence, we state :
LEMMA 2.1 : When an affine N-curvature inheritance admitted in NP-F,, the

derivative of the normal projective curvature tensor N‘jkh satisfies the inheritance
property (2.12) provided the gradient vector field a, is zero.

3. SPECIAL CASES

In this section, we discuss the following important cases :

(a) CONTRA FIELD : In an NP-F,, if the vector field v'(x) satisfies the relation by
Mishra and Yadav (6]

V}Vizo,' 13.‘”

then the vector field V' (x) spans a contra field.
Here we consider a special infinitesimal transformation

X =x+evi(x), V;v'=0, 3.2
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which admits an affine motion in NP-F, . It is assumed that the relation (2.2} is also
satisfied in NP-F,, then the transformation (3.2) defines an affine N-curvature
inheritance.

Employing the equations (1.19) in (1.15, we obtain

0=V, V, V' =Ny V" + T, (Vv
If v'(x) spans a contra field, it reduces to
Nij V" =0. (3.3)
In addition the integrability condition of affine motion gives
ENf V' = VNG V" =0 3.4)

In view of (2.2), the equation (3.2) implies that the space is flat.
Hence, we state !

THEOREM 3.1 : in an NP-F,, which admits an affine N-curvature inheritance of
the following conditions:

i) the NP - F, is flat

i) N v"=0

i) VN V" =0

holds good.

(b) CONCURRENT FIELD : In an NP-F,, if the vector field v/(x) satisfies the

refation
Vi v = 06}, {(3.5)
where ¢ is a nbn-zero constant then the vector field v'(x) determines a concurrent

field.
In this section, we consider the infinitesimal transformation

X =x+ev'(x), Vv =c8, (3.6)
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which admits an affine mation and defines an affine N-curvature inheritance
inNP- F,.
The covariant derivative of (3.3) with respect to x' and using (3.5}, we get

. y

Applying Lie operator in above equation, using (2.12) and (2.2), we obtain

a(x)V,Ny;, v" +alx)cNj; =0 (3.7)
Since alx) is a non-zero scalar function, we have

ViN:‘];k Vh =CN2|k {3-8)
in view of the equation (1.6)a.
Hence, we state:

THEOREM 3.2 : In an NP - F,, which admits an affine N-curvature inheritance, if

the vector field yi(x) determines a coccurrent field, the relation (3.8) necessarily
hold.

Let us assume that the space under consideration is a RNP-F, and the
transformation (3.6) defines an affine N-curvature inheritance in it. In this case the
relation (3.8) assumes the form
Accordingly, we state :

THEOREM 3.3 : In an RNP-F,, which admits an affine N-curvature inheritance, if
the vector field v'(x) determines a concurrent field, the relation (3.9) necessarily
hold.
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