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In 1989, Mishra defined Pseudo normal generalized quasi-sasakian manifold
of the first kind. In the present paper some properties of these manifolds are
studied. Finally we studied invariant submanifolds of Pseudo normal generalized
quasi-sasakian manifold of first kind.

1. Introduction

Let M be an n-dimensional C*-manifold and let there exist on M a vector
valued linear function ¢ of type (1, 1), a vector field § and a 1-form n such that
@ PX=-X+nXE, ® n®=1 (1.1)

for arbitrary vector field X. Then M is called an almost contact manifold and
structure (§, £, 1) is called an almost contact structure (Sasaki [5]).

Tt follows from (1.1) that the following hold in M : rank @)=n—-1,nis
odd, i.e.,n=2m+ 1 and

@ neX=0 (b $&=0. (1.2)
In addition, if in M, there exist a metric tensor g satisfying
26X, ¢Y) = g(X, Y) —n(X) n(Y), (1.3)

which is equivalent to g(¢X, ¢Y) = ~ g(ni)2 X, Y) and g(X, &) = n(X), then M is
called an almost contact metric manifold and (¢, &, n, g) an almost contact metric
structure (Sasaki [5]).
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The fundamental 2-form of F of an almost contact metric is defined by

FX, Y) =g (6X,Y). (1.4)
Thus, we have

() F@$X, $Y) =F(X, Y), (b)  FX Y)=-FY,X). (1.5)
On an almost contact metric manifold, we have
(a) (DyE) (Y, &) =- Dy M) (4Y) () g((DyP)Y, Z) = (DyF) (Y, Z), (1.6)

(DyE)®Y, $Z) = — (DLFX(Y, Z) + n(Y) (Dyn)($Z) - n(Z) DyM($Y). (1.7)

Further that the Nijenhuis tensor N is given by

NX, Y) = (Dyx YX(Y) - (Dyy®)(X) ~ (D3 $XY) + §(Dy$) (X). (1.8)
Hence,
NX,Y,Z)= DyxB(Y. Z) - (DgyFXUX, Z) + (D4 FXY, $2) ~ (DyF) (X, $2),
(1.9)

where N(X, Y, Z) = g(N(X, Y), Z) and D is the Riemannian connection of g.
_If an almost contact metric manifold M satisfies (Mishra [3]).

(DyxFXY, Z) + (DLF)Y, Z) = n(X) Dym)$Z) +n(Y) (Dgxm) (2, (1.10)

then M is called a Pseudo normal generalized quasi-sasakian manifold of the first
kind.

If in an almost contact metric manifold M (Mishra [2])

(DyxBXY, Z) + (DyFX(Y, Z) =n(Y) DM@ = n(X) Dyym) (2), (1.11)

then M is called a Pseudo normal nearly co-symplectic manifold.

2.  Properties

Theorem (2.1) : On a Pseudo normal generalized quasi-sasakian manifold of
the first kind, we have

(@ - DX &= ¢(D¢XE.;): (b) DE_’ ‘t: =0,
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©  @HM=-0Dy8 @ OxmY)=—Dy MGY),
(e) (D m) =0, 6y Dy XY) = - (Dy, NX),
@ Dy () =Dy 1) $Y) +n Dy 1Y) @.1)
where X, Y are any vector fields on M.
Proof. From (1.10), weputY=£
(D,xPXGE, 2) + DxF)E 2) = n(X) g)(§2) + 1(E) D) (2,

ie. g (Dx&, ¢7) = g((Dyx 8), 2).
Now, we have

-4 (Dx &) =Dyy &) 22)
Operating ¢ in (2.2), we obtain (2.1)a.
We put X = & in (2.1)a, we obtain (2.1)b. Again we put X = £ in (1.10), we have
(D BXY, Z) = (Dy n) (92). (2.3}
Thus, we obtain (2.1)c.

Now we have

Dy MY) + Dy M@Y) =g (Dy &, Y) + g (Dyy &, $Y)
=g ((Dx E— ¢ (Dyy &), Y). (2.4)
From (2.1)a and (2.4), we obtain (2.1)d.
Setting X =§& in (2.1)d, we obtain (2.1)e.

Now we have

(Dx m(Y) + (DY nX)=g (DX £EY)+g (Dyé’ X)
=g ($X, Y) +2(¢Y, X)

=g ($X, Y) - g(¢X, V) =0
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we obtain (2.1)(D).
Now, we have
(DyMEY) = DMV =g Oyl $7) g Dyy&s Y)
= - g 4Dy V) - g Dk, V)
=-gl0D + D 8. Y] 25)
In view of (2.1)a, we get
d (D5 &) =Dy B &
ie. d (D &)+ (Dyy &) =Dy &) 2.6)
From (2.5) and (2.6), we obtain (2.1)g.

Theorem (2.2) : The pseudo normal generalized quasi-sasakian manifold of the
first kind is Pseudo normal nearly co-symplectic manifold if

(Dy M) = - Dyy 1) @) @7
Proof. From (1.10) and (2.7), we get (1.11).

Theorem (2.3) : A Pseudo normal generalized quasi-sasakian manifold of the
first kind is integrable if,

(Dy2y ) @) +(Dyy 8) (° V) = Dy ) 4K + Dyy D ° X (28)

Proof. The condition for an almost contact metric manifold to be completely inte-
grable (Mishra [4]) is that

N($X, ¢Y, $Z) =0. (2.9
Operating ¢ on X in (1.10), we find
(DyxP) (Y, Z) = - (DY F) (§Y, 2) + n(Y) (D§ ) (2)
= (DxF) ($Y, Z) - n(X) (D F)QY, Z) - n(Y) Dyn)(Z).  (2.10)

Again operating ¢ on Z in (1.10), we find
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(DyF)XY, $2) = - Dy F) $Y, §2) + nCODyEG™Z) +n(Y) (D‘X")@Z()z' 1
Adding (2.10) and (2.11), we have
(DgxPI(Y, 2) + (DRFXY, §Z) = (DyF) (§Y. Z) - n(X)D;F) ¢4, 2)
~(N)Dyxm) (2) - Dy IFY, $2)
- ~ DM (@) + YDy MWZ).  (2.12)
(DyyPIX, Z) + (DyF)X, §Z) = (DyF) $X, Z) - nXHDF) (4X, Z)
-n(X)Dyn) (2) - Dy HOX, §Y)
- (YD) @) + 1K) Dy M@2).  (213)
From (2.12), (2.13) and (1.9), we have
N(X, Y, 2) = (DgF) (4, Z) = (DyF) (4X, §Z) - Dy F) Y, §2)
+ (DyyF) (4X, $Z) - (XID,F) ($Y, Z) + Dy O]
+ NOID VOZ) + DF) $X, 2)). 2.14)
Using (1.7) and (2.3), we have
NX,Y,Z)=(D ¢XF) X.2)- (DéYF) (X, Z) + (D4F) (Y, Z)
~ DyF) $X, 2) - n(X) Dy MEZ) + N(Y)D e VGZ)
+ @Dy WEY) — Dy M $X)1 (2.15)
Operating ¢ on X, Y, Z, we have
N@$X, $Y, 6Z) = D24 F) (9Y, §Z) - (Dy2y F) ¥X, ¢2)
+ DB @7 Y,82) - OpyP) ¢°X,42).  (216)
In view of (2.9) and (2.16), we have

(Dy2y F) (4, 4Z) + DyyP) 7 Y, 62) = D2y F) $X, $2)
+OP @*X,42). @17
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From (1.6)(b) and (2.17), we obtain (2.8), which proves the theorem,

Theorem (2.4) : Ona Pseudo normal generalized quasi-Sasakian manifold of the
first kind, we have

(@ NXY,2)+N(Y,X,2)=0,
®  NXY,2)+N(Y,Z %)+ NEZX, Y) = 2[DFUY, Z) + (D wb Z.X
+ (DX, Y) + (DyF)Y®Y, Z) + (DyFYGZ, X) + (DX, Y)],

(¢}~ N(¢X, ¢Y, Z) + N(9Y, $X, Z) =0.

- Proof. (a) From (2.15), we have

NY,X,Z)=(D thF)(X, VARX(D ¢‘XF)(Y, L)+ (DYF)(¢X, Z)
~ (D4F) (BY, 2) ~n(Y) Dy I42) + NX)Dy MWZ)
+ (DD yy MEOX) - Dy ) GV (2.18)
Adding (2.15) and (2.18), we obtain the result (a).
Similarly other results can be proved.

Theorem (2.5} : On a Pseudo normal generalized quasi-sasakian manifold of first
kind, we have
N@X, 67Y) + N@Y, ¢?X) = 0.

Proof. Applying ¢ on 'Y in (1.10), we have
(DyxFI$°Y, 2) + DyF) §Y, 2) = n(X) (Dyy MG2).
Using (2.1)(a), we have
(Dyx (V) ~ (D) $Y =7(X)(DyE) + n(Y) (DyE). (2.19)
Applying ¢ on Y in (1.8), we have
N, §Y) = Dy $)@Y) + (D $)(X) - (YD$)X) - $Dy$)($Y)
+ ¢(D¢Y¢)(X). (2.20)
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Similarly
 N(Y, $X) = gy $)EX) + (DY) = n(X)HDY) = 4D )4X)
+ §(D)(Y). @21)
Adding (2.20) and (2.21), we have
N(X, §Y) + N(Y, §X) = (Dyx$)(@Y) + Dy $)$X) + (Dy$)(X) + Dy )Y
£1(Y)DRE) + XDy E) - $D5HGY)

+ 6Dy $)(X) = $(DyO)$X) + (D 9)(Y).
Using (1.10), we obtain

N(X, §Y) + N(Y, $X) = (X0 (Dy&) + n(Y)(Dyse&) + n(VIDyE)
=MD (DyE) + NX)Dygy) + NX)DyE)
+20[n(X) (DyE) + n(Y)DyE)].

Operating ¢ on X, Y, we have
N($X, $°Y) + N@}Y, $2X) =0.

3. Invariant Submanifolds of Pseudo normal generalized quasi-
Sasakian manifold of first kind.

invariant submanifold of M, ie. an odd dimensional submanifold such that  is
tangent to M everywhere on M and $X is tangent of M for any tangent vector X to
M. Consequently for any normal vector Y to M also $Y is normal to M. An
invariant submanifold M has the induced structure tensor (¢, &, 1, g).

Let D and D be the covariant differentiation with respect to the Riemannian
connection defined by g and g respectively. Then the Gauss formula is given by

D,Y=D,Y +B(X,Y), (3.1)

where X and Y are vector fields tangent to M and B is second fundamental form.
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Finally, we assume that M is a pseudo normal generalized quasi-sasakian
manifold of first kind. Then for any vector fields X and Y tangent to M, we have

DY) + Dpxd)$Y) =Ny - nXHByE.  (32)

Theorem (3.1} : Any invariant submanifold M with induced structure tensor of
a pseudo normal generalized quasi-sasakian manifold of first kind M is also pseudo
normal generalized quasi-sasakian manifold of first kind,

Proof, IfMisa pseudo normal nearly co-sympletic manifold, then from (3.2), we
have

Dyd)Y) + Dy @Y) = (VD) — D ).

Thus, using (3.1) and comparing tangential and normal components, we find

§ (Dx$)(Y) + Dyxd)(9Y) = n(Y)D,xE) ~ n(X)$(Dy L) (3.3)
an

B(X, $Y) - $(B(X, Y)) - B(6X, Y) — $(B(¢X, $Y)) =0. (3.4)

From (3.3), we conclude that M is pseudo normal generalized quasi-sasakian
manifold of the first kind.

Theorem (3.2) : If M is an invariant submanifold of a pseudo normal generalized
quasi-sasakian manifold of the first kind M, then its second fundamental form B
satisfied

B(X,&)=0. (3.5)

Proof. If we interchange the X and Y in (3.4) and subtract the result from (3.4),
then by symmetry of B, we get

B($X, Y) =B(X, ¢Y), (3.6)
from which
B(X, £ =0. | k)

Finally in consequence of (2.1)(a), we have
Dyt = ¢ (Dyy &),
consequently, using (3.1) and comparing the normal parts, we get

B(X, &) = ¢(B($X, &)). (3.8)
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By virtue of (3.7), (3.8) gives (3.5).

Theorem (3.3) : Any covariant subminifold M of a pseudo normal generalized
quasi-sasakian manifold of the first kind M is minimal.

Proof. Proof follows on the line of the proof of similar result in Endo [1].
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