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Abstract

In the present paper, we define two measures identical to Carlson’s Dirichlet
measure and then, with them, find two integral averages and again, construct two
generalized fractional integral operators involving these averages those are ana-
logues to generalized Erde’lyi-Kober integral operators. Then, we make their
applications to evaluate the transformation formulae of elementary functions on
analytic continuation theory. Also, we discuss some of their particular cases.
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1. Introduction

Carlson [1-3] has defined a Dirichlet measure dp, () on the standard simplex
EinR¥ ], k > 2, such that [4]

1 - - _
dp, () =B—(6u';1 Dot = (g =y P oy (LD
whercb:(bl, ..... 'bk) 1= Ck, OSul <l1,.., Ozsuk_1 <1, u, = 1 —uy =m0

B(b) = (T(b) ..TOYV{T (b, + ... + b}, where Re(b) >0, Vi=1, .. k.
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Due to (1.1), a Dirichlet average F of the function f measurable on the convex set Q
with respect to the Dirichlet measure du,(u) on the standard simplex E in Rk,
k=2, is given by

F(b; ) = IE f(u. z) dpr, (W) | (1.2)

k

where z = (2, ..., Zk) e O = C*and {(uz)= % u, Z, is the convex combination of
i=1

Zy, .y Zy 1O the LI and all Uy e Uy € Rk.
Alsofork=1, F(b; z) = f(z). (1.3)

Now, introducing new non-zero real parameters Zis o 2y WE define a new measure
dp, ,(u) on the standard simplex E in RK 1 k> 2, in the form

ZEk u u bl\:m‘l .
__k  b-1 b —-1{;__t_ k-1 '
dp.b’ L) BE) 11 ..... uk—ll (1 2 2t du, ...duk_1 {1.4)

where B(b), and b are given in (1.1) and uy, .., u, are such that

Uy Y Y 4
0<u <z,...,0<u fzp_p SoEl-——n -
Z Z 21

Again, for non-zero real numbers Zjs e Zy and U), oy Uy, WE define second new
measure d|L,, , (1) on the standard simplex E in R¥L k22, in the form
—b bk -1
B * b-1 b -1f, A Zk-1
= 1 k — -—— ——
dpty, , (W) B®) EARCR w k1Tl TR du, ..du,
(1.5)

where B(b) and b are given in (1.1) and Z)SU <o, .., 7 Sy <o, %: 1-

Z I

1 U -1

* Further, for obtaining the generalizations of the elementary functions, we
define an integral average F {f}(b; z) of an arbitrary function f measurable on the
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- standard simplex E in R¥ k>2, with respect to the measure dub, 1), in the form
F{f}(b; 2) = g flu; + ... + 0 ) dpy , (W) - (1.6)
where, all conditions given in (1.4) are satisfied.
Also, for k = 1, it is given by
R{f}(b; z) = 2° f(2). (1.7)

The second integral average F*{f}(b; z) of an arbitrary function f measurable on
the standard stmplex E in R k 22, with respect to the measure d“’*b, , (), in
the form

Fr{f}(b; 2) =J fu, ™ + 1+ 0,7 dpn, , (0) (1.8)

where all conditions given in (1.5) are satisfied. Also, fork =1, it is given by
F*{f}(b; z) =2 f(2). (1.9)

Now, to get more generalizations of both these integral averages in terms of the
analytic functions, we define following generalized fractional integral operators
associated with these integral averages as kernels and an arbitrary multivariable
function which are analogous to the generalized Erde’lyi-Kober operators such
that :

If c=(cy, s ck), b= (bl, - b,z € (0, %), where x, >0, Re (¢)) > 0, Re(bi} >0,
vi=1 ..k

then, for all the conditions given in (1.4), (1.6) and (1.7), the generalized fractional
integral operator, associated with the function F{f}(b; z) and an arbitrary multivari-
able function ®(z,, ..., 2,), is defined by

x)_x-l—bl—cl x'lzbk—c
- X re) I'(ck) .

(x, ~ 2% ' F{f}(b; 2) Bz, .. 2) dz; .. dz.  (1.10)

> Hdyx,, -

The second generalized fractional integral operator, associated with the function
F*{f}(b; z) and an arbitrary multivariable function ®(z,, ..., 7), forc= (P .
b=(b,...b), x; Sz <™, X, > 0, Re(c)>0,Re (bi) >0,Yi=1, .., kandforall
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the conditions given in (1.5), (1.8) and (1.9), is defined by

by b

x"k 20
b, ¢, 1 e -1
@Yy %) =5 o S J'x SR RS

1 k
(2~ %)% 1 %] X % FH{E}(; 2) DAz, . 2,) dz, .. dzy
(1.11)
Particularly, fork =2 and f = 1, from (1.10) and (1.11), we get
' -b—¢c b —-¢c" X ¥ , ,
o Yp)oy)=2t—Y x-2° "1y -0 "1 P Y0z, ©) dz dt.
@y ="t [ a-9" o0 )
(1.12)

and

b b
Pe L vy =2 Y f’f" —f  m ) =20 Oz 1) dz dt.
{@}x, ) TQTE) % y(Z )T -y Tz Dz, t) dz

(1.13)
respectively, those are double Erde’lyi-Kober operators.

We consider the multivariable general class of polynomials' defined by [9]

hv'--s — .
Spete Gy = B Dy AT )
L mo
X'l xfm _
;L, r—m' (1.14)
1’ m’

where h, .... h | are arbitrary positive integers and the coefficients A[L; L I
T, e N0 =10, 1,2,..},j=1, ..., m) are arbitrary constants real or complex.

For m = 1, of the polynomials defined by (1.14) would corresponds to the
polynomials due to Srivastava [9]

. [L/h]
= T (j Dpe A
where h is arbitrary positive integer and the coefficients, Ay  LreNy;={0,1,2,
.....}) are arbitrary constants real or complex.

xl’

Lr ] (1.15)
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The Pochhammer symbol is defined by

_T(A+n)
), = Toy (1.16)

Here, in our investigations, we evaluate the transformation formulae of the poly-
nomials defined in (1.14) due to our operators defined by (1.10) and (1.11), finally
we discuss some of their particular cases.

2.  Integral Transformation Formulae

In this section, we evaluate,‘following integral transform formulae for the
special function f(x) = ¢~ **, o real or complex :

If x has a transformation x =u, + ... + u, under the domain 0 £ u <z,
0w <z, k= 1 —h—....—h , wherezi>0Vi= 1, ..,k then forc =
Zk | 21
(s ) b=(b;, .., b, z, € (0, x,), such that x, > 0, Re (¢)>0,Re(b)>0,Vi
=1, .k, and for the special function f(x) = €™, a real or complex. Then following
transformation formula holds

'[01 J;)k zcl"1 -l (x, —Zl)cl -1 zEk_l (x,~z) %~ LR{f}(b; 2) dz, ..dz, =

g +b +c ~1 g +b +¢ ~1

F(cl)...F(ck)xll IR RS o e G0,0:(1,2);....;(1,2)
B(b) 0,1:12,2];....; [2, 2]
[ oo wL[1=bp:1)[1 — 6y = by:1%;.. [T~ b1 [1 - 6, = b:1]; o
[L-b, = .. = byl 1:[0: 1)[1 ~ 6, = b, — ¢ :13;..5[0, 11,[1 - 0y ~ b, —c1l; e
2.1y

provided that Re(c;) >Re(-b;) and larg (axi)l < m2, ¥i=1,2,.., k, the multivari-
able G-function corresponds to the H-function due to Srivastava and Panda [12].

Proof. In the left hand side of (2.1), define the average function F{f}(b; z), with
the help of (1.6) and (1.7), for the function f(x) = ™%, o real or complex, then
apply the Mellin Barnes Formula for the exponential function due to Mathai and
Saxena [6]
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2mH -

e rm 'r(-g)xidr;, Xl<oo, @=V(-1), (2.2)
W 0

in it and then set W=Z ¥y, Vi=1,2, .., kand again make the transformations with
the help of the conditions given in (1.4), and thus change the order of integrations,
we find that

5o Sk
B(b) (21tm)kr r TEE) e TEE) (@1 f0)

X
I b J:k z?i+bf+5"f (x, —z)% -1 ...zlc:k+bk+&k_l(xk—zk)'ck"1 dz, ..dz,
b +& -1 b + -1 -
[ 0Dk et TN vy == v P ST v, dE B,
(2.3)

Now, use the Dirichlet integral formula and the formula of the Beta function
occurring in the inner integrals of (2.3), we get

b +C,+0 b +e +o, -1 1
T R . X
o, 0%, B®) 2 o)
Jmoo @ 1 l_‘("""51)]:‘(]31'i'gl)r(c-l'*'bl4—“:7’1)
_mw...._mwr(bl+...+bk+§1+...+§k) I'(c, +b; +¢, +&))

r(_ ‘gk) r(bk + gk) r(Gk + bk + E_,k)
I'(o, +b, + ¢+ gk)

(00X )" oo )k E . E,. 2.4)

Finally, define the multivariable G-function corresponding to the multivariable
H-function of Srivastava and Panda [12], we obtain the right hand side of (2.1).

If x has the transformation x = u; Tt u; 1, under the domain z;Suy <o, ...,

7 _SU _; <o, —Ek—-= 1—%—....——21(; where w,andz >0Vi=1,.,k, then
k 1 U

forc= (c1 yeres ck), b= (b - bk), z € (xi’ ¢0), such that X, > 0, Re(cl.) >0, Re (bi) >

0, Vi =1, .., k, and for the special function f(x) = ¢ * ¥, a real or complex, the

second transformation formula holds
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r Jw zZ1 74T : @, —x)% Lz~ 5T ! @ — %)% L F¥{}(b; 2) dz, ..dz, =
%

o ~b ~1 o, —b -1

T(Cl)...r(ck T Lx ik x GOO(I 2) ..... ,(1'2)
B(b) 0,1:12, 2];....; [2, 2]
[oe ... .-]I[lubl:l],[o‘l --bl;l];___ [1 _bk:I]’[Gk_bk:l]; o a-i
[1-b; = ... = bl 10:[0: TL[oy = by —¢p:11;..500, 1oy — by — ¢ 13%, 7 7%y |

(2.5)
provided that Re(s,) <1 + Re(bi), and larg (ou’xi)l <m?2, Vi=12, ..,k '

Proof. In left hand side of (2.5), define F*{f}(b; z}, with the help of (1.8) and
(1.9), for the function f(x) = e~ ®¥, a real or complex, then apply the Mellin Barnes
Formula for the exponential function due to Mathai and Saxena [6], given in (2.2),
and then set Z, =W, vV, Vi=1,2, ..,k and make the transformations with the help
of the conditions given in (1.5), and thus change the order of integrations, we find
that

1 3 . : :
B(b) (21:03)“Jm Jm r( £ e T (=8 (@7 ) *

_EJZ z?l_bl"cl_gl (z, —x)% -1 .Z;:k—bk—ck—‘\gk—l(zk"-xk)ck_ldz1 ~dz,
1

b+& -1 b +E -1 b+ ~-1
I ot Ry s T (E L S TOIT) . S S OO . O

(2.6)
Now, in (2.6) do the same processes as analyzed after (2.3), we evaluate the right
hand side of (2.5).

3.  Applications

Theorem A. If Re (b) >0, Re (¢) >0, Re (5) > Re(—b,) and larg (ax)l < =/2,
Vi=12 .,k and 1™ f{} be the generalized fractmnal integral operator
involving the kernel F{f} (b; ), where the function f(x) = e~ ~, o real or complex
and z, € (0, Xi) >0,Vi=1,2, .,k defined by (1.10), then for arbitrary positive
integers hl, vy hk, Le No = {0, 1, 2, ...} and the complex numbers p, and ﬁi, where
pand B, #0,Vi=1,2,..k, the image



24 Hemant Kumar and Shilesh Kumari

-1 -1 '
> ¢ f{ZTl ----- Z:k SE"""’h“ (B, ZT‘ ----- B, Ztk )}y, - %) of the function
ztlIl -1 z:k— ! S}ll’"‘"hk ([51 z;l ... Bk zf:k ) exists and there holds the formula

-1 . -1 -
e f{le ..... zf:k Slﬁf"""hk (I.’;1 zill Bk ztk )}(xl, ves xk) =
xO1 —'1 ..... xo-k_l hlrl+""+hk LA L
: k Z ~L AlL: 1., .1,
B(b) . rk=0 ( )hl [+ -l-hk r [ 1 k]
r
G0 B% o002
rll """" rk! 0,102, 21;....;12, 2

[ oos W) [E- bI:I],[l ~0, - bl - p.lrl:l];... [1 —bk:l],[l -G, - bk— 9 :15;

[1- b] — = bkzl,..., 1: [0: 11,[1 -g, - bl —C =W, 115300, 11,01 - O, = bk- C = KT 13
R —
GB.D

where the general coefficients A[L; ST rk], (L, L e NO ={0,1,2,..}Vi=1,2,
...k) are arbitrary real or complex. )

Theorem B. If Re (b) >0, Re (c;) >0, Re (o) <1 + Re(b;) and larg (afx)! <
W2, Vi=1,2, ..,k and 1> f{ } be the generalized fractional integral operator
involving the kemel F*{f} (b; z), where the function f(x) = e~ X, ¢t real or complex
and z, € (x,, ©), x,>0,Vi=1,2,.,k, defined by (1.11), then for arbitrary positive
integers by, .., h,Le Ny =1{0, 1,2, ...} and the complex numbers i, and B, where

K and ﬁi #0,Vi=1,2, ..,k the image o f{z?l_I ..... zzk_l SEI’"'"hk (BI z‘fl

..... By ZE" }(x,, ..., X, ) of the function z(1Il -1 zlc:k_ ! SE""“’hk (B, z?l rover By Ztk )
exists and there holds the formula

-1 -1
A LR C I
xcl-l ''''' x“k"l hlrl+....+hk rksL

L k z (-L) AlL;t,..1.]
B(b) (ot =0 by # by T 1Ty
Gt Bk GO0 2. (1,2)
rll """" rk! 0,1:2, 2;....; [2, 2]
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L. J2[1- bl: H1 - o, —b1 + ulrlzl];... [1n- bk:ll,{ck— bk+ Bl 1%

[1-b) = =Byl L:[0: 1oy = by — ¢, +pyr, 213,500, 110, ~ by — ¢ + 1, 11k
& o
ey
(3.2)

where the coefficients A[L; Ipo e I (L I € N0 ={0,1,2,.}Vi=1,2, ..k)are
arbitrary real or complex.

Corollary A. For k=2, from theorem A, we find the transformation formula in
the series form involving two variables G-function due to Srivastava and Joshi [13]
(See, Srivastava, Gupta and Goyal [10, p. 7])

Ib,b’, c ¢, f {ZO"" 1 tc' -1 S}l' h' ([?;2:"1 ..... B tu‘ N y=

c~1_0~1 nhr+h's< L [T P EVRITUN.
X Y I'(b +b") ¥ (- L)h . A[L:r, S]MM
I'(b) I'(b) rs=0 r+h's r,! s!
0,0:(1, 2);...; (1, 2){ (orrndI=bl—c-b—prk(1 - b, 1 -’ - b~ p's); ax, ay]
(3.3)
where Re(b) > 0, Re (b') > 0, Re(c) > 0, Re(c") > 0, Re(c) > Re(- b), Re(o") >
Re(-b'), larg (ox)l < /2 and larg (ay)l < #/2, h and h' are arbitrary positive
integers, L € Ny = {0, 1, 2, ...} and the complex numbers y, ', B, B’ # 0. The
coefficients A[L; r,s], (L,r.5 & N0 = {0, 1, 2, ...}) are arbitrary constants real or

complex and the function f(x) = e~ **, a real or complex.

G0-1=[2,2];----§ 22| (1-b-b):(01-c-b-c—p); (0,1 —6' - b’ — ¢ — p'r);

Corollary B. For k =2, from theorem B, we find the transformation formula in
the series form involving two variables G-function due to Srivastava and Joshi [13]
(See, Srivastava, Gupta and Goyal [10, p. 7]), such that

e bl —Tgh (g B ))(x,y) =

X1y Irp+p) PSS L B Y
2 Dy Alins]
') I'(b" fs=0 r+h's rl! s!

GU.U:L L2 | (..u)i(l=b,o=b+pr(l=b,o —b +u's),;
01:2,22,2 1 (1-b-b% (0,0 ~b—c+ur); (0,6 —b' —c' + 's);

/K, a/y:|

3.4
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where Re(b) > 0, Re (b") > 0, Re(c) > 0, Re(c’) > 0, Re{o) < 1 + Re (b), Re(c”) < 1
+ Re(b"), larg (o/x)! < 7/2 and larg (o/y)l < /2, h and h' are arbitrary positive
integers, L € N, = {0, 1, 2, ...} and the complex numbers y, p', B, B’ # 0. The
coefficients A[L: r, s], d.,r.s € N0 = {0, 1, 2, ...}) are arbitrary constants real or

o

complex and the function f(x) =&~ **, o real or complex.

Since the computational representation of two variables G-function is presented by
Mathai and Saxena [5], therefore, from (3.3) and (3.4), we may compute various
results of continuation theory.

4, Particular Cases

E G G’

; {Il (=€ =D yws i I_—Il(gj)hrj 1:I](g'j)h's
Setting A[L; r, 8] = v Q Q'

T Q=P =Ly s 1@ TL@ Dy
j=1 j=1 j=1

(3.3) and (3.4) respectively, we get following transformation formulae of the two
variables Srivastava and Daoust function {8] in the form

in the equations

b, b, ¢, ¢, f;6-106-1 gE+1:G,G"
I {z t FP:Q,Q'
[(1-e—L)h,h7, [~ L:h,hT: [(ghhl; [@)H g p g =
[ (- p~ L b W (@ BB N 0 ] oy
E G G’

, ' —-L LIl (l-e ~L , Ig). TI(g').
Xa—lyo-ir(ber.)hH;SsL( )h:+hsj=1( % )hr+hsj=l(gj)hrj=l(g1)hs
F(b) T(b) rs=0 P Q. Q’

(1 - pJ - L)h.r+h's H](q_])hr .Hl(q'j)hjs
i= i=

j=1
®xH* @ y* ) oL 21,2
! ! 01:2,2;2,2
(otn):=bl~o-b—p; (1-t,1-c" -b' —p's);
[(1 ~b=b): (01~ -b-c-pr 01 -0 ~b ¢ - s P “.1)

where all conditions of (3.3) are included.

b,b’,c, '1f G“"] "'1 E‘!'I:G,Gr

! e FP :Q,Q’
[(1 —£&- L) h; hr] L [" L: h) h’] . [(g)’h], [(gr):h']: R @ }1' -
[ (1= p-Ly i @: L @) by PP } Hx.¥)
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E G G’

' heehss LELDy L T A—e -1y o T, TI(E),,

xo—iycs 11‘(b+b‘) HZS hr+hsj=l i hr+hsj=1 Jhrj=] i'h's
T'(b) I(b") A P QT

BxH" (B'y“)s 0.0:1, .12

1-1 s! 01 2,2:2,2
C-e):(I=bo-b+p); (1-b,c' b +us); . _,
[(I—b—b’)z (0,0 —b—c+ pr); (O, cs'-—b’—c’+p.’s);Ot %07y 4.2)

where all conditions of (3.4) are satisfied, respectively.

Due to Mellin Barnes integral formula, we have the relation between following
G-function and the Kampé de Fériet function due to Srivastava and Panda {13]

0,1:2,2:2,2 ox, O‘Y] =

G0,0!1,2;1,2 (ren):(l=-b,1-o-b-u){(1-v,1-6"-b" - pu's);
(1-b-b)0,1-0c-b—c—pur); (0,1 —-¢'—=b" —¢'—pu's);

[OTE)  [o+b+p) (@ +b+ps) 022
1: 11

Tb+b) Tl +b+orp)I(e +b +c +ps) LL

¢ Ji(b,o+b+ury (B, 0 +b" +p's); _
|:(b+b') (c+b+c+pr) (o’ +b +c" +p's); ay} 4.3)

Thus, from (4.3), we get the approximation formula of G-function in the limiting
form

: 001,212 | (..} (l=b,I=6-b-pr); (1-b,1-0" - b - p's);
lim Gy:3 52,2 [(l—b—b'):(O,l—d—b—c—ur);((),l—c'—b'—c'—p's);ax’ay

a—0

_IOI) _ T(c+b+u)I(e' +b +Ws) 4
I(b+b) I'lc+b+c+u)I(c' +b' +c’ +W's) '

provided that Re (b) > 0, Re (b") > 0, Re (6) > Re(— b) and Re (c") > Re(—b’) and
setting 1L and y' are positivereal ¥r,5=0, 1, 2, ...

Now, make an appeal to (1.12), (4.1) and (4.4), we get the transformation

formula
Ib,b',c,c’,f{ oc—1 tu‘ —-IFE+} GG’

lim P.0.Q"

oa—>0
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101 —e—Ly: b, 0], [~ L: h, b} : [(2): BI; [(): )i p o] _

[(1=p—L): b 1]: [(q): h]; [(@): b']; Per, Bt | Hx )
b, b, ¢c,c’,1 ( o6-1.0-1E+1:G, G’

I i {z t FP L0.Q" h

[1-e-L):hh7,[-L:h,bT: [(g):h]; [(g: h']:sz ﬁ,tp'

[(1 —p=L):h, k']: [(g): h); [(g"): h'D; T

E G G’

he+lss LEDy g T Q- =LYy Ty, TEY,,
o-1_0o-1 % ji=1 j=1 j=1

I,y =

X"y Sz - R Q'
j£I] (1 - pj - L)hr+h'sj131(qj)hr J]';‘[l(q j)h's
Do+b+unT(o’ +b' +ws)  BxMT @y )
Ic+b+c+punNT(e’ +b' +¢' +ws) r;! s!
o-1,0-1__I{c+b)I'(c’+b) E+1:G+1,G'+1

= Y Te+b+T(o+b+c) PiQ+1,Q +1
[(1 -e—- L) hr h’] ’ ["' L: hs hr] : [(g)' h]? [0- + b: l-l], [(gr): hr]’ [G' + b,: l‘l']’ ﬁzl-l Brtl-l'
[(A1-p-L)hh):[(@):h)lo+c+b: gl; [(q):h], [0 +b +c: pw'L; !
4.5
All conditions of (4.4) are included.

Similarly, the following G-function may be computed in the limiting form

lim oYL 212 [(........):(1—b,0—b+].1r); (t-b,0' b +ps); o a,y]

00 OPE2Z22[(1-b-b):0,0-b-c+u); 0,0 b ~c - p's);

PR T Y v r(b)l"(b') I'(c—b-c+unl(e’=b' —c+u's)
B ( I) r(b"'b') F(G-b+p.l‘) I‘(O"—b'-]-p”s) (46)

provided that Re (b) > 0, Re (b") > 0, Re (c) > 0, Re(c') > 0, Re (o) > Re(b + ¢) and
Re (o’) > Re( b’ +c') taking p and ' are positivereal Vr,5=0, 1, 2, ....

Therefore, from (1.13), (4.2) and (4.6), we get another transformation
formula

lim Jb.b',c,c’,f Zo'~1 tﬁ'—lFE-l-l:G,G'
{ P:Q,Q"'

a—0
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[(t—e-L):hh], [-L:h k] [(g): h]; [(g): Wlip p it _
[ (@ -p-Lyh L Ea: b 1@y P } Hx,y)

b, b’ ¢, c, 1 -1 -1gE+1:G,G’

I LR AR A o Blog
[(1-e-Ly:h ], =L b, 0] : [(2): b [CE): Wit v _
[ (1 -p—L) b [@): b [@): k% 0P } &y

E G G’
hr+h's< L (_ L)hl'+h's It (1 _ej _L)hr-!-h's H(g_])hr H(g'j)h's
Xo’-l cr'--l(_l)c'i-c' p3 j=1 j=1 j=1
’ r,s=0 P Q Q
0=y, T, T,

(Le-b-c+u) o' -b' —¢' +ws) )" B y* )’
T'(c—-b+p)T(c’ b +u's) r! s!

o-1_0-1 cte I(e-b-) (e ~b' —c") E+1:G+1,G67+1
= -1 F :
TyRTED To-b) (e -b)  P:Q+L,Q'+1

[1-e-L):hh],[-L:hh']: [(g) b, [c=b~c: ul; [(g'): h'], [6' —b' — ¢ u']; B2+ ﬁ'l”'
[(1-p-L):h,h]: [(q): h],[c - b: pl; [(@): h'], [6" — b": p; ’
4.7

All conditions of (4.6) are included.

Similarly, on specializing the coefficients A [L;t, s], (L, r.s € N0 ={0,1,2,
...} in (3.3) and (3.4) various other results for orthogonal and non-orthogonal
functions of two variables occuring in many physical sciences may be obtained.
Again, on making some specializations in the general coefficients A[L; SN rk],
L. r, e Ng=10,1,2,.}, Vi= 1,2, ., k) appearing in (3.1) and (3.2) various
analytic results for orthogonal and non-orthogonal functions of several variables
occuring in many physical sciences may be evaluated as particular cases.
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