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ABSTRACT : There are three Einds of torsion tensor in Cartan’s theory of Finsler
spaces. Two of them are (h) hv-torsion tensor C;;, and (v) hv-torsion tensor P, ,
which are symmetric in all their indices and both are indicatory tensors.
Mathematicians have studied various interesting special forms of these torsion
tensors. For example C-reducible [2], semi C-reducible [6], C2-like [6] and C3-like [9]
Finsler spaces are based on the special forms of C, ik Where as P-reducible [1] [5]
and P-symmetric [5] Finsler spaces are based on the special forms of P, . In the

present paper we shall discuss another special form of P, .

1 INTRODUCTION

DEFINITION : A Finsler space F" (n > 3) is called P3-like, if there exist four scalars
A, B, C, D and two linearly independent vector fields X, Y; which are positively
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homogeneous of degree O in " yi' (briefly, {0)p-homogeneous) and satisfy
Pik = AXX; X +BY Y, Y + Corg e (X X Vi b+ D (XY, Y 3 (1.1)
where 7, {... } denotes the cyclic interchange of i, j, k and summation. For instance
T (AB,C )= AB,C, +A B, C +AB,C,
and there exist no scalar y and vector field Z; satisfying P;, =y Z,Z, .
Since P, of every three dimensional Finsler space may be written in the

form of (1.1) [see theorem (2.1)], that is why we say F" (n > 3) as P3-like Finsler
space whose P, is of the form (1.1).

A P3-LIKE FINSLER SPACE -

We are concerned with P3-like Finsler spaces. First we prove

A B
PROPOSITION 2.1 : The matrix | B C/| is of rank two.
C D

PROOF : If the rank is one then there exist scalar A such that B = AA, C=AB,
D=AC.Byputting U, = X; + 1Y, (1.1) reduces to B, = AU;U,U, whichis contrary
tq a condition for the P3-like property.

We again consider the equation (1.1). Indicatrization of (1.1) leads us to
P hlahlb b = AX, X, X, +BY, Y, Y, + Crpgp o (X, X, Y, )
+0Map o) {1 X, Vp Yo ) (1.1)'
where hla =g'®h,,, h,, =0, -, and we put X, = X;hs, Y, = Y;h'a. Then X,

and Y, are linearly independent.vectors such that X, =Y, =0, where and in the

following the subscript 0 indicates contraction by yi. in fact if Y, =pX, for some
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scalar p then (1.1)" is written in the form B, =(A +Bp®+3uC+3Dy° )X, X X,
which contradicts the definition of P3-like space. We thus may assume that X; and
Y, are orthogonal to the supporting element y'.

It is obvious that X; and Y, may be taken as unit vectors, by suitable
modification 6f scalars A, B, C, D. Further it may be supposed that X; is orhtogonal

to Y,. If ; is not arthogonal to X;, then we take the vector
W=Y,—(XY)X, (XY)=g'XY =0
. Itis clear that this is orhtogonal to X; and B, is written in a similar form (1.1) in

terms of X; and W,. Consequently this leads to
PROPOSITION 2.2 : In the equation {1.1) it may be assumed that

Xy =Yy =0, gXX=gYVY=1 gxXY=0.
Throughout the following we shall suppose that in the definition (1.1} of P3-like Finsler
space X and Y, satisfy the assumptions in proposition (2.2).

From X y =Yivi =0, taking v- covariant derivative of this equation with
respect to CI” gives

X[iy'+%;=0, Y|y'+Y;=0. 2.1)

If the vector fields X; and Y; are v-covariantly constant then from (2.1) it follows that
X: =Y, =0, which is a contradiction. Hence we have the following
PROPOSITION 2.3 : The vector field X and Y; in P3-like Finsler space is not v-
covariantly cgnstant.

The concurrent vector field has been defined by Matsumoto [4] and Tachibana
[12]. The semi parallel vector field, the semi parallel h-vector field and the concircular
vector field have been defined by Singh and Prasad [10], Singh and Kumari [11] and
Prasad et all [8] respectively. In all these works the vector filds are v- covariantly
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constant. Hence we may state that

PROPOSITION 2.4 : The vector fields X; and Y, occuring in P3-like Finsler space
is neither of any of the following:

{a) a concurrent vector field, (b) a semi parallel vector field,

{c) a semi parallel h-vector field, (d) a concircular vector field.

Next we consider the three-dimensional Finsler space F3 in which the Moor's
frame (I, m; ;) play an important role. With respect to this frame, the metric tensor

and (h) hv-torsion tensor are respectively given by g p=hl+my m; +n;n; and

LGy =Hmym;my =g mymyn b+ I imymyn Y+ Inyneny (2.2)
where H, |, J are main scalars of three-dimensional Finsler space F? such that
H + | = L C [3]. Taking h-covariant derivative of (2.2) with respect to x" and using
my =n; hj. My =y h; [3] then confcracting the resulting equation with yh . we have

+ (‘“" Jj + (H -_— 2”h1 }n(ijkl {mi mj nk } + “.1 it 3Jh1 )u(iik} {mi HI l’lk }, [23]

where H, =L HIO and h, =h, I'. Equation (2.3) is of the same form as (1.1) with
A = H}1 +3Jh1,B: J,'l +3Ih1,c = _J"[ +(H“"'2I)h1,D =I,1 _3Jh1 and xi ='T1i,Y} =ni .

THEOREM 2.1 : Every three dimensional Finsler space is P3-fike.

3. FOUR-DIMENSIONAL P3-LIKE FINSLER SPACE

L]

Consider the four-dimensional Finsler space F? in which the Moor’s frame
(t,m;,n;,p;) plays the important role. For this frame, the metric tensor and (h)

hv-torsion tensor are respectively given by [7] g, j =kl +mym, +nyn; +p;p; and
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LGiji =Hmymymy +Jmyn;ny +H'pp; oy + I {mymyny 3+ Ko {mypy oy 3
=+ Dm0 tmyyn b+ P Ay p o+ J g Aoy oy )
—(H+ )1 {mymy p }+ Ko (s (o + 0 )1, (3.1)
where H, 1, J, K, H', I, J', K" are main scalars of four-diﬁensional Finsler space =
such that H + | + K = L C. Differentiating (3.1) h-covariantly with respect to X",
using [7] my; =ny h; +p; . My = - h; +pik;, Py = - Ji—nik;, then contracting with
yh and putting hy =h, y = Lhy, Hp =H; y = LH, etc, we have
Pk = Ciikjo =[H; +3(J+J)hy + 3(H'+ ) j; Jmym; my
+[J; +3Ihy =3Ik Inynyny + [H+3Kjy + 3J°k4 Ip; p; Py
+=(J+J) 5+ (H=21hy = 2K j; + (H+ )k, D) {mymy ny )
+1=(3J+2J)hy =], = 2K'ky I ) fmy gy }
© 4K, = 'y = (BH421 ), + 2K'K, It g (i, B )
+[J 1 +Khy + 2Ky = (H' =21 )ky I A p; By )
+{I 1 +2K 0y + 1y + (I =200k, I {mynipy )
+[=(H+'); =2K"hy + (H=2K)j; = (J+ I )K; D7) iy mipy
+[K" (=(H'+21)h, - (J+2J)j,
+{1=KIkq Iz Iy pe + My {3.2)
Let X, and Y, (@ =1, 2, 3, 4) are scalar components of X; and Y; respectively

with respect to Moor's frame (,m;,n;,p;) i.e.
Then Xy =Y,y =0 implies that X; =Y; =0 and g''X; X, =g'"Y, Y=1,

g X; Y, =0 implies that
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X2 + X2+ X2 =1, Y2 +Ys  +Y2 =1,
XKy i Xig Vi + Xy Yy =0
If F4 is P3-like Finsler space, then from (1.1) and (3.3), we get
P« =[AX® +BY,® +3CX,? Y, +3DX, Y, Imym;m,
+IAX2 +BY,% +3CX,7 Y; +3DX5 Y52 Inynyny
+IAXE +BY,® +3CX,? Y, +3DX, Y,* I;p; Py
HIAX,2 X, +BY,2 Yy +CIX,2 Y3 +2X, X5 Yp)
+D(Y,2 X3 +2X, Y, Yg ) Imgy (mymyny )
+IAX, X2 +BY, Y2 +C(Y, X5% +2X, X5 Yy )
+D(X2—Y32 +2Y, X3 Yg w0 {my iy }
+IAX, X2 +BY, Y, 2 +C(Y, X, 2 +2X, X, V)
+D(X; Y2 +2Y, Xg Yo Mg (i py i}
+IAX; X2 +BY; Y 2 +C(Y3 X2 +2X5 X, Yy)
+D(X5 Y42 +2Y3 Xy Yo ) mgip (00 Py )
+IAXS2 Xy +BYa? Y +C(X52 Y +2Y, X5 X, )
+D(Y5? Xg +2Y3 X5 Yo Vmgi 00y oy )
FIAX2 X, +BY,2 Y, +CIK2 Y, +2Y, X, Yy)
+DUY,? Xy +2Y, X, Yo ) mg 0 (mymy oy )
+FIAK, X X +BY, Ya Yy +CUXy X3 Yy + Yo Xg X +X; Yy X))
+D(X; Y3 Yg + Yo Xg Yg + Y, Ya X ) {mym;n.}

Comparing (3.2) and (3.5), we have

(3.4)

(3.5)
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AX,2 +BY,? +3CX,2Y, +3DX, Y,2 =H, +3(J+J)h,

+3(HH)j;. (3.6)a
AX;® +BY,* +3CX,2Y, +3DX, Y,? = J, +3lh, - 3'k,. (3.6)b
AX, 2 +BY, +3CX,?Y, +3DX, Y,? =H.,+3Kj, + 3Jk,. (3.6)c

AX,2 Xq +BY,2 Y +C(X,2 Vg +2X, X5 Y, ) +D(Y,2 X5 +2X, Y, Y, )

=—(J+J), +(H=2D)h, - 2K'}, + (H+")k, (3.6/d
AX, X2 +BY, Y2 +C(Yy Xa? +2X, X5 Y )+D(X,; Va2 +2Y, X, Yy )

=1, -(3J+2J)h, +1'j, - 2Kk, (3.6)e
AXa X2 +BY, Y, 2 +CIY, Xz +2X, X, Y ) 4+ DIX, Y, 2 +2Y, X, Y, )

=K, =J'h, - (3H+21)j, + 2Kk, (3.6)f
AXy X2 +BY; Y2 +C(Y, X, 2 +2X5 X, Y, ) +D(X, Y,2 +2Y, X, Y, )

= J 14Kh, + 2K'j, - (H-21 )k, (3.6)g
AXa2 Xy +BYa2 Yy +C(X2 Yy +2Y, X3 Xy ) +DIY,2 X, +2Y, X, Y, )

=1 42K hy +1j; +(J-20)k, (3.6)h
AX2 X, +BY,2 Y, +CIX2 Y, +2Y, X, Y, ) +D(Y,2 X 4+2Y, X, Y, )

= ~{H+), - 2K'h, +(H-2K)j; = (J+ )k, (3.6)i
A Ky X +BYe Yy Yot Ol Xy Y+ Yo X X 4796 Y5 X )

DX, Yy Yy + Yo Xa Yy +Y, Ya Xg) =K', ~{H420)h,

—(J+2J)j, +(1-K)k, (3.6)j

Adding (a, (e) and (f) of equation (3.6), we have (A +D)X, +(B+C)Y, =(LC),
Adding (b), (d) and (g) of equation (3.6), we have (A +D)X; +(B+C)Y; =(LC)h,
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Adding (c), (h) and (i) of equation (3.6), we have (A +D)X, +(B+C)Y, =(LC)j

Solving above, we have the following:

THEOREM 3.1 : In a four-dimensional P3-like Finsler space the scalars A+B and
B+C are given in terms of scalar components of X; and Y, as

e _ X LC-Y4(LC)
X2 Y3 =X5 Y

; B+C=

The equation (3.6) is more complicated to discuss any other geometrical
results, so we consider the particular cases of four-dimensional P3-like Finsler space.
Let X; is along m; and Y, is along n; then X; =1,X3=0,X,=0,Y, =0,
Y; =1, =0. Therefore (3.6) reduces to
A=H,+3(J+J)h,, B=J,+3lh, -3lk,,
C=—J+J)y+(H=2Dh = +H{HH)k,, D=I,-(3J+2J)h,-2K'k,, (3.7)
and J; =0. Therefore we have
THEOREM 3.2 : If in a four-dimensional P3-like Finsler space the vector fields X;
and Y, are along m; and n; respectively of the Moor’s frame (,m;,n;.p,), then j; =0
and the scalars A, B, C and D are given by (3.7).
If X; and Y; are along m; and p; respectively, the X, =Y, =1, X3 =X, =
Y, = Y5 =0. Therefore we have
THEOREM 3.3 : If in a four-dimensional P3-like Finsler space the vector fields X;
and Y, are along m; and p; respectively of the Moor’s frame (I, m;,n,p;). then
h; =0 and
A=H,+3(J+J)h +3(HH)]y, B=H +3K}; +3Jk;,
C=—HH), -1-(H—2.K}i1 -(J+J)k,, D =K, -(3H+2l)j, + 2K'k,.
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Let X; and Y; are along n; and p; respectively, the X3 =Y, =1,X; =X, = -
Y, =Y; =0. Therefore we have

THEOREM 3.4 : If in a four-dimensional P3-like Finsler space the vector fields X;

(LC),=0 and
A =J,+3lh,-3rk,, © B=H+3Kj; +3Jk;,

C=l#2K'hy +lj +(J=20)k,, D =Jy4Khy +2K'jy ~(H-21 )k,

and Y, are along n; and p; respectively of the Moor’s frame (L, m,n;,p;). then

4. P3-LIKE N-DIMENSIONAL SPECIAL FINSLER SPACES

A Finsler space of dimension n (n>3) is called C-reducible, [2] if C;ik is
written in the form Cj;, = %(l‘_rlj Ce +h G +hk?Ci) where C, =g'* GCiji -

Therefore
ij C”;lo (h Ck|0+hlkcp+hk|cllo) ‘ 5 {4.1)

Comparing (4.1) with (1.1) and then cohtracting with gi 5 we get
A+D=CpX;  B+C=CpY. ;o0 4.2)
A Finsler space of dihension more than two is called semi C-reducible space

" of constant scalar 6], if Ci;y is written in the form -
Gy = =2y G +hy G + 1y §) ) + =G, G, G
1 n+1 ] | | C2 [ _
where p and q are constant such thatp + g =1 and c?= gik G Ci. Therefore

Rik =%(hi}ck[a +hjkCi|0 "_‘hkicuo)"‘%(cipcjck +GCj0 Gk

+C C Ck|0)"" Clocc Ck (4.3)
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Comparing (4.3) with (1.1) and then contracting with gik, we get (4.2).
A Finsler space of dimension n (n > 2) is called C2-like [6], if C;; is writtenin

the form C;;, = -(-:1—2—0i C,Cy - Therefore

1 2
Lo E?(Cilﬂ GG+ Gl G+ Gl Cklo)_ECiOCi C; G- (4.4)

Comparing (4.4) with (1.1) and then contracting with g%, we get (4.2).

THEOREM 4.1 : If P3-like Finsler space is a C-reducible or P-reducible or Semi C-

reducible with constant coefficients or C2-like the scalars A + D and B + C are given

by A+D=C; X ,B+C=C,Y"
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