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Abstract

In 1985 M. Matsumoto [8] studied the theory of Finslerian hypersurfaces and
he has defined three kinds of hypersurfaces. After word many geometers [1], [2],
[7), [9] ete. studied the geometry of Finslerian hypersurfaces given by f—change.
The purpose of the present paper is to study the three kinds of the hyperplanes and
Matsumoto change of Finsler metric.

1. Introduction

In 1984 C. Shibata introduced the transformation of Finsler metric [6] and he
has also dealt with a change of Finsler metric which is called B-change. The
differential one form B-play very important role. M. Matsumoto investigated three
types of hyperplanes, they are called hyperplanes of the first kind, second kind and
third kind. In the present paper using the field of linear frame ([2], [7], [9]), we
shall consider Finslerian hypersurfaces given by a special Matsumoto change of
Finsler metric.

Let F" = (M", L) be an n-dimensional Finsler space equipped with funda-
mental function L(x, y) on M", where M" be an n-dimensional smooth manifold
and let " = (M", L") be another Finsler space, whose metric function L"(x, y) is
defined as :

L', y) =1 (L, B, (1.1)

where f is positively homogeneous of degree one in L and B and 8 = b,(x) yj, b,(x)
are components of a covariant vector in (M", L). A special type of Matsumoto
metric 1s given by

L'(x,y) = A, [L+BYL)] + A[LH(L - B, (1.2)
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where A, and A, are constants and L?= 3 Xy yJ In which 3 is a Riemannian
metric.

If A, = 0 then the metric defined in (1.2) is homothetic to Matsumoto metric
and if A, =0, then metric (1.2) is homothetic to special (a, §) metric. Thus the
Finsler space with metric (1.2) is the generalization of Matsumoto space as well as
the Finsler space with a special (o, B) metric. If L(x, y) reduces to the metric
function of a Matsumoto space, then the transformation (1.2) has been called the
- special Matsumoto change of Finsler metric.

Our aim is to investigate to some relations between original Finslerian
hypersurfaces and another Finslerian hypersurfaces given by the Matsumoto B
change of Finsler metric under certain conditions.

2. Preliminaries

Let F* = (M", L) be an n-dimensional Finsler space whose metric function is
L(x, y) on M", where M" be an n-dimensional smooth manifold. The metric tensor
8ij (x, y) and Cartan’s C-tensor Cijk (x, y) on F" are defined by :

1 a2 1
&i=2 i’ CikT3
oy oy ’

g Lc%»

respectively.

The connection CI' = (F}k , N; . C}k ) introduced the Cartan’s connection

along F". A hypersurface M" -1 represented by the equation xi = xi (u®), where u®
is Gaussian coordinates on M™ ~! and greek indices vary from 1 to n —1. As for

matrix we assumed that the i)rojection factor BL =8t /8y® is of rank n — 1. It is to
be noted that B:)B = v& B:)B and y' be the supporting element at a point (u®) along
M® ! is tangential to M™ ™! where y' = BL (u) v*, i.e. v* is the supporting element

.of M™ 7! at the point u®. We get a Finsler space F* ™1 = (M" ., L(u, v)) of n —1
dimension, where L (u, v) = L(x (u), y(u, v)) along M" 1,

The unit normal vector Ni(u, v) at each point u®) of F* ! is given by
g;BL, Ni=0, g NNi=1, @1
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If (B;Jt , N.) is the inverse matrix of (fo ,N'), then
B BP =80, BN =0, N'N;=1 (2.2)
and B, Bf +N'N; =8
The inverse matrix (g“B) of (g a[i)’ gives the following relations
BY =g™g Bl,  Ny=g;N. 2.3)

The second fundamental h-tensor Haﬂ and the normal curvature vector H of the
induced Cartan’s connection CI" = (Fa N C ) on F* 1 are defined as [8]

_ i 1 k
Huﬂ = Ni (B:)LB Jk BJ'Jt B!3 Y+ Ma Ha , (2.4)
- i i wi
H, =N (BOa+NJE B! ),
where

M, = C,; B, NN 2.5)

The contraction of H ” by v* is defined as H of Ve = HB' The second fundamental
v-tensor M p is given by [10]

k
op=Cijx By Bj N© 2.6)

M
3. Matsumoto f—change of Finsler Space

Let F* = (M", L) be an n-dimensional Finsler space with a fundamental
functlon L(x, y) and b, (x) be one-form on M™. We shall consider a function
L*(x, y) >0 on M" by the relation (1.2).

The following results are used to find the metric tensor g’i} , the angular

metric tensor h;;. and the Cartan’s C-tensor C;jk along the F'M= (M%, L)

oBloy'=b,  oLiy'=l, 0kuy=LThy 3.1
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where hij are components of angular metric tensor of F* defined as :
hy =g~ ] =L ("L /3y 8)).
Differentiating (1.2) with respect to yi, we get
F=[A{1- B2} +A, (L2 =280~ BHN I+
[A; @B/L) + A, {LY(L - By b, (3.2)

Remark 1, If A, =0and A, = 1, then the Finsler space with the metric (1.2)
becomes Matsurmoto space.

Remark 2. If A, =0and A, = I, then the Finsler space with the metric (1.2)
becomes special (a, ) metric.

In view of remark (1) and (2} the relation (3.2) takes the following form :
I =[L2-2B)L~BH] L + [IL#L - B b, (3:2)(a)
and ‘
[ =[1-(B¥LA] L+ (2B/L) b,. (3.2)(b)

To obtain angular metric tensor, we differentiate (3.2) with respect to yj
which as follows :

hii =Py b+ Qg [ 4~ W/B) (U b+, b) + LBH b, b, (3.3)
where -
Py=P, +P,+Py,

P, = A2 (L - phiLY,

P, = A7 [LX(L - 2B) /L~ B)’),

Py= A A, [2L° - p° - 3L2BYL (L-B)%), -
Q0=Q1 +Q2+Q3,

Q, = A? [2p* (L2 + pALY,
Q, = A2 282 LY(L- B,
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105

In view of remark (1) and (2) the angular metric tensor h;‘j for Matsumoto

space and special (o, B) metric space are respectively given by :

by =Py by + QU4 L~ (UB) (b, + Fb) + LB b, bl

ij 279
where
P} = [LAL - 2B) AL - BY’],
Q; =[2p*L(L-B)")
and
by =Py by + Q) [, (B) (; by + & b + (L7 by by,
where

P = [(L* - pH LY,
Q) = 2B (L2 + BAHLY.
From (3.2) and (3.3), we have
-g;‘j =Py g+ By [(BL) 4 1, — (b, + L b)] + Co by by
where
B0=B] +B2+B3,
B, = A2 (4p*L?),
B, = A3 [L*(4B-L) AL~ B)*],
B,=A, A, [(3BL?+3 B2L~L* %y (L - B)*],
C0=C1 +C2+C3,
C,=A} 2 +3p%L7,

¢, = A7 BLYL- B,

(3.3)(a)

(3.3)(b)

34)
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Cy=A, A, AL (L~ B)’).

According to remark (1) and (2) the metric tensor gi} for Matsumoto space

and special (a, B) space are respectively defined as :

g;‘j =P g+ B; [(B/L) L=0b+Lb)]+Cy b, b, (3.4)(a)
where
Bj=[L°@B-L) AL - B)*],
C; =LA /- By
and :
- gi; =P] g+ B [(B/L) /, L= b+ bl + Cib, b, (3.4)(b)
where

B} =(4p° 1L3),
C; =12 +3pH LY.

Differentiating (3.4) with respect to yk and using (3.1), we have the following
result :

*
Cijk =P, Cijk —-R, (hij m, + hjk m; + hki m, )+ SO (mi m, m,), (3.5)

where
Ry=R,+R, +R,,
R, =A2 2pL*),
R, =AZ[L*4B - L) 20~ B)*),
Ry=A; A, [(3BL%+3 p2L - L3 -py 2L(L - B)Y),
83=5;+5,+8,,

S, = AZ (68/L2),

S, =A2 [6LY1L-p)], .
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Sy;=Aj A, [6L° (L - B,

m, = b, — (/L) /.
Beside these : .
i_ i_ 2 20 2 i _ i i_
m, 1= 0, m, b' = b?— (YL, hy#=0,  hy m=h;bl=m,
and m' = gl m, = bl — (B/L) L. (3.6)

Inview of remark (1) and (2) the Cartan’s C-tensor Cijk for Matsumoto space
and special (o, B) metric yields

* * * *
Cijk = P2 Cijk - R2 (hij m, + hjk m, +hy; m, )+ S, (m, m, m, ), 3.1
where
R; = [L2(4B - L) /2L - B)°,
§; =[6L* /L~ B)’]
and ,
* * * *
Cli =P} Cyj R} (b my + by my +hyymy ) + ST (mymemy), — (3.9)
where
R} =(2B /LY,
S} =(6B/L?)
I — .

4.  Hypersurfaces due to Special Matsumoto f—change

Let "~ = (M" ', L(u, v)) be a Finslerian hypersurface along the F" and
Fn-1_ M" =1 L* (u, v)) be another Finslerian hypersurface along the F'n

introduced by the Matsumoto change. Let (B? , N;) be the inverse matrix of
(BL , N ), where N! be the unit normal vector at each point of E'" 1 The
function BL be tangent vector as component of (n — 1) linearly independent along

F* ! and BL are invariant function under Matsumoto change. Thus we shall show

that a unit normal vector N*(u, v) of F s uniquely determined by :



108 Asha Srivastava and Poonam Miyan

g B N9=0  and & NINY=1.
On account of (2.1) and /, N' = 0, the multiplication of (3.4) by N' NI yields

g;. NINI =P, +C, (b, N )2 (4.1)(a)
From above, we have '

g LENUW(P +Cy (0, NY) T x ENIA{P) + C (0, ND2Y = 1. (4.1)(b)

Therefore, we can put
N = NIW{P, + C, (b, NY?), 4.2)
we have choosen only positive sign.

In view of equation (3.1), (3.4), (4.2) and from (4.1), we have
[Cy b, B, - By & Bl 1x [b; N'W(P, + C, (b, N2} ] =0. 4.3)

If [Cyb, BL -By/ BL ], then contracting it by v® and using yi = BL v®, we get
L = 0, which is a contradiction with assumption that L > 0. Hence b, N = 0.
Therefore (4.2} becomes

N = (N AP). 44

Note: Where P, and C, are already defined in the section (3.3). Summarising the
above, we have

Proposition 4.1. For a field of linear frame (B} , B}, ....., B! _,, N of F" there
exists a field of linear frame (B} , BY, ..., BL_ , N = NAPY) of F™ such

n-1°?
that (4.1) is satisfied along F *n=1 and then b, is tangential to both the hypersurfaces
F-1ang F'n -1,

In view of remark (1), the relation (4.1)(a), (4.1)(b), (4.2), (4.3) and (4.4)
become

* i w1l _ p* * iv2
gijNNj—Pz +C2 (blN)s
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g = NP} +C5 (b, N)Y2H x [ENW{P) +C; (b, Ny} =1,
N = NUN{PS +C] (b, N2, “.5)

[C; bBL B} LB 1x[b,NW(P; +C; &, N)P}]=0  (4.6)
and :
N=N WP} ). 4.7)

Note : P; and C; are already defined in the section (3.3)(a).

AFrom the above the proposition (4.1) inverted for Matsumoto space which is
as follows :

Proposition 4.2. For a field of linear frame (B , BY, ....., Bl _| ,N) of F" there

exists a field of linear frame (B}, BY, .....B. |, N7 =(N/NP})) of F" such
that (4.1) is satisfied along F ™~ and then b, is tangential to both the hypersurfaces
F*land F0 1,

Similarly in view of remark (2), the relation (4.1)(a), (4.1)(b}, (4.2), (4.3) and
(4.4) become

gy N'N'=P} +C] (b, N'Y?,
g [ENW{P] +C] (b, NY})] x (NP} +C] (b, NVl =1,
N =N AP] +C] (b, NV}, (4.8)
[C} b,Bl B} LB} 1x[b,NA{P] +C] (o, NY?}1=0  (49)

and
N=@ AP) ). (4.10)

Note : P’; and C; are already defined in the section (3.3)(b).

From the above the proposition (4.1) becomes Finsler space with special (.,
B) metric which as follows :
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Proposition 4.3. For a field of linear frame (Bi B; y eeeer BI Ni) of F" there

n-1?

exists a field of linear frame (B! , Bi ...... B;l g N = (NI P ) of F'™ such

that (4 1) is satisfied along F ™ ~! and then b, is tangential to both the hypersurfaces
Fn and B n-—l

Making use of inverse matrix (g*aﬂ) of (g;[i ), we may write the quantities
B of F* 1 by

B!* g*“ﬁ y BJ

If (B"‘GL N ) be the inverse matrix of (Bl ,NY | then we get B‘ "'E' = 813
B;N__o N"*N =1 and B‘ .*‘1 +N*‘N —6 we also get N —g NI
which is on account of (3.2), (3.4) and (4.4) gives

= (P N. 4.11)

We define the Cartan’s connection by (Fjik , NJ! , c‘ ) along F* and (F*‘ N*' c“l )

along F™" and let D;k called the difference tensor which is defined as

i _ i
D;k FJk FJk ,
i i i
D}k = Ajk b - Bjk L, 4.12)

where b, is the vector field along F" and Ay and BJ are components of a
symmetnc covariant tensors of second order. Smce N; b = 0 and N, /=

contracting (4.12) by N,, we get N, DJl =0and N, D;)k 0.
From (2.4) and (4.11), we have
H, =Py H, (4.13)
According to remark (1) and by using (3.2)(a), (3.4)(a) and (4.7), we have

N = (VP ) N,. (4.14)
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From (2.4) and (4.14), we have
H, =(VP;) H,,. (4.15)

Again in view of remark (2) and by using (3.2)(b), (3.4)(b) and (4.10), we
have

Nf =(P])N.. (4.16)
From (2.4) and (4.14), we have
H, = (¥P]) H,, (4.17)

If each path of a hypersurface F" ~1 with respect to the induced connection is also a
path of enveloping space F", then F" ~1is called a hyperplane of the first kind [8].
A hyperplane of the first kind is characterized by H = 0. From (4.13), (4.15) and

(4.17), we have H; =0 when Ha = 0. Hence, we have

Theorem 4.1. If b.(x) be a vector field F" = (M", L) satisfying (4.6), then a
hypersurface FFlisa hyperplane of the first kind if and only if the hypersurface
F'" 1 is a hyperplane of the first kind.

This theorem holds good for Matsumoto space as well as Finsler space with special
(o, B) metric.

From (2.5), (3.5), (4.4) and by using m; N' = 0, By NI N¥ =1 and h; BL N =
0, we have
M =M, - [B, (m; B )P, (2L)]. (4.18)

Again from (2.4), (4.11), (4.12), (4.13) and (4.18}, we get
Hog= VP [Hyg ~ (Bo (m By, Hy)P QLN (4.19)

In view of remark (1), from (2.5), (3.7}, (4.7) and by using m, N =0,
by NI NK =1 and by Bl NI =0, we have
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M, =M, -[B; (m,B. ¥P; 2L)]. (4.20)
Again from (2.4), (4.12), (4.14), (4.15) and (4.20), we get
Hyp =P} [H,q— (B} (m; B, Hy )P} (2L))). (4.21)
In view of remark (2), from (2.5), (3.8), (4.10) and by using m, N'=0, by N
N¥ and hij BL N =0, we have
M, =M, - [B] (m, fo YPT (2L)]. 4.22)

On solving (2.4), (4.12), (4.16), (4.17) and (4.22), we get
Hop =P} [Hyg— (B] (m; B, Hy )P} (2L)}]. @.23)

If each h-path of a hypersurface F* ™! with respect to the induced connection is
also a h-path of enveloping space F", then F" “lis called a hyperplane of the second
kind [8]. A hyperplane of the second kind is characterized by HaB = 0. Since Hm|3 =
0 implies that H o = 0, from (4.13), (4.15), (4.17) and (4.19), (4.21), (4.23) we have
the following : ‘

Theorem 4.2. If bi(x) be a vector field in F" = (M", L) satisfying (4.6), then a
hypersurface F" lisa hyperplane of the second kind if and only if the hypersur-
face F*lisa hyperplane of the second kind.

The above theorem holds good for Matsumoto space as well as Finsler space with
special (a, B) metric,

From (2.6), (3.5) and (4.4), we have
Myp=(VP) My, (4.24)
According to remark (1) and by using (2.6), (3.7) and (4.7), we have
M;B =(VP}) Myg- (4.25)

Similarly in view of remark (2) and by using (2.6), (3.8) and (4.10), we have
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M:;ﬁ =(VP]) Myp- (4.26)

If the unit normal vector of F" ! is parallel along each curve of F* 7, the F* ! is
called a hyperplane of the third kind [8]. A hyperplane of the third kind is charac-

terized by Haﬂ =0, MaB = 0. Hence from (4.13), (4.15), (4.17), (4.19), (4.21),
(4.23) and (4.24), (4.25), (4.26), we have

Theorem 4.3. If b(x) be a vector field in F* = (M", L) satisfying (4.6), then a
hypersurface F" “lisa hyperplane of the third kind if and only if the hypersurface
F™ 1 is a hyperplane of the third kind.

Thus we have shown that a. special Matsumoto change make three types of
hypersurfaces invariant under certain conditions.
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