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Abstract

Agashe and Chafle [4] defined a semi-symmetric non-,etric connection in a
Riemannian manifold. Further, the properties of semi-symmetric non-metric con-
nection in almost contact metric manifold has been studied by Ojha and Prasad [5].
The purpose of this paper is to introduce a semi-symmetric non-metric connection
in generalised quasi-Sasakian manifold.

2000 A. M. S Classification : 53C15, 53C05.

1. Introduction

An odd-dimensional differentiable manifold M2" *! on which there are
defined a tensor field F of type (1, 1), a vector field T, a 1-form A and a metric
tensor field g, satisfying

(a) )=( =—X+AX)T.
(b) T=0
def .
() FX,Y)= gX, Y)=-"F(Y,X) (1.1)
where
__def
X =FX (1.2)

for arbitrary vector fields X, Y is called an almost contact metric manifold. On an
almost contact metric manifold, we have


https://doi.org/10.56424/jts.v2i00.9962


84 8. K. Srivastava and Ajai Kumar Srivastava

(Dy'F) (T, Y) = (DyA) (V) (13)
@ OB Y,Z)+DyF) (Y, 2) = AY)DyA) () - AZ) (DyA) (V)

® @B (Y. Z)-OyF) (Y, Z) = AY)DyA) Z) + AZ) (DyA) (Y)  (14)
where D is the Riemannian Connection on M*" *+1,

We will now define only those almost contact metric manifolds according to
need. An almost contact metric manifold satisfying

(DyF) (Y, 2) + (Dy'F) (Z,X) + (D, F) (X, Y) =0 (1.5)
is called a quasi-Sasakian manifold [2].

Putting T for X in (1.5) and using (1.3) and (1.4)(a), we have on a quasi-
Sasakian manifold

(@ DOpHY,2)=DyA) Z)-D,A) (Y)

= (Dg A)XZ) ~ (D5 AXY) + A(Y) (D;A)Z) - A(Z) (DyA) (¥ )
®) (DF (Y,2) =Dy A)Z) + (D,A) (Y)

=~ (DyA)(Z) - (D AX(Y) + A(Y) (D;ANZ) + A(Z) (D AXY)
- If on an almost contac; metric manifold M2"* 1, 0o
DB (Y, 2) + Oy'F) (2, X) + (D, F) (X, Y) = AX) (D,A) (V) + A(Y) (D A) (2)

+A(Z) (D,A) (X) (17)

holds, then M2" * ! is called generalised quasi-Sasakian manifold of the first kind
[3].
On a generalized quasi-Sasakian manifold of first kind

@ (Dy'F) (Y, Z)=(DyA) Z) = - (DA) (Y) = (Dg A)Z) = (D7 AXY)

& ©OpF X.2) = D5 AYZ) =[DyA) (V) =~ (DyAXZ) =— (D5 AXY) (1)
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hold. An almost contact metric manifold on which
DyF) (Y, Z) + (Dy'F) (Z,X) + (D,F) (X, Y) = AK{(DyA) (Z) - (D5A) (Y))

+ A(Y){(D,AX) - (DyA) @)} + A@H DAY - D AKX} (1.9)
holds, is called a generalised quasi-Sasakian manifold [3].

2.  Semi-Symmetric Non-Metric Connection

Let D be the Riemannian connection in a generalised quasi-Sasakian mani-
fold M2 * 1 and B be another connection in M™ defined by

B,Y=D,Y +A(Y) X, @.1)

Then the connection B is called a semi-symmetric non-metric connection [4]. If the
torsion tensor S of B is given by

SEY)=AMX-AX) Y. ' 2.2)
Put
By Y=Dy Y +HX, Y), 2.3)

where H is a tensor field of type (1, 2).

Let us define

defl
@ S, Y, Z)y=g(8X,Y),Z)
def
(b) 'HX,Y,.Z)= g (HX, Y), Z).
Then
(c) SX,Y,Z)="HX Y, Z)-"H(Y, X, Z). 24)
Further, we have
() HX,Y,Z2)+'HX,Z,Y)=AY) gX,Z) + A(Z) g(X, Y)
?;l;i Bye)Y,Z)=-A(Y) g(X,Z) - A(D) g(X, Y)

(c) (B AXY) = (D AXY) — A(X) A(Y). (2.5)



86 8. K. Srivastava and Ajai Kumar Srivastava

Theorem (2.1). In generalised quasi-Sasakian manifold with the semi-symmetric
non-metric connection B, we get

(By'F)Y, Z) = (D4FX(Y, Z) - A(Y) 'F(X, Z) — A(Z) 'F(Y, X) (2.6)
ByFIY, Z) + By F)Z, X) + (B E)X,Y) = AKDF)Y, Z) - 25(Z,Y)]
+ A(VI(DLF)Z, X) - 28(X, Z)] + A@) (D FIY, Z) - 28(Y, X)1. (2.7)
Proof. We have
X(E(Y, Z)) = (By'F)(Y, Z) + 'F(ByY, Z) + 'F(Y, B, Z)
= (Dy'F)(Y, Z) + 'F(D, Y, Z) + 'F(Y, D, Z)
using (2.1), in the above equation, we have
(By/F)Y, Z) = (DyFXY, Z) - A(Y) 'F(X, Z) - AZ) F(Y, X).  (2.8)
To prove (2.7), we have from (2.8)
BLFX(Y, Z) = D4 F)(Y, Z) - A(Y) 'F(X, Z) - AZ) 'F(Y, X).

Writing two other equation by cyclic permutation of X, Y, Z and adding the
resulting equation in the above equation, we have

(BX'F)(Y, )+ (BY’F)(Z, X+ (BZ'F)(X, Y= [(DX'F)(Y, Z) +(DY’F)(Z, X+
(DZ'F)(X,Y)] =2[A(Z) '"F(Y, X) + AX) 'F(Z, Y) + A(Y) 'F(X, 2)]

using equation (1.9) and (1.6)(a)
By'FY,Z)+ By'F)NZ X) + (B,FYX, Y) = A)(D,FXY, Z) - 2(Y, 2)]
+ A(Y)[(DF'FXZ, X) - 28X, )] +A@) (D F(X, Y) - 2¢(Y, X)].

Theorem (1.2). In a generalised quasi-Sasakian manifold with the semi-symmet-
ric non-metric connection B, we get

& ByP(Y,2)+ByF) (Y,2) = AV{D,F)T, 2) - 'FX, 2))

= A@Z) {(D'FXY, T) + F(X, Y)}
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® OPXYZ)=BzHT.Z)+ByHZY)+B;HXY) @9
Proof. From equation (2.8)

(ByF)Y, Z) = (Dy'P)(Y, Z) - A(Y) 'F(X, Z) - A(2) 'F(Y, X).

We have
BT, 2) = OF)Y, Z) - AZ) 'FY, X)
(BX'F)(E"{ ,Z)=— (Dy'FXY. Z) + A(Y)(Dy'F)(T, Z) + A(Z) "F(Y, X)
- AX) A(Y) A(Z)
Again

(B FX(Y, i) =—(D¢'F)Y, Z) + AZ)DLFYY, T) + AY) 'F X, 2)
- AX) AY) A(Z).
From above two equation we get equation (2.9)(a).

Further from equation (2.8), we have
@Bz 'PY.Z)= Dz BXY. 2).

Writing two other term in cyclic order of X, Y, Z and adding the resuiting equation
in the above equation, we obtain (2.9)(b).

Theorem (2.3). In a generalised quasi-Sasakian manifold with the semi-symmet-
ric non-metric connection B, we get

(@  ByAX) - (BgAXY) =2DyANX)
(b) By AXY) + By AXX) = - 2A(X) A(Y) (2.10)
Proof. The proof is obvious.

Theorem (2.4). In a generalised quasi-Sasakian manifold with the semi-symmet-
ric non-metric connection B, we get

'SX,Y,Z) +'S(Y,Z,X) - 'SZ, X, Y) = 0. (2.11)
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Proof. From (2.4)(c), we have

'S(X, Y, Z)="HX, Y, Z) - 'H(Y., X, Z). (2.12)
Similarly,

'S(Y,Z X)="H(Y,Z,X)-'HZ, Y, X). (2.13)

'S(Z,XY) = 'H(Z, XV-HXZY). (2.14)

In consequence of (2.12), (2.13), (2.14) and (2.4)(c), we get (2.11).

3. Curvature Tensor

Let R and K be the curvature tensor of connection B and D respectively, then
we have

@  R(X,Y,Z)=ByByZ-ByByZ-By y/Z
() K(X,Y,2)=DyDyZ~DyDyZ-Dpy y/Z G.1)

Making use of (2.1) in (3.1)(a), we have

RX, Y, Z)=KX,Y,Z) + (BXA)(Z) Y - (BYA)(Z) X. (3.2)
Let us define
def
(a) Ric (Y,Z) = (C", KXY, Z)
def
(b) Ric (Y, Z) = (C",RXY, Z) (3.3)

Making use of (3.3) in (3.2), we get

Ric(Y,Z)=Ric (Y, Z)-(n—- 1)(BYA)(Z). (3.4)
Put
def
{a) 'RX,Y,Z,U) = gRX, Y, Z), U)
def '
(b) KX, Y,Z, 1) = g(K(X, Y, Z),U)

then
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(c) REX, Y,Z,U)="KX, Y,Z,U) + ByAXZ) g (Y, U)
—(ByANZ) g(X, U). (3.5)

Theorem (3.1). In a generalised quasi-Sasakian manifold with the semi-symmet-
ric non-metric connection B, we get

(@ RXY,ZH+RXY,ZU="KXY,ZU)+KXY.ZU
+2¢(Y, U) gX, Z) - 25X, U) (Y, Z)
) REKY,ZU)-RXY,ZU)=0

) RT,Y,ZU+RT,Y,U,Z)=0

(d ‘R(T,Y,Z.U)-'RZU,T,Y)=0. ' (3.2)
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