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SUMMARY : Concurrent vector fields in a Finsler space were first of all defined
and studied by Tachibana [6], followed by Matsumoto [2] and others. Recently in
2004, Rastogi and Dwivedi [4] studied the existence of concurrent vector fields in a
Finsler space of n-dimensions and showed that the definition in its present form is
unsuitable. Further they gave a modified definition of a concurrent vector field in a

Finsler space of n-dimensions as follows:

DEFINITION 1 : A vector fieldX'(x) in a Finsler space ¢ is said to be concurrent
vector field in F" if it satisfies i) X A, =ah;, and i) X|; =-8}, where o is an
arbitrary non-zero scalar function of x and v.

In this paper an attempt has been made to study, vector fields X' in F2,
whose v - covariant derivative satisfies a relation of type Xi| i =plxy) hi. It is
interesting to note that such vector fields do exist in F2. We have called such vector
fields neo-concurrent vector fields as these vector fields seem to be analogous to
concurrent vector fields in a Finsler space. In this paper we have proved that a Finsler

space with neo-concurrent vector field is a P* - Finsler space lzumi [1].
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1. INTRODUCTION

Let F" be an n - dimensional Finsler sapce with metric function L(x,y), metric
tensor g;; (x,y). angular metric tensor hi; and torsion tensor C;ik. The h- and v-
covariant derivatives of a vector field X' are defined as Rund [‘5].

Xk =8, X + X" Fimk = Xp FMji (1.1)
and

Xiik = A, Xii+ijCimk =X C M, (1.2)
where 8, =8, -N," A, 0; and A; respectively denote partial differentiation with

respectto X' and y'.

The two torsion tensors A; jk and R jk are defined as

Aij =LGC i 2G5 = A G B = Aiiko = Aijkb-fr T=y'/L (1.3)

The second and third curvature tensors are given as

P‘aikh=G{i,n{Ajkh;+A1krPrih} (1.4)
and ;

Sijkh = Stk (A, Alic} (1.5)

where ¢;,, means interchange of indices j and k and subtraction.

2. TWO DIMENSIONAL FINSLER SPACE

In a two dimensional Finsler space F?, it is known that [3] g;; =kl +mm;,

h” = mi mj' I’h = d.- m‘ll = 0; Ilb = L_1 rni ml. Let Xi {XJ be a vector field in Fz i which

is a function of x alone, then, we can easily write

X|i=XChj. ' (2.1)
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Substituting the value of C\j =Cm'm, m; in (2.1) we get

><i|i = pix,y)hij, (2.2)
where p{x,y)=X'C..

With the help of equations (2.1) and (2.2) we define following:

DEFINITION 2.1 : A vector field X (x), in F2, satisfying (2.2) shall be called neo-
concurrent vector field.

in F?, Lm' =0, implies | m ||- =" m;. Similarly m; rn;‘i =-Cm;. Thus we
can express

m| =-L"fm -Cm'm; or my;=-L""km;+Cm;m; (2.3)
and i

Aymy=-Lm, +2Cmm;, (2.4)

Let us assume that we take

X' = alx, y)l' +Blx, y)m', (2.5)

where aix,y) and B(x,y) are scalar functions to be determined.
Multiplying (2.5) by m, and using X' C, =plx,y), we get CB(x,y) =p(x,y)

and a? = |X|2 ~(p/C). Differentiating equation (2.5) we get

Xi|j =al™ hij +°‘|i I+ B]j m + |3(—L'1 f m; - Cm m,), {2.6)
which by virtue of (2.3) leads to

of; =L my, B = (2BC-al m; 2.7)

From equation (2.7), we can easily obtain aa'i + [3|3|i =2C [32 m;. which
implies

(o +l32)|; =4Cp*m, ' (2.8)
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Hence we have:

THEOREM 2.1 : In a two-dimensional Finsler space F2 , if a noe-concurrent vector
field X' is expressed as (2.5), its coefficients o and B satisfy (2.8).

Remark : Here we shall not be taking the case of a unit vector X' as it will lead to a
situation where either X =T, which is against the hypothesis or the space is

Riemannian.

3. THREE DIMENSIONAL FINSLER SPACE

In a three dimensional Finsler space F°, it is known that (3]

I‘“ ='0, mlh =nihi, n.

i =~ e

g”’=lili+mimj+ninj, hij“-—‘mimi'f'ninj,
I i = g (m, m; +nn; ). Let X' be a vector field in Fg, which is a function of x alone,
then we can again get (2.1). Since we know that [3]

Cijk = Cppmym;my = Cppy (Mymy; ny +m;my 0+ m, m; n;—nn;ng)

+Cgy (mynyny +myneny +my myn; ), (3.1
therefore, with the help of (2.1) and (3.1) we get
. _1 0 _1 ; .
Xlli ={2pC7 Cpy =9Cpp )Im'm; +(2pC™ Cig) + 9 CppIn'n;

~(2pC7'Cpyy— Cpp)m'n; +n'm;), (3.2)

where X'C, =2p and X'n, =¢.
Comparing (2.2) and (3.1), we get
2pC7'Cyy ~9Cipy =p, 2pC7 Cig +9Cpy =p, 2pC7'Cpp—9Cyg =0 (3.3)
which easily yields
Cyy =C(2p? +C%?) f{4p? + C%?), Cpy =CCiqy/2p,

Ciay =2P° C/l4p* + CP9?). (3.4)
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Hence we have:

. THEOREM 3.1 : In a three dimensional Finsler space F3, having a neo-concurrent
vector field satisfying (2.2), Cy), Czand Gy are given by (3.4).

Let us assume that X' is a vector field which is expressible as

X = alxy)l +Blxy)m' +y(x,y)n, (3.5)
where a(x,y), B(x,y) and y(x.,y) are to be determined.

Differentiating equation (3.5), using (2.1), (3.1) and (3.2) we obtain

Bix,y) =(4pC™" = 0)/2+C;)(Ci3 —Cz )0/ 2C;s)%,

¥(x,y) =(C)* +Cg)’ )9/ 2C,,Ci) (3.6
such that .
(sz = C{g}z )(C{a}z + C{Il Ctzl )+Cl1l sz C{Si =0. (3.7)

Furthermore, the value of a(x,y) is obtained from |X2I =al+ Bz +72, where

X is the magnitude of the vector X'. Hence we have:

THEOREM 3.2 : In a three dimensional Finsler space__l:3 . having a nec-concurrent
vector field satisfying (2.2) and (3.1), Cyy, Cpand Cy satisfy equation (3.7), while
B(x.y) and y(x.y) are given by (3.6).

4, NEO-CONCURRENT VECTOR FIELDS IN F°

DEFINITION 4.1 : A vector field X' (x) shall be called neo-concurrent vector field in
a Finsler space of n-dimensions F", if it satisfies

X|; =p(x,y)h, @.1)
where p(x.y) is an arbitrary.non-zero scalar function of x and y.

From equations (1.2) and (4.1), we can obtain (2.1) which implies
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plx.y)=(n-1"XC,. @.2)
‘From (4.1) and (4.2) we can obtain
X, = (n=17"X C, . (4.3)

Similarly from (1.1), we can obtain

X'|; =8, X' + X" Fmj. (4.4)

Hence we have :
THEOREM 4.1 : The v- and h-covariant derivatives of a neo-concurrent vector field
X' are respectively given by (4.3) and (4.4).

Differentiating equation (2.2) partially with respect to v, using X" as a
function of x, C'r j as homogeneous function of degree -1 iny and hii as homogeneous
function of degree zero iny, we get p(x,y) to be homogeneous function of degree - 1

in y. Hence we have:

THOREM 4.2 : For a neo-concurrenf vector field X satisfying (2.2), the scalar
plx,y) is homogeneous function of degree-1iny.

From equations {4.1) and (4.4) on contraction for i and j we can obtain
X[ =(n-1p(xy)=XC.. (4.5)
Since pix,y) # 0, therefore from equation {4.5) we can easily obtain

COf’tOLLARY 1 : The divergence of a neo-concurrent vector field will not be zero.
5. CURVATURE TENSORS
From equation (4.4), we can further obtain by virtue of (2.1) and (2.2)
g X1 =i (B p+pL 'k} =0, 6.1)
Substituting the value of

s X i =X Ay Craj} = X" L7 Sk, (5.2)
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from [5] in equation (5.1), we obtain on simplification
Sijk) {hii{ﬁk p+ PL—1 lk )- Xm 'ﬂ'k Cimj }= xm va Simki- (5.3}

Hence we have:
THEOREM 5.1 : The third curvature tensor of a neo-concurrent vector field in a

Finsler space F" satisfies (5.3).
If in equation (5.3), A, p +pl_'1 l =0, we can obtain
G (X (8;Clmk + L2 Simic )} =0. (5.4)
Conversely, if equation (5.4) is satisfied, {(n—2)(A, p +ply L") =0, i.e., sither

" n=2o0r A p+pL7"} =0. Hence we have:

THEOREM 5.2 : In a Finsler space F" (n > 2), the necessary and sufficient condition
for equation (5.4) to be satisfied is éwen by Ayp+pl LT=o0.
Using equations (1.1) and (1.2}, we obtain on simplification
X| =X 1 = X (Cije + Frn Cie ~ AjFxe) +(8,X)Clik. (5.5)
Since we know from Ricci identity [3]
Xil i =X i = X0 €+ X'| P = X"Phii, (5.6)
therefore, comparing equations (5.5) and (5.6) and using (2.2) we obtain
Xr(Pitkj+Cirj[k—ﬁjFikr)=p(X.V}Pikj- (5.7)
Hence we have:
THEOREM 5.3 : A neo-concurrent vector field X', in a Finsler space F" satisfies

equation {5.7). i
Similarly from Ricci identity [3]

Xi|k|i-xi|j|k=xhﬂihkj-xilhﬁhkj, (5.8)

therefore, we can obtain by virtue of (4.1) and (2.2) the following relation
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Xkli =Xjjk = X"Rh; - p(x,y)(Rkj - I R"%;), (5.9)
which leads to
THEOREM 5.4 : The necessary and sufficient condition for a neo—concurrent vector
field X to satisfy kai, = X||!k is that the curvature tensor Rk j is satisfying
X! th,_pbgynﬂk,—lmH%jL

Since we know that X' C’ Ji= phij, therefore taking h-covariant derivative of
this equation we can obtain

X Cirj]k +X’|k Cirj =pikhij. (5.10)
Muitiplying equation (5.10) by yk and using equation (1.3) and thearem 4.2,
we get _
X' Pi,,- +X'o Ciri =Py hi,-. _ (5.11)
Let F" bea P*-Finsler space Izﬁmi [1] satisfying Pirj = OCirj, for some suitable
8, then for @ = Po PO, equation (5.11) on simplification gives
X Gl =ohl. 2 (5.12)
Conversely, if equation (5.12) is satlsfled then equation (5.1 1) gives

X'(P'j-8C\;)=0. Hence we have:

THEOREM 5.5 : If X is a neo-concurrent vector field in F", its covariant derivative

X'l is neo-concurrent vector field in a P* -Finsler space. Conversely, if both X' and
|

X' are neo-concurrentin F”, X" satisfies X'(Prj-0Cj)=0.

In case of a Berwald space [3], c! infk =0 which on apphcatlon in equation
(5.10) gives

X' Ci,j =.p|k h:. - (5.13)
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From equation (5.13), we can easily obtain
X'joCyj= Po hi, (5.14)

which when substituted in (5.11) leads to X' F’Eri =(0. Hence we have:
THEOREM 5.6 : In an n-dimensional Berwald space, a heo»concurrent vector field
X' satisfies X' P} =0.

In case of a Landsberg space (3], P;, =0, therefore equation (5.7) reduces
to .
X*(Crjk - A,Fkr) =0. (5.15)
Hence we have:

THEOREM 5.7 : An n-dimensional Landsberg space, having nec-concurrent vector
field X', satisfies (5.15).
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