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ABSTF{ACT!: In this paper, some properties of recurrence parameters in birecurrent
GF - Manifold have been studied.

1. INTRODUCTION :

Consider a diffrentiable manifold Mn of differtiability class C” . Let there be
in Mn, a vector valued linear function F of class C* satisfying the algebraic equation

_ daf 2

X=a"X, (1.1)a
for arbitrary vector field X and complex number a, where

__ daf

X=FX. (1.1)b

Then {F} is said to give to Mn a general differentiable structure briefly known
as GF-structure defined by equations {1.1)a and the manifold Mn is called GF-manifold'.
If the GF-structure is endowed with Hermite metric tensor g, such that

alX,¥)+a’g(X,Y)=0 (1.1)c
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Then {F.g} gives to Mn, a Hermite structure or H-structure subordinate to

GF-structure.

AGREEMENT 1.1 : In what follows and above, the equations containing X, Y, Z,

..., etc. hold for arbitrary vectors X, Y, Z, ....., etc. in Mn.

Let K denote the curvature tensor in Mn. Then the following equations hold®:

K(X,Y,Z)=K(X,Y,2)
K(X,Y,Z)=a*K(X,Y,Z)
Ric(Y,Z) =g(rly).Z), Ric(Y,Z)=(CIK)Y,Z)

Ric(X,Y) = -a%Ric(X,Y), (Cir)=R
Ric (X,Y) = -Ric (X,Y),

(1.2)a
(1.2}b
(1.2)c

(1.2)d
(1.2)e

where r is the self-adjoint Ricci map and C} is the contraction with respect to first

slot.
The manifold M_is said to be recurrent?, if

it is said to be Ricci-recurrent, if

(VRic)(Y,Z,U) = A, (U)Ric(Y,Z),

where A, is a non-vanishing C* 1-form.
The manifols is said to be birecurrent®, if

(VVKNX,Y,Z T, T,) = AT, T, )K(X, Y, 2),
it is said to be Ricci-birecurrent, if

{VVHiCN‘Y,Z,TA',Tz } = Az(TpTz )HIC(YFZ)I
where A, is a non-vanishing C* 2-form, such that

Az(TpTz )= (VA1)(T1;T2') + A|(T1}A2(T2).

The curvature tensor K satisfies the following Ricci-identities :

(1.3)a

(1.3)b

(1.4)a

(1.4)b

(1.4)c
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(VVKUXY.Z T V)= (VVKAXY,ZV,T) =K(V,TK(X,Y,Z))

-K(K(V,T,X),Y,Z)-K(X,K(V,T,Y),Z)-K(X, YK(V,T,Z2)). (1.5)

LetQ, a vector - valued trilinear function, be any one of the curvature tensors K, W,
C.LorV.

A GF-manifold is said to be {_1 )-recurrent in Q3, if
2(VQ)X,Y,ZTH+QIVF(X,T).Y,Z) =a* A(T)Q(X,Y.Z), (1.6)

where A, (T)is a non-vanishing C* function.
A GF-structure manifold is said to be (1)-birecurrent in Q4, if

2 (VVQ)IXY,ZT.S)+(VQ(VFIX,T),Y,ZS)+(VQI(VF)X,S),Y.ZT)
+Q((VVF)X,T,S),Y.Z) =a? A,(T,S)Q(X,Y,Z), (1.7)
where A,(T,S) is a non-vanishing C* function.

2. RECURRENCE TENSOR FIELD

THEOREM 2.1 : In a (1)-birecurrent GF-manifold the recurrence tensor field A,(T.S)
is non-symmetric.

PROOF : Interchanging T and S in equation (1.7) and then subtracting the resulting
equation from equation {1.7), we get

a?[(VVK)X,Y.ZT.S)-(VYKIX,Y,ZS,T)+K(VVF)X,T,S)
—(VVFUX,S,T),Y,ZI=a°[A,(T,S)-A,(STIK(X,Y,Z).  (2.1)

Using Ricci-identities for K(X,Y.Z) in equation (2.1) and then using equation (1.1)a in
the resulting equation, we get

a?K(S, T.K(X,Y,Z))-a’K(X,K(S,T,Y),Z)-a’K(X,Y.K(S,T,Z))
~K(K(S,T.X)Y,Z) =&’ [A,(T,S) - A,(S,T)K(X,Y,Z). (2.2)

The equation (2.2} proves the statement.

NOTE 2.1 : Theorems of type (2.1) can also be proved taking (2), (3), (12), (13), (23)
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and (123)-birecurrent GF-manifold instead of (1)-birecurrent GF-manifold.
THEOREM 2.2 : In a (1)-birecurrent GF-manifold, the recurrence tensor field A (T,S)
satisfies the relation

a’A(UN(ALT.S)-A,(S, THKIX.Y,Z) ~-K((VF)K(S,T.X),U).Y,Z)

~K(K(S, T(VF){X,U),Y,Z) = a>((VA,)(T,S,U)
— (VA NS, T,UNKIXY,Z). . (2.3)

PROOF : Differentiating equation (2.2) covariantly and then using equations (1.3)a
and (2.2) in the resulting equation, we get the egaution (2.3).

THEOREM 2.3 : If the GF-manifold is birecurrent and (1)-birecurrent for the same
recurrence parameter, then we have
32A1{U)(A2(T,S) -A,(ST))= aZ((VAz(T,S,U) -(VA NS T,U)). (2.4
PROOF : Interchanging T and S in equation (1.4)a and then subtracting the resulting
equation from equation (1.4)a, we get
{VVK}(X.Y.Z,T.S}-(VVK}(X,Y,Z,S,T)
=(A,(T.S)~A,(S,THK(XY,Z). (2.5)

Using Ricci-identities in equation (2.5)and then comparing the resulting equation with
the equation (2.2), we get

K(K(S,T,X)Y,Z) = a*K(K(S,T,X),Y,2). (2.6)
Using equation (2.8} in equation (2.2), we get
a’K(S, TK(X,Y,Z2))-a*K(K(S,T,X),Y,Z) - a®K(X,K(S,T,Y),2)
—a’KIXY.K(S,T.Z) =a%(AT,S) - Ay, THKIX,Y,Z).  (2.7)

Differentiating equation (2.7) covariantly and using equations (1.3) and (2.7) in the
resulting equation, we have

a AUNAL(T,S) - AS, THKIX,Y.Z)
=a?((VA,NT,SU)=(VAS, TUDK(X,Y.Z),
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which gives the equation (2.4).
THEQREM 2.4 : If the GF-manifold is birecurrent and (1)-bhirecurrent for the same
recurrence parameter, then

az(AZ{K(U.V,S),TH A (S KUV, T)=A,(K(UV,T),S)-A,(T.K(UV,S)}

=22 (A,(T,S) - A{S, THUVANUV)=(VANV,U)). (2.8)
PROOF : Differentiating equation (2.4) covariantly and using equation {2.4), we get

a2 (VVANT,S,U,V)-a*(VVA,)(S,T,U V) =a%(A,(T,S)
—ASTINVADUV)+a2(A,(T.S) - AyS,THAUIA(V). (2.9
Interchanging U and V in equation {(2.9) and then subtracting the resulting equation
obtained from equation (2.9), we get
aA(VVANT,SUV)-a(VV A, IS, T,U, V) =a*(AyT,S)
= AUSTHUVANUNV)=-(VA)V,U))
+AVVAT.SVU)-a2(VVA ST, V.U (2.10)
Also, from Ricci-identities for A (T.S), we have
(VVANT,SUV)-(VVA,NT,S,V,U)
=-A,(K(U,V,T),S) = A,(T,K(U,V,S)). 2.11)

‘ Interchanging T and S in equation (2.11) and then subtracting the resulting equation
obtained from equation {2.11), we get

(VVANT.SUV)I=(VVA NS, T,UV)=-A,(K(UV,T),S)
— A (T, K(U,V,S) + A (K(U,V,S), T)+ A (SK(UV,T))
LV VANT,S,V,U)=(VVA,)(S,T.V.U). 2.12)
From the equations (2.10) and (2.12), we get the equation (2.8).

NOTE 2.2 : Theorems of type (2.2), {2.3) and (2.4) can also be proved taking {(2) or
(3)-birecurrent GF-manifold instead of (1)-birecurrent GF-manifold.
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