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In this paper, Lorentzian Para Sasakian Riemannian manifold has been studied.
The first section is introductory. Basic definitions and known results are defined.
Second section deals with LPS - Riemannian manifold and the third section is devoted
for KLPS - Riemannian manifold. Some interesting results have beén investigated.

1. INTRODUCTION

DEFINITION 1.1 : An n - dimensional differentiable manifold Mn is called a
Lorentzlan Para Sasakian (LP - Sasakian) manifold if it admits {1,1) tensor field F, a
vector field T, a 1 - form A and a Lorentzian metric ‘g’ satssfymg,

AM =-1 - ‘ | ' (1.1)a
FX) = X + AT (b
GEXFY) = -gIX.Y) + AXIA(Y) (1.1)c
gX,T) = -A) | | (A
FOX) =D.T ‘ - (1.1)e
(DFIYe= gX.Y) + ADIAMT + (X + AXIT) AlY) | (1.f

where D denotes the covarient differentiation with respect to g.

in an LP - Sasakian mamfold Mn with structure (F, T, A, g), we can easily
show that . - _
FT=0 (1.2)a
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AlFX) =0 (1.2)b
rani: {(E)=n-1 (1.2)c
More over, if we put

‘FIX.Y) =gllX.Y) (1.3)

where 'F is a skew symmetric

DEFINITION 1.2 : An LP - Sasakian metric manifold on which the fundamental 2 -
form 'F is such that
2'F=dA (1.4}

is satisfied is called LP - Sasakian manifold. [2]
2. SOME PROPERTIES OF LPS - RIEMANNIAN MANIFOLD

On LP Sasakian manifold we have,

2'F (X, Y) dA(X)Y), (2.1)
XA(Y) - YA(X) - A(IX. YD),

(D, ANY) - (D, A)X),

where ‘D" is Riemannian connexion.
Thus we have

THEOREM 2.1 : On LP Sasakian - Riemannian manifold, we have

il

FIXY) = 21D, ANY) (D, A)X] 2.2)

We have from (1.4)
(d'F) =d?A=0 (2.3)
(d'F XY, =X'FY.2)-Y 'FIX,2) +Z 'FXY) -"F(IX.Y], 2)

+ 'FUX.ZL, Y) - 'F([Y.Z], X)

' =D,'F(Y.2) + 'F(D, Y,2) + 'F(Y,D, 2} - (D, 'F)X.Z) - ‘F(D, X, 2)

-'FIX.D, 2) + (D, 'FMX.Y) + ‘F(D, X.Y) + "F(X.D, Y)

-'F(D, Y- D, X).2) + ‘F(ID, Z- D, X),Y) - 'F((D, Z- D, Y).X)
(d‘FIX.Y.2)  =(D,'FIY.2) + (D, ‘FUZX) + (D, ‘FIX.Y. (2.4)
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Thus we have
THEOREM 2.2 : On LPS - Riemannian manifold, we have
(d 'F) =0 (i.e. 'F is closed) <> (D, 'F){(Y,Z) + {D\,'F)IZ.X} +(D,'AX.Y) =0 (2.5)

DEFINITION 2.1 : An LP Sasakian manifold on which ‘F is closed is called quasi -
LP Sasakian - manifold or in short QLPS manifold.

DEFINITION 2.2 : An LP Sasakian manifold on which
(D, ANY) + {DVA}{X] =0 : (2.6)
holds, is called K - LP Sasakian Riemannian manifold or KLPS - Riemannian

manifold. [2]

3. THEOREMS ON KLPS - RIEMANNIAN MANIFOLD

From (2.1) and (2.6)
2'FIX.Y) +0 =D, AHY) - (D, AMX)] + (D, A)Y) + (D, AX)]
2 'FIXY) =2(D, AlfY)

'FIX.Y) = (D, ANY) = -ID\, A)NX).
Thus we have

THEOREM 3.1 : On KLPS - Riemannian manifold, we have
‘FIX.Y) = (D, AllY) =-(D, A)X). LAY
From (3.1) 2

"F(X,Y)=(Dx A)(Y)
(D, F)(X,Y)+'F(Dy X,Y)+ F(X,D; Y) = (D; Dy A)(Y) +(Dy A}(D; Y)
(D2 "F)(X,Y)+(Dp, x A)(Y)+(Dyx AND; Y) = (DzDx A)(Y) +(Dx A)(D; Y)
(D, "FIX.Y) = (D,D, A)Y) - (Dp, x AN (Y) (3.2)
(D, ‘FI(Y,Z) = (D,D, AXZ) - (D, yA)(2) t (3.3)
(D, 'FIZ.X) = (D, D, A)X) - (Dp, z ANX) (3.4)
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Replace Zby X
(D, “FIX,2) = (D, D, A)N(Z) - (Dp ;A ) (2)
Subtracting (3.5) from (3.3) we get
(D, "FIY.2) - (D, 'FIX.2) = (D, D, A)(Z) - (D, D, A)Z)
- {DWA -Dp xA ) (2)
(D, "AIY.Z) + (D, "FIZX) = (D,D, A)(2) - (D, D, A)Z) - (D, ,, ANZ)
Using (2.5), we get
-(D, "FIX.Y) = -A(K(X,Y,Z)),
(D, 'FiX.Y) = A(KIX,Y,2))
Thus we have
THEOREM 3.2 : On KLPS - Riemannian manifold, we have
(D, 'FIXY) = AKIX.Y.Z)
We have from {1.3)

FYT) =glY . D =-A(Y) =0
FY,T) =0
(D, ‘FMY.T) + ‘F(D, Y.T) + ‘FY,D,T) =0
(D, ‘F)Y.T) + 0-"F(D, T.Y) =0

Using (1.1)(e), we get
(D, "PXY.T) ="F(X.,Y)
(D, ‘BIY,T) ="F(X.,Y)

(D, 'FY,T) =-F(Y,X)
Using (1.3)

(D, 'FY,T =-g(Y,X)
(D, 'FNY.T) 2-g(X,Y)
Thus we have
THEOREM 3.3 : On KLPS mani{old, we have

(D, FIY.T) =-g(X,Y)

(3.5)

(3.6)
(3.7)

(3.8

(3.9)

(3.10)

(3.11)
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We have from.(1.3)
FXY)  =gX.Y
FIX.Y) =gX¥)
FIX.Y) = giX+AXTY)
FIX.Y) = gXY)+AXaTY)
'FIX.Y) =gX.Y)-AX AY)
FIX.Y) =gXY)
'FIX.Y) = 'F(¥X
'FIX,Y) =-F(XY
(0, 'FIUX.Y) + ‘FID, FIX) + FID,X).Y) + "F(X (D, AIY) + F(D,Y)
=D, 'F)X.Y) - ‘FID, X.Y) - FX,D, Y)
(D, ‘PIX.Y) + 'F(D, FIX), ¥ ) + "FIFID,X), Y) + "F(X (D, F)Y)
+'F(X,F(D, Y)) =-(D, ‘FIX.Y) - 'FID, X.Y) - ‘FIX,D, Y)
Using (3.12), we get '
(D, ‘FIX, Y) + ‘F(D, FIX), Y) + "F(X.(D, FIY)) = -(D, ‘F)X.Y)
Using (1.3), we get
(0, ‘A(X.Y) +g((D; FIXN.Y) - gliDZFIY).X) =D, ‘FIX.Y)
Using (1.1)c, we get

(D, "FIX. ¥)- gD, FIX).Y) + A(D, (X)) AY) + gl(D, FIY).X)
- AlD, FY)) AX) = -(D, ‘FIX.Y)

(D, ‘FUX,Y) + (D, "FIY.X) + AUD, FI(X) A(Y) - A((D, F)(Y)) A(X) = 0
(D, 'FtX. Y ) + D, FIY.X) + gl Z. XIAM) - g(Z,Y)AX) = 0
Using (1.1)(c), we get

(D, ‘A X,Y)- (D, 'FIX.Y) - glZ. XIA(Y) + g(Z, Y)AIX) = 0.
Thus we have

[29

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
(3.17)
(3.18)



30] Journal of the Tensor Society

THEOREM 3.4 : On KLPS - Riemannian manifold, we have

(D, ‘FIUX.Y)- (D, FIX,Y) - glZ, XIALY) + g(Z, AKX) =0 (3.19)
We know (Mishra - 84) [2]

D, "FIX, Y) = A(XglY, Z) - AV)g(X, 2) : (3.20)
Barring Xand Y

D, 'AIX,Y)=AX)gtY.2-AY)glX,2) (3.21)

(D, X, Y)=0 (3.22)
Using (3.5), we get )

(D, 'A(X,Y)=AKIX,Y,2)=0 (3.23)
From (3.19)

(D, 'F)X, Y) + AY)gZ, X) - AXIg(Z, V) =0 (3.24)

(D, "FIX, Y) = AXIg(Z, Y) - AtYIg(Z, X)
Using (1.2)(b), we get

(D, ‘F)X, Y) =-AXIgIZ, Y) + AVglZ, X) (3.25)
Using (3.8), we get

(D, 'FXX, Y) = A(YID, 'F)X, T) - AX)(D, ‘F)(Y, T). (3.26)
Thus we have .

THEOREM 3.5 : On KLPS - Riemannian manifold, we have
(D, "FUX, Y} = A(YND, "F)(X, T) - AIX)(D, “F)XY, T).

DE'FINITION 3.1 : On KLPS - Riemannian manifold structure {F, T, A} is said to be
normal if

I‘C*}HX. Y)=0 (3.27)

where l‘aHX, Y) I:.I'[X, Y)+dAX, Y)T=0, [2
NOCY =X,V 1+ XV] - X, Y] - [X,Y] + X A(Y) - Y AXX) - AGCYT

= Dg Y =Dy X+ (X Y]+ A(IX,YNT -Dg Y +Dy X -Dy Y + Dy X
HXAY) - Y AX) - AX YT
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= (DgF)(Y)+F(Dg Y)=(DyF)(X)-F(Dy X)+D, Y -Dy X

+A(D, Y)T-A(D, X)T-Dy Y +({B, F)(X) +D, X

—(D,FHY)=D, Y +Dg X+ (D, A)Y)T +A(D, Y)T
—(D, A(X)T - A(D, X)T-A(D, Y)T+A(D, X)T,

= (DgFIY)+Dg Y —(Dy F)(X)=(Dg X)+D, Y-D, X +A(D, Y)T

~A(D, X)T =Dy Y +{D, F)(X) +D, X+ A(D, X)T - (D, F)(Y)
~D, Y ~A(D, Y)T+Dy X+(D, ANY)T +A(D, Y)T

~(Dy A)(X)T-A(D, X)T-A(D, Y)T+A(D, X)T
sowe have

N(X,Y) = (D F)(Y)=(Dg F){X)+ A(D, Y) T~ A(D, X) T + Dy FITX)

—(DxFUY)=A(D, Y)T+(D, A(Y)T -(D, A)X)T+A(D, X)T (3.28)

Differentiating covariantly the eguation

Y=FY
and using (1.1)e and {1.1}b, we get
(D, F)(Y)=~(D, F)Y + (D, A)(Y)T+ A(Y)X). (3.29)

Using (3.28) and (3.29), we see that
FSHX,Y) =0 & (D FUY) = (Dy F)X) + A(D, Y)T—A(DVX)T—(DY F)X

+{Dy ANX)T+A(X)Y +(Dy F)Y = {Dy ANY)T-A(Y)X
~A(DxY)T+(Dg ANY)T=(Dy AN(X)T+A(Dy X)T =0

& (DEF)Y) =(Dg F)X) =Dy F)X+ A(X)Y +(DxF)Y = A(Y)X =0
& (DgF)(Y) =(DgF)X + (D F)Y =(Dy F)IX - A(Y)X+ A(X)Y =0
Sowe get N(X, Y) =0 if and only if
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(Dg F)Y)=(Dg FUX) +(D,F)Y —(D,AX-A(YNX)+ A(X)(Y)=0  (3.30)
which is equivalent to \
g((DgF)Y,2Z)-gl(Dy FIX.Z)+g((D, FIY.2)-gl(D, FIX.2)

-A(Y)g(X,Z)+A(X)glY,Z)=0
or

(D "F)(Y,Z)+(Dy 'FNZX) +(D, 'FUY.Z)- (D, 'F)X,Z)
~A(Y)g(X,Z)+A(X)glY,Z2)=0 (3.31)
Using (2.4), (3.31) becomes
(d'FUX.Y,Z) (D, FUZX)-(D, FIUXY)+(d'F)X,Y.2Z)
- (D, 'F)UY.Z)- (D, F)UX,Y)+(D, 'FIY,Z)- (D, 'F)X,Z)
~A(Y)g(X,Z)+A(X)g(Y,Z)=0

or
(d'FU(XY,Z)+(d'FUXY,Z)- (D, FUX,Y)=(D,"FXX,Y))
~A(Y)g(X.2)+A(X)g(Y,Z)=0 (3.32)

Since on a LP - Sasakian Riemannian manifold, we have (d ‘F} = 0, the above
equation is equivalent to

(D, FUX,Y)+(D, FIX.Y) = A(X)g(Y,Z2) - A(Y)g(X,Z) (3.33)
thus we have '
THEOREM 3.6 : KLPS - Riemannian structure is normal if (3.33) holds.
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