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ABSTRACT : In the present paper, we have studied bi-recurrent and bi-symmetric
properties of Bochner Curvature tensor and several theorems have been established.

INTRODUCTION

v

The projective curvature tensor of an Mlmensmnal Riemannian space M" is
" given by

W,

1 WX W h - : .
Iik"'RH"+{n {Bikai ‘Rikar" ' : (1.1)

-1}
which is invariant under any pro;ectwe correspondenca where H-;k and R; are the
+ Riemannian curvature and Ricci tensor. s

The conformal curvature tensor of M" is given by

1 2
C:.'j'k :Rihfk +{ _1] (R:k 6?-R'k 6:‘+glkn|hugfkﬂ':1)
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where g;; is the Riemannian metric of M" and

R'=g""R, R=g'R;
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Let K" be an n(=2m) dimensional Kaehlerian space with the structure tensor
Gijand F". Itis known that tensor
1

Called the ﬁolomorphicaliy Projective curvature tensor of K", is invariant under

any holomorphically Projective correspondence {Tachibana and Ishihara [6]). Pfi‘k may

be considered as the tensor corresponding to Wi'}k .

On the other hand, (S. Bochner [4], Yano and Bochner [5]) has introduced a
terisor in K" given by
1

Kniik =Bhijk *m‘ﬁik Onic +BhiGjk +GiBhk +GniRix)

+ (G Ohi + G1; T;
2+ 1(n+2) gl]Q_hk Ohi Gjx )
with respect to complex local coordinate.

2. KAEHLERIAN SPACE

An n(=2m) dimensional Kaehlerian space K" is a Riemannian space which

admits a tensor field F/ satisfying the conditions
I

F Fia - _5; {2.1)
l:ii=_Fji (Fia=Fiagai) {22]
and F,=0 (2.3)

where the commal,) followed by an index denotes the operator of covariant
differentiation with respect to the metric tensor G, of the Riemannian space.

The Riemannian curvature tensor Hf‘ik is given by
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=i f-ada ok Hid el

where &, = '?T and {x'} denotes the real local coordinates.
ox

The Ricci tensor and the scalar curvature tensor are respectively given by
. =
Hikzﬂajk and R=g”Rii

It is well known that these tensors satisfy the following identities

e =—RiacF - | (2.5)
Al B =R 28
FRy; =R F’ (2.7)
FR =RF" " (2.8)
Riaik,a = Rjk,i - Rik.i = (2.9)
g Ry =2, 210

If we define a tensor S;y by

Sik =FiBRak {2.11}

then we have

Sik = "‘Ski (2.12}

FS, =~S;. R (2.13)
1

Sik =T(§JF“Rabjk (2.14)

255, =R’R, _ (2.16)

Now we shall consider a tensor I(ihik defined by
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1
K?ik =Rihjk +m(nik 5? -R;x @h +Qik R:" —Gik Rih+sik th

—Slkﬁh'l‘F'k S'Ih _Fik8?+2sijFI:‘+zﬁ§S:)

R

“in+2)(n+ 4}(9"‘8? ~9; 8 +Fy ! ~F F" + 2R, F) (2.16)

which is constructed formally from Cihjk by taking account of the formal resemblence
between W,fk and F’,k Then we can prove that the tensor Kuk s ghaK}‘I—k has

components of tensor given by S. Bochner with respect to complex local coordinates.
Hence we call tensor the Bochner curvature tensor.

Now if we put

H i
L.=R.— .. and (2.17)a
M. =FL =S -—N _F 17
i=h Laj = 'ij"2(n+2) i (2.17)b
then {2.16) reduces to the form
. 3
Kije =R+ g (L 87 ~Lii 87+ G Ly = G L + M B =M Y
h h h h
+ R My —Fy M+ 2M; R + 2F; M) (2.18)

The following identities are obtained by the straight forward computations.
th = K;kw Kiika =‘”'Kijak

Kiie + Kk #Kij; =0

K:u: =0, K ia=0

e kB, KD skl B

ijk'a ija ajk’i
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KR =0 KI,FR=0 (*1)
Now we shall use the following definitions.
DEFINITION 2.1 : A Kaehler space satisfying the relation

Riik.ab =~ *abRijk =0 (2.19)
for some non-zero tensor A, . will be called a Kaehlerian bi-recurrent space and the
space is called Ricci bi-recurrent {or semi bi-recurrent) if it satisfies

RiLab —labﬂii =0 (2.20)

Multiplying the above equation by g'/, we have
By T =0 2.21)
DEFINITION 2.2 : A Kaehler space satisfying the relation

Picab ~Rap Pk =0 2.22

i
for some non-zero tensor A, . will be called a Kaehlerian space with bi-recurrent H-
projective curvature tensor or briefly K-P space.

DEFINITION 2.3 : A Kaehler space satisfying the relation
b h
Bijk,ab-labsiik =0 (2.23)

for some non-zero tensor A, , will be called a Kaehlerian space with bi-recurrent

Bochner curvature tensor or briefly K-B space.

THEOREM 1 : The necessary and sufficient condition that a Kaehlerian space is
Kaehlerian Ricci bi-recurrent is that

Kihik.ab - 7'habl'(ihik = Hrik.ab - ;\'abH?jk

(*1) The holomorphically projective curvature tensor satisfies these all identities except
the second one see, S. Tachibana and S. Ishihara [B].
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PROOF : Let the space be Kaehlerian Ricci bi-recurrent, then the relation (2.20), is
satisfied.

Differentiating (2.18), covariantly with respect to x° and again differentiating
the result thus obtained with respect to x° ., we get

h

Kl]kab'ﬁukab"' “—:kabah L]kabﬁl +g|kl-|,ab gjkLah+Mtkath

{n 4)
"’Mjk,abFih"'Fik.abM FkabMi +2M|;.aka +2F oMY (224)

Transvecting (2.18) with A,,, and subtracting the result thus obtained from
(2.24), we get

K||kab ?'abKuk—R]k,ab xabﬁuk+ “leab hable}sh

(n+
-'“-jk,ab‘labl-jk)ﬁih+Qikll-';,ab“labL‘;J-Qik“-?,ab-labL?l
+(Migab=Rao Mit JF" = (M ap = Mg My OR" +(Fi = Mgy Fi M
~(Fixap = MapFik IMP + 2R M0 = Agy M)+ 2MIF, o =4, F )] (2.25)

Since the space is Ricci bi-recurrent then the equation (2.25), in view of (2.17a)
and (2.17b), reduces to

Kljkab lathk“lekab lale;k (2.26)

Conversely, if in a Kaehlerian space equation (2.26), is satisfied then we have
from (2.25),

[Likab = *abLik)8) = (Lixab = *abLik )8 + Qi (Llap = Agp L))

~ Gk (Lo = Aap L)+ (Miap = gy My I = (M gy =Ag My OFY

+(F:kab"7‘~abFikWh kab ?"abF|ij

#2FPM, g~ Mgy My 14 2MIR 1 — A, R )1 =0 (2.27)
which yields with the help of (2.17a) and (2.17b),
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h h
Rijk,ab_?“abﬁijk =0
i.e. the space is Kaehlerian Ricci bi-recurrent.

THEOREM 2 : Every Kaehlerian bi-recurrent space is a Kaehlerian space with bi-
recurrent Bochner curvature tensor.

PROOF : If the space is Kaehlerian bi-recurrent, then equations (2.19) and (2.20)
are satisfied and equation (2.25), in view of (2.19), (2.20), (2.17a) and (2.17b)

reduces to
Kuk ab 7"alstllk =
which shows that the space will also be Kaehlerian space with bi-recurrent Bochner
curvature tensor.

Next we consider a tensor K;;,, given by

Kljk H le] (glka g]kai"'ﬁkF F]kF'f"z )

+—_ L :
2(n+2)
then we can get the following identity

A L
ijka n+4

Now we cansider a tensor

Kiik

R .
Ui =Rijy + = 2)(g.k5 — g 8" +R i ~F B +2F, B

then we can obtain the following.

THEOREM 3 : The Bochner curvature tensor coincides with Uih]-k of a Kaehlerian
space K" is an Einstein space.

Remark : The term of a Riemannian space defined by

h R . h h
zihjk =Ry "‘n(n_.nfgikﬁj -Gk O )
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Is called the concircular curvature tensor and is invariant under any concircular

correspondence (by Yano [2]) U:’ik correspondence to Zih;k. A Kaehlerian space is

called a space of constant holomorphically sectional curvature if its U!’jk vanishes
identically. ’

REFERENCES

1. S. Tachibana : On automorphisms of certain compact almost Hermitian space,
Tohoku Math J., 13, 179-185 (1961).

2. K. Yano : Concircular geometry, |, II, Hll; Proc. Imp. Acad. 16, 195-200, 354-
360, 442-448 (1940).

3. R.L. Bishop and S.|. Goldberg : Rigidity of positively curved Kaehler
manifolds, Prol. Nat. L. Acad. Sc. U.S.A,, 54, 1037-1041 {1965).

4. S. Bochner : Curvature and Betti numbers. Il, Ann. of Math., 50, 77-93 {1949).

5. K. Yano and S. Bochner : Curvature and Betti numbers, Ann. of Math.
Stud., 32, 1953.

6. S. Tachibana and S. Ishihara : On infinitesimal holomorphically projective
transformation in Kaehlerian manifolds, Tohoku. Math. J., 12, 77-101 {1960).

7. K. Yano : Differential geometry on complex and almost space, Pergamon
Press., 1965.





