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Abstract

Various geometers viz, Takano, K. [10], Pandey and Pant [7, 8], Mishra,
Pandey and Sharma [3], Mishra and Pandey [2, 4] and Dasila [5] studied different
recurrent, birecurrent and n-recurrent differentiable manifolds. In this paper, we
have extensively studied n-recurrent HGF-structure metric manifold taking differ-
ent curvature tensors.
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1. Introduction

Let us consider a differentiable manifold M_ of differentiability class C*. Let
there be in M a vector-valued linear function F of the class C*, satistying the
algebraic equation

}:{ =—a X, for arbitrary vector field X, (1.1)a)
where ‘ X=FX and ‘2’ isa complex number. (1.1)(b)

Then {F} is said to give to M_ a hyperbolic differentiable structure, briefly known
as HGF-structure, defined by the equation (1.1)(a) and the manifold M_ is called
HGF-manifold. The equations (1.1)(a) gives different structures for different values
of ‘a’,

If a # 0, it is hyperbolic n-structure, if a = + 1, it is an almost complex or a
hyperbolic almost product structure, if a = + i, it is an almost product or a hyperbolic
almost complex structure and if a = 0, it is an almost tangent or hyperbolic almost
tangent structure.
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Let the HGF-structure be endowed with a Hermite tensor g, such that
gX. V) -2* (X, Y) =0. (12)

The {F, g} is said to give to M, a hyperbolic differentiable metric structure
and the manifold M__ is called a hyperbolic differentiable metric structure manifold.

Let us put
FX Y)=egX Y) (1.3)

Then the following equations holds :

'B(X, Y)=—"F(Y, X), (1.4)(a)
i.e. 'F is skew-symmetric in X and Y.

F(X, Y)=a FX, Y), (1.4)(b)

FX,Y)=~"F(X, Y). (1.4)c)
A bilinear function B in HGF-metric manifold is said to be pure in two slots, if

B(X, Y) + a2 B(X, Y)=0. (1.5)
It is said to be hybrid in two slots, if

B(X,Y)-a’B(X,Y)=0. (1.6)
It shows that 'F is hybrid in X and Y.

Let D be a connexion and X, Y and Z be C* vector fields, then the function
K, defined by -

def
K(X,Y,Z)= Dy DyZ-Dy, D,Z-D (1.7

x v
is called the curvature tensor of connexion D.
Let us put
def
KXY, Z, T)= gKX,Y, Z), T), (1.8)

Then 'K is a real-valued 4-linear function, called associated curvature tensor or
Riemann Christoffel curvature tensor of the first kind which satisfies the following
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properties :
(i) It is skew-symmetric in first two slots :
KLY, Z,T) =—'K(¥,X,Z,T). - (1.9)
(ii) It is skew-symmetric in last two slots :
KX, Y, ZT) =-"K(X,Y, T, Z). . (1.10)
(iii) It is skew-symmetric in two pairs of slots :
KXY, Z,T) ='K(Z T, X Y) (1.11)
(iv) It satisfies Bianchi’s first identities : |
KX YLZT+KY,Z, X, T)+'K(Z, X Y, T)=0. (1.12y
) It also satisfies Bianchi’s second identities : |
(Dy KXY, Z, T, U) +(Dy, 'K)Z, X, T, U) + (D,’KYX, Y, T, U)=0. (1.13)
The tensor defined by |
Ric (Y, Z)dif (CKXY, Z), (1.14)

is called the Ricci tensor, C% being the contraction operator. It is a symmetric

tensor of the type (0, 2) : .
Ric (Y, Z)=Ric {Z,Y), (1.15)

The linear map r, defined by
g (1(X), Y) = g(X, r(Y)) (1.16)
is called Ricci map. The scalar R, defined by

R= (C]1) (1.17)

is called the scalar curvature of M, at any point P.

Agreement (1.1). The discussion which follow will hold for manifolds other than
almost tangent or hyperbolic almost tangent manifolds.
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In the HGF-metric structure manifold, Pseudo projective curvature tensor
W , Pseudo conformal curvature tensor C*, Pseudo conharmonic curvature tensor
L*, Pseudo concircular curvature tensor V*, Pseudo H-projective curvature tensor
P*, Pseudo H-conharmonic curvature tensor S° and Pseudo Bochner curvature
tensor B” are given by

WX, Y, Z)=K(X, Y, Z) - ?LT [a2 Ric (Y, Z) X ~a’ Ric (X, Z) Y], (1.18)
a -
2
C'(X, Y, Z)=K(X, Y, Z) + —2—[a? Ric (X, Z) Y — a2 Ric (Y, 7) X
{n+2)
2
+ 8 (X, Di(Y) - 8(Y, Z) (X)) - —E2— [ (X, Z)Y - p(¥, DX],
(- Do -2)
(1.19)
2
L'X,Y, Z) =KX, Y, Z) + (n’f_ 2 [a Ric (X, Z) Y — a2 Ric (Y, Z) X
g (X, Z) 1(Y) - &Y, Z) r(X)), (1.20)
2
VLY, 2) = KOO Y, B+t 8, 2) Y ~ (Y, D) X], (L21)

1

P'(X, Y, ) =K(X, Y, Z) +————[4* Ric (Y, Z) X —a’ Ric (X, Z) Y
. a“(m+2)

— Ric (Y, Z) X + Ric (X, Z)Y- 2 Ric (X, Y) Z], (1.22)

a2
m+4)

S*(X, Y, Z)= K(X, Y, z)- [a® Ric (Y, Z) X —a’ Ric (X. Z) Y

~ g (X.Z) r(Y) + &(Y, Z) i(X) + Ric (X, Z) Y - Ric (Y. Z)X

~2Ric (X, Y)Z+g(X. 1Y) — oY, Z) t(X) - 2g (X. Y) r(Z)].
(1.23)

a2

+4)

B X, Y, 2)=K(X, Y, Z) - ( [a® Ric (Y. Z) X — a* Ric (X, Z) Y
n

-2 (X, Z) 1Y) + (Y, Z) 1(X) + Ric (X, Z) Y - Ric (Y, Z) X

—2Ric (X, YYZ+g (X, Z) 1Y) — (Y, Z) (X) - 2 (X, Y) 1(Z)]
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2
a“ R == e = D
T 8 D)X — (X, Z)Y + g(X, Z)Y — g(Y, -2 , )
n+ @) [8(Y, )X — (X, 2)Y + (X, Z)Y — g(Y, Z)X - 2g (X, Y)Z]
* * * * * * * (1.24)
The associated tensors of "W ,'C,'L","V','P",’S” and 'B" are given by
5 def *

W= g(W (X,Y,2),T), (1.25)(a)

L def
C =gC X Y.2),T), (1.25)(b)

o def
L =gl (X,Y,2),T), (1.25)(c)

5 def ¢
V=gV XY,72),T), (1.25)(d)

5 def "
P =P (X,Y,2),T), (1.25)(e)

L def
'S =g X, Y,2),T), (1.25)(f)

4 def *
‘B =gB (X,Y,2),T). (1.25)(g)

Consequently,

1

WK Y,Z,T)="K(X, ¥, 2, T) - Ty [ Rie (42X,
a“n-

— a® Ric (X, Z)g(Y, T)1, (1.26)

2
'C(X, Y, Z, T)="K(X, Y, Z, T) + (ni 5 [a Ric (X, Z)e(Y, T) |
~a” Ric (Y, Z)g(X, T) + g (X, Z) Ric (Y, T) — g(¥, Z) Ric (X, T)]
_ %R __ [8 (X, Z)g(Y, T) - (Y, Z)g(X, T)] (1.27)
(h-ND@n-2) """ : ’ P '
2
TXY,Z T)="KX, Y, ZT) + (nah ) [a® Ric (X, Z)a(Y, T)

—a” Ric (Y, Z)g(X, T) + g (X, Z) Ric(Y, T) — (Y, Z) Ric(X, T)], (1.28)
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VX, Y, Z,T)="K(X, Y, 2, T) + [e(X, Z) g(Y, T)
- 5(Y, Z) g(X, T)], (1.29)

P Y, 2, T ="KOG Y, Z, )+ [a? Ric (¥, Z)g(X, T)
a‘ (n+2)

2R
n{n-1)

— 22 Ric (X, Z) g(Y, T) - Ric (Y, Z) g(X, T)
+Ric (X, Z)g(Y, T) - 2Ric (X, V) &(Z, T)],  (1.30)

a?'
m+4)

S'X,Y, 2, T)="KX, Y, Z,T)~ [a® Ric (Y, Z)g(X, T)

—a* Ric (X, Z)g(Y, T) + Ric (X, Z) (Y, T) — Ric (Y, Z) «(X, T)
—2Ric (X, Y) g(Z, T) — g (X, Z) Ric(Y, T) + g(Y, Z) Ric (X, T)

+g (X, Z) Ric(Y, T) - (Y, Z) Ric(X, T) - 2g (X, Y) Ric(Z, T)],
(1.31)
a’2
n+4)

B'X,Y,Z, T)='K(X, Y, Z, T) - [a% Ric (Y, Z)g(X, T)

—a® Ric (X, Z)e(Y, T) — g (X, Z) Ric(Y, T) + g(Y, Z) Ric(X, T)
+Ric (X, Z) g(Y, T) - Ric (Y, Z) g(X, T) - 2 Ric (X, Y) 2(Z, T)
+g (X, Z) Ric(Y, T) - g(Y, Z) Rie(X, T) - 2g (X, Y) Rie(Z, T)]

@R _
T )ned) [e(Y, Z)g(X, T) — g(X, Z)a(Y, T) + g(X, Z) &Y, T)
- 8(Y, Z) g(X, T) - 2g (X, Y) g(Z, T)). (1.32)

Let 'P be any of the curvature tensors of 'W*, 'C*, 'L*, V*, ’P*, 'S” and 'B”. Then
the HGF-structure metric manifold is said to be (4)-recurrent in ‘P, if

@ (V'PYX, Y, 2, T, U) - 'P(X, Y, Z, (VEXT, U)) =8 B,(U) P(X, Y, Z, ),

where B;(U) is a C® function, called recurrence parameter, and (4)-birecurrent in
'P, if
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a2 (VV'PYX, Y, Z, T, U, V) - (VP)(X, Y, Z, (VE)(T, U), V)
—(V'P)X, Y, Z, (VF)(T, V), U) + a® "P(X, Y, Z, (VVF)(T; U, V))
=a B,(U, V) 'P(X, Y, Z, T),
where B,(U, V)isa C® function, called birecurrence paramefer.
The HGF-structure metric manifold is said to be (14)-recurrent in ‘P, if
22 (V'P)X, Y, Z, T, U)~ PVF)(X, U), Y, Z, T) + a2 'P(X, Y, Z, (VE)(T, U))

‘ =2’ B (U) P(X, Y, Z, T),
or equivalently

a® (V'P)X, Y, Z, T, U) - 'P(X, Y, Z, (VF)(T, U)) + a% ‘P((VF)(X, U),Y, Z, T)
=2 B(U)'P(X, Y, Z, T),
and (14)-birecurrent in P, if
a2 (VV'P)X, Y, Z, T, U, V) - (VP)Y(VF)X, U)LY, Z, T, V)
— (V'PY(VFYX, V), Y, Z, T, U) — P(VVF)(X, U,V),Y, Z, T)
+a% (VPXX, Y, Z, (VF)(T, U), V) + a® (V'PYX, Y, Z, (VFYT, V), U)
+a% 'P(X, Y, Z, (VVF)(T, U, V)) - P'(VE)X, U),Y, Z, (VEXT, V)
—P(VF)X, V),Y, Z, (VF)(T, U)) =a’B,(U, V)'P(X, Y, Z, T),
or equivalently
a? (VV'PYX, Y, Z, T, U, V) - (VP)X.Y, Z, (VF)(T, U),V)
— (VP)X,Y, Z, (VEXT, V),U) — "PX.Y, Z, (VVE)(T, U,V))
+ a2 (VPY(VRYCX, V)Y, Z, T, V) + a2 (VP)(VF)(X, V), Y, Z, T, U)
+a% ‘P((VVF)XX, U, V), Y, Z, T) — ‘P((VF)(X, U)Y, Z, (VF)(T, V))

— PVE)X, V)Y, Z, (VF)(T, U)) =a®B,(U, V) 'P(X, Y, Z, T).
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The HGF-structure metric manifold is said to be (':124)—recurrent in ‘P, if
a® (V'PXX, Y, Z, T, U) - P((VFYX, U), Y, Z, T) + a "P(X, (VE)(Y, U), Z, T) +
& 'P(X, Y, Z, (VFXT, U)) =a> B(U) "P(X, Y, Z, T),
or equivalently
2> (V'P)X, Y, Z, T, U) - 'P(X, (VF)(Y, U), Z, T) + a2 "P(VF)(X, U),Y,Z,T)+
a2 'P(X, Y, Z, (VF)(T, U)) = a2 B,(U)'P(X, Y, Z,T).

Similarly we can obtain other equivalent condition applying structure on different
vectors.

and (124)-birecurrent in ‘B, if .
o> (VV'PYX, Y, Z, T, U, V)~ (VPY(VF)(X, U)Y, Z, T, V)

—(VPY(VF)X, V), Y, Z, T, U) - P'(VVF)XX, U,V).Y, Z, T)
+a® (VP)(X, (VF)X(Y, U), Z, T, V) +a® (VP)(X, (VF)(Y, V), Z, T, U)
+a” 'P(X, (VVEXY, U, V), Z, T) + 2%(V 'PYX, Y, Z,(VF)(T, U), V)
+a%(V "PYX, Y, Z,(VF)(T, V), U) + a¥P(X, Y, Z,(VVF)(T, U, V))
~ P'((VFXX, U), (VFXCY, V),Z, T) = P{(VF)(X, V), (VEX(Y, U)Z, T)
- P((VE)(X, U),Y, Z,(VFX(T, V)) - P(VF)(X, V.Y, Z,(VE)(T, U))
+a”P(X,(VFX(Y, U), Z,(VFX(T, V)) + 22P(X, (VF)(Y, V), Z(VEXT,U))
=a>'B,(U, V) 'P(X, Y. Z, T),

or equivalently

a% (VV ’P)(f{',‘ Y,Z,T,U, V)~ (V'PYX, Y, Z, (VF)T, U).V)
~(VP)X, Y, Z, (VEXT, V)U) - P'(X, Y, Z, (VVEXT, U,V))

+a? (VPY(VE)(X, U), ¥, Z, T, V) + a%(VP)(VFYX, V), Y. Z, T, U)
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+a? "P((VVF)(X, U, \f), .21+ a*(V 'P)X; (VF)(Y, U), Z, T, V)
+a*(V'PYX, (VF)(Y, V), Z, T, U) + a%P(X, (YVE)Y, U, V), Z, T)
~'PU(VEXX, U), Y, Z,(VFXT, V)) —'P((VF)(X, V), Y, Z, (VF)(T, U))
R, (VFYY, V), Z(VR(T, Uy) ~ P(K, (VEXY, U), Z(VF)(T, V))
+ ¥ PVE)(X, U), (VFX(Y, V), Z, T) + a¥P((VF)(X, V), (VF)Y,U), Z. T)
=2 ByU, V) PX. Y. Z, T).

Similarly we can obtain other equivalent condition applying structure on different
vectors,

The HGF-structure metric manifold is said to be (1234)-recurrent in ‘B, if
a? (V'PYX, Y. Z, T, U) - 'P((VEYX. U), Y, Z, ) + a2 "P(X, (VF)(Y, U), Z, T)

+a% 'P(X, Y, (VF)(Z. U), T)+ a2 'P(X, Y, Z,(VF)(T, U)) = a2 B,(U)'P(X, Y,Z,T)

]

or equivalently

2 (V'P)X, Y, Z, T, Uy - 'P(X, (VEXY, U), Z, T) + 22 P(X. Y, Z, (VFXT, U))
+a® 'PUVEYX, U), Y, Z, )+ a P(X, Y, (VF)(Z, U), T) = Bi(U) 'P(X, Y, Z, .

Similarly we can obtain other equivalent condition applying structure on different
vectors.

and (1234)-birecurrent in 'P, if
2 (VV'PXX,Y,Z,T, U, V) - (VPY(VFYX, U)Y, Z, T, V)
—(V'PX(VIYX, V), Y, Z, T, U) ~ P((VWEYX, UV).Y, Z, T)
+a® (V'PY(X, (VEXY, U), Z, T, V) + a? (VP)(X, (VE)(Y, V). Z. T, U)
+a? 'P(X, (VVF)(Y, U, V), Z, T) + 2%(V 'PY(X, Y, (VF)(Z, U), T, V)
+aX(V 'PYX. Y, (VEXZ, V), T, U) + 22P(X, Y, (VVE)Z, U, V).T)

+aX(V'P)(X, Y, Z, (VFXT, U), V) + a&(V 'PYX, Y. Z, (VEY(T, V), U)
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+a?P(X, ? Z,(VVF)(T, U, V)) - "P((VFXX, U), (VF)(Y, V),Z, T)
—PVE)X, V), (VE)(Y, U),Z, T) + a”P(X, Y, Z,(VVEFXT, U, V))
—PVEYX, U), (VEXY, V),Z, T) — PUVF)X, V), (VE)(Y, U),Z, T)
~PUVFYX, V),Y, Z(VFXT, U)) + a2P(X,(VEXY, U), (VF)(Z, V), T)
+ a2 POX(VF)(Y, V), (VEXZ, U), T) + a®P(X, (VF)(Y, U, Z,(VE)L,V))
+a¥P(X, (VF)(Y, V), Z,(VE)(T,U)) + a2 P(X,Y, (VE)Z, U)(VF)(T,V))
+a2P(X,Y, (VEXZ, V)(VE)T, ) = 2% ‘B,(U, V) 'P(X, Y, Z, T),

or equivalently
22 (VW P)YX, Y, Z, T, U, V) - (VPYX, (VFXY, U), Z, T, V)

—(V 'PYX, (VF)(Y, V), Z, T, U) — PAX(VVF)(Y, U V), Z, T)

+ a2 (VPY(VF)X, U)Y, Z, T, V) + a> (VPY(VF)(X, V)Y, Z, T, U)

+ a2 PUYVE)X, U, V), Y, Z, T) + a%(V 'PXX, Y, (VF)XZ, U), T, V)

+ a2V PYX, Y, (VEXZ, V), T, U) + a2P(X, Y, (VVF)Z, U, V),T)

+ a2V 'PYX, Y, Z, (VF)(T, U), V) + a2V 'P)(X, Y, Z, (VF)(T, V), U)
+a¥P(X, Y, Z,(VVF)T, U, V)) - P((VE)X, U, (VF)(Y, V),Z, T)

— PUVE)X, V), (VE)Y, U),Z, T) — PXVF)(Y, UL(VFXZ, V).T)

- 'P(i,(VF)(?, V)(VF)Z, U),T) - PX,(VF)(Y, U), Z(VFXT, V)

— P V)Y, V), Z(VFYT, U)) + a?P((VF)(X, U), Y(VF)Z, V), T)
+ a2 P((VF)(X, V), Y,(VE)Z, U), T) + a?P((VF)(X, U), Y, Z,(VEXT,V))
+ aP((VF)X, V), Y, Z(VF)(T, U)) + a”P(X,Y, (VE)Z, U),(VEXT.V))

+a*P(X,Y, (VE)Z, V),(VEXT, U)) =2’ B2(U, V) PX,Y,Z,T).
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Similarly, we can obtain other equivalent condition applying structure on different
vectors.

2. n-Recurrence and symmetry of different kinds

Definition (2.1), The HGF-structure metric manifold is said to be (4) n-recurrent
m'P if

82 (V, V| o Y,V PYX Y, Z, LU, Uy, e U LU
AN A Yy Yy PUX, Y, ZV F)YT,U,), U, Uy o UL )
~ (Vo Vet v,V PYXX, Y, Z(V,_FYTU,_ ), U,U U ,.06)
Yy Ty o ¥ U, BYK, X, 2T EXT0 U U Uy
~(Vy 5V g Vy¥, VB Y, Z(V, Y, FXTU, U, U Upye, U, )
(9, Yy e Vg V3 YOG Y, 2V XD Uy, U U
=~ (V3 Vg ooV Vy BXK Y2V, Y, Vo oFXTU, 0 U0 UL U U, )
Uy Vo) e Uy YK, Y, 2V, BXTU Uy, U Ul s U
(U, Vo Y Y, 2T VT, Uy oo U, 00
(7, Y, P, . 2,y g D o U U0
= (VPO Y, Zi(V e VoV FXTUL Uy s U U
5, P Yo 29,y e DoV T U s 00,0y
L A A A0 5 G G RO U)
=a” B, (U}, Uy, oo U 'PY, Z, T). @.1)
Where B (U, Uy, ciooorcvceriiscrcerrinnenn, .U_) is a non-vanishing C* function.

Definition (2.2). The HGF-structure metric manifold is said to be (14) n-recur-
rent in ‘P, if
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22 (V_ V| oo Y,V PYX Y, Z, T, U), Uy e U _,U)
(V. Y, g eerrnrnionn V, V, PX(V,FYXU )Y, ZTU , Uy, oo U )
F @2V Vo o i Y,V PYY,Z(V FYLU ), Uy, Uy o U )
Z 0,7 ey PXCT YUY, 20, U o Uy)
S (20 AR V.V, PYXY,Z(V,FXTU)), Uy, Usy oo ,U,)
AP Y, PX(V FYXU)Y, ZV, FXTU, WU, o U )
(Ve Y, XV, DU Y, Z(V FYTU U, e U )
STCA /S V3 PX(V,F)GU,)Y, Z(V FYTU DU, i ,U,)
(V V| i VB)(V, FYXU DY, ZA(V,F)TU) Uy, o ,U.)
LA V,V, PV, Y, FXXU U)LY, ZTU, U U )
8V, v Vo Vi PUK Y, G (RO VNN O R— ,U_)
LU/ N —— Y, P,V FYXUU)Y, Z, T Uy - ,U)
+22 (V,V, | eocmrnrsie v, PXX, Y, Z,(V,V,FXTU, Uy, U, R ,U_)
S A v PV XU, )Y, 2,9, V. FXTU, UL Uy, e LU
STLA—— v PY(Y, V. U LU DY, Z, (V ELTUD, Uy, U, )
YA A Y, PUY,F)X U, LY, ZV,VFNTULUL), Uy, JU_)
S UA A V4 PYV, VP U, U),Y, Z(V FXTU), Uy oo U_)
—(V_ Voo V, PX(V,V,V FYXU UL UNLY, ZT, Uy, s U.)
+22 (V. V_ e \ZR9 08 ACA AN 5'C RUIRTR U | — U.)
(Ve V POV VU UNY,Z,(V, LV, SFUTU, U ) Uy U )
~(VgeV POV V. FIXU U )Y Z, (VY FTU_ U U,, U )
(VY eV PV, VY ULU )Y, Z, (Vo V FYLULU, Us,y e U)
~(V Vv Vs PX(Y,Y XKUY, Z, (V, V(LU U, U, U, U



On n-Recurrent HGF-Structure Metric Manifold 91

(Vg ¥y POV EICUY, 24V, Y, 5V sFUTU, U, 50, U U, )
= (Vg eV PO V2V 3P, 5 U, UL Y Z(V FYTUDU,, sl )
~(V, oo Vs PX(V, XX, )Y, Z(V Y,V FNTULULUDUg, e U.)
~ (Voo v, 'P)((V4V3V2F)(E,U2,U3,U DY Z(V FYTU DU, v U)
(V4 V) PU(Y, V1 Voo Vo sFXKU, 300U, LU Y, ZT U U )
+ a2 (V, gV PYKYZ(Y V(Y VBT, LU, LU, UNU, e U
e L/—— Vs PV, Y, Y,V UL U, U U DY, ZT U, oo JU)
+22(V_ v Vs PYCYZ(Y, VY,V FXTU LU, ULUDUs, e JU.)
— (Y PYCY, FYOCU, )Y, Zi(V, e 120 5T LU U_)U)
A0 3 [(CZ——— V FYU s s U )YZV. FXTU )U)
= (V} PUCV XKUY, ZoAV e VaUTUy o U
SYCE: 2 (LA VaFXK,Us, corvernmimesssrn U)LY, Z(V,F)T,U)U,)
— PV, jersrimiesriesstessrin V FYOU rrrrnrrsmsinssnsnsesn U _UDY.ZT)
SR (O, O A V T Upsverenceercssennsiens U,)
=22 B_ (U, Uy, oo U)'P(X, Y, Z,T). 2.2)

Barring X and T in the equation (2.1) we can obtain other form of the definition.

Similarly, we can define (12}, (13), (23), (34), (24) n-recurrent HGF-metric
manifold.

Definition (2.3). The HGF-structure metric manifold is said to be (124) n-recur-
rentin ‘P, if
a2 (V.V

n n-1

AV Vo e A ST A URR AV AT | B VN— U__)

n-1"n-2
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22V, 1Yy eV PYXAY FYGUDZTU LUy U, )
+aX(V, V. s V,V, PYX,Y,Z(V FNTU U LU, oo U )
—(V, Vo | it YV, DYV, P UD,Y, ZT Uy, Us, e LU )
+25 V. Ve V.V, PYEY FXYUDZTU,, Us,s oo U )
L O/ A V.V, PYXY,Z(V FXTU LUy, Uy, oo U )

U/ v, PY(V FYCKU Y FIGU. ZTU L, e U )

(2R —— v, P, 1F)(§,Un_1),(VHF)(Y,UH),Z,T,U1, ............... U_)
— (Vi Y, YV FIXUIY.ZV, FXTU, DU e U
L L/ v, PV, FXXU )Y.ZV F)TU LU oo U_)
+8% (Vv V,V, DXLV FYUDZV FEXTU, DU, o U,
+2% (Vg e V.V, PYXAV, FIYU_DZV YU, e U,
—(V V| corrermensonesssnens V3 PY(V, YU DUV, ENYUDZ T U, o U
U/ /N V3 PY(V,E)OU )V FXYU DZT,Us, o LU
= (V, V| oormnniissnsin V' PY(V YU )Y 2V XU Uy, o U)
— (VY | crermsersenions V3 PY(VoF)(X,Uo), Y Z(V FYTU U, oo JU)
S AV ) 6 A0 0 AUBWACH 510 LU R UNSIRI )
+ 82 (Voo V3 PYK Vo F) YU Z,(V FUTU D Us, o U.)

(/NP V, V, PU(V, Y, FXU, U, ZTU s UL
S AP V, V, PYKAV YV, FYYU. 1, UNZTU |, e LU_,)
S8 (/R Y, V, PYXY,Z(V V. FXLU U LU, e LU )

........................................................................................................................................
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+ a2 (VU V. e V, PICK(V,V FYYULUDZT, Uy, oo ,U)
+2? (V.V_ | e Vs PYK,Y,Z(VoV FYTU LU Uy, e ,U)

LA Vv, YV F)YXU, WV, VPG LU DZTU, e U_3)

LA VPV Y YU, Uy WV ELGUDZTU U, 3)
= (Vg Vv, PX(Y F)XU Y. Z(Y YV EXTU U DU e U,3)

QAR YV, PV, VXU, U, W YZY F)L(GUDU U )
8 (V) gorens V) PYCAY ENGUDZV Y LFXTU, U DU U )
+8° (Y, g Y YAV, Vo oIV, U, ZAY FXTU U, U, )
LA V¢ PY(YFYKU, V3 VP U, U ZT U, o)
S CA— Y, PY(V5V,F)U, UV FYOGU DZTU,, e JU.)
e L/— YV, PUV XU DYZV VP GULUDU,, U.)
~(V, rerceresnees V, PU(V;V PXKURUDYZV EXTUD U, e U)
+25(V Ve YV, PYKAY FXLU LZ(V3 VP LU, UD Uy e JU)
+ 22 (V. V.| cooerein Y, PYK(Y; VYU UDZV EXTU DU, e JU,)
— (Y 3o V) PV, FYEU Y, FIYU ZAY, JENEU, DU U )
LA V4 PYC XU, WVFIGUDZVENTUD U, o U.)

(V. gevcnerese Y PUV, V1 VDU, U, UL, ZTU e U )
S A A— Y PYKAY, VY,V FNGU, U, JUDNZT U e U )
L S CAP— Y PYXY.Z(V YV V. EXTU LU, U U e U_)
(Ve Y, PY(V,V, Y FYXU LUy U)LY, ZT, Uy, e U_)



o4 S. B. Pandey, M. Pant and S. Patni

22 (V,oerrenresennn Y, PYXY,Z,(V; Y,V FYTULULUDU o e U,)

(Vo V PXOV. V. BYGU U (Y, VB LU ), ZTU,, U y)
(Y, eV POV, oV YK, LU VY, FUYU, UYL ZTU,, U )
~ (Vo V PXOV Y, BXU, LUDY,Z(V, YV FUGU LU ) U, UL )
~ (Vo V PXV, oV, SPIOKU U ) YLZ(V V. FYTU, UL, U, )
+ 25V oV PV VFXY U LUDZ(V YV FUTU U )L U U )
+ 22V gV PYKLY, V. SBYU_ LU NZ(V Y BTU UDU,.U, )
(Vi Vs PV, V FXCU LUV, VB GULU D), ZT U, U, U
A V5BV, V3BXX U3 U, (VY FXGULUR), AT, o U)
LA Vs 'PX(V,V FXKU, U)LY Z(V VS FXTUL U, Us, U, Uy
A/ Vs PX(V, VUL U LY Z(Vo Y EX LU U, e U)
A 2V Vs PYOK(V, Y FXY UL UDZAY  VaFXTUp U, Us, o U)
+ 2V Vs PXX(Y, ViR UL UDZVV FXTULUD U, s )
A AT—— Vs PX(V,VaRXXU5U )Y Z (VoY FXTU U Ue, U )
~ (V¥ PXCV FXU), (V. FXYU, DZ(Y, LV, DTV LU ) U U )

(V¥ PV P, (Y, LV FXOGU_ U ) Z(V FY(TU, ), Upy U )

(V4o ¥, PUCY, L,V XU UL WY EXYU), Z,(Y, UL, U U )
LA Vs PX(V, PEU DAV, FIYUD,ZV,VDTUL U U U,
— (Ve 20 (CADCRBTCAATCATMIBALA ST NN - JU)
~ (Vi Vs PY(V, V3FXK U U (VXY U DZ(VFXTLUDU, e )

(Ve PXCT DU, (V, VoV BV U U D ZTU, U y)
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=gV PUO VoV sIKU, U0 U, DAY YU ZT U, e U )
= (Y gV PO EYXUDY 2V, Y,V FUTU U, U ), U Uy
= g V) PXV 1 Vi gV XU, U, 5 U DY 2V FUTUDU,, U )
+ 84V, gV PYXY, FXY U ZA(Y, Y 12Ya3PHEU U 50, ), U0, )
+ 84V, gV PYXAY, VoV, FXYU LU U DZY EUTUDU Uy )
= (Vo Vs PUOT RIS UDAVY, V VE) YU U U, ZT U, JU)
(Vs V5 PX(V, V3V, FX U U U, (VXY UDZT U, U)
L/ Vs PXY, FXXU DY ZAY V5V F) (LU UL U, Ul e U
(Y rrinnn v, 'P)((V4V3VzF)(i,Uz,U3,U4),?,z,(VIF)(T,Ul),Us, ........................ JU)
+ 2% (Ve Vs PXXV XY UDZAY V3V ENTU, UL U,), U, JU)
+ 82XV Vs PYXX(Y V3V, FXY Uy U UDZ(V FXTU D U U)
~ (Vi gV PV, 1V oV BXXU, U U UYL ZT U, e U )
8V, gV PIXAY, Y, 1V, oV FNOYU, U, U UDZT, U U )
+ 24V gV PYKY,ZA(Y, Y, ¥, oV FXTU, 3 U, 20, U e U )
o LN Vs PNV, V3V, Y FXK UL Up U U Y ZTU,, o U)
+2%(V i Vs PXXAV, V3,V FXYULULULUD ZT U, o JU)
L A Vs PYXY,Z(V, V3V, Y XU L Up U U DU, i U)
~ (VP FYCU, ), (Vs VIE)YU i U ) ZTU )
A/ (/PSRN 5 6" § N— U, (Y, F)(Y.U, ), ZTU)
= (V, PV, FYCU_ DY, ZAV gt 1213316 NGO U, U)

STCA 5 (\/— VEYU v U, WYZV BT U )U)
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+ 2%V, PYXAY, XU DZ (Vs V EXTU e U_)U)
+ 22(V, PYK(V, g VYU e U )ZV FXTU, ).U)
— (7, PV EYEU,), (V. i VaFXY, Uy UZTU)
2% 3 (/NN 14 ' 0 0 § MU e JU)), (V,F)(Y,Up), ZT,U))
— (Y, PV, EY UMY, Z(V vt VaFXT, U JU),Up)
4% 3 (C/R— 1283104 N L UDY.Z(V,FXTU,)U,)
+A(V  PYKAVFYGUDZAY oo 128374 LU UDUD
AU ST0 S 128350 A0 S JU)Z(V,FYTU,)U,)
—PUY V| oeerirmreeresesssssnssns 20 3T O U LUDY,ZT)
SR 20, €L 1720314 A ORI ,Ur;_] U ).Z,T)
& P LV Ve V IFXTU eveceersinesesiens U500
=@ B, (U}, corresesesioneen U) P Y, Z, T, 23)

Barring X and Y or X and T in the equation (2.3), we obtain the other forms of the
definition.

Similarly we can define (123), (134), (234) and (1234) n-recurrent HGF-
metric manifold.

Definition (2.4). The n-recurrent in 'P-(4), (14), (124) and (1234) n-recurrent
HGF-structure manifold is said to be 'P-symmetric, if B (Up, i , U)=0,
in the equations (2.1), (2.2) and (2.3).

Similarly, we can state and prove theorems for (1), (2), (3),(12),(13),(23),
(24), (34), (123), (234), (134) and (1234) n-recurrent HGF-structure be 'P-symmetric.

Theorem (2.1). In the (4) n-recurrent HGF-structure manifold, if any two of the
following conditions hold for the same recurrence parameter, then the third also
holds :

(a) It is associated Pseudo concircular (4)n-recurrent,
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(b) It is associated Pseudo conharmonic (4)n-recurrent,
(c) It is associated Pseudo conformal (4)n-recurrent.

Proof.  From the equations (1.27), (1.28) and (1 .29), we have

'LAHXY,ZT) ="CHX,Y,Z,T) + @ . o VKXYZT) = VHXYZT).  24)
Barring T in equation (2.6), we have
n

'LHX,Y,Z,T) ='C*X,Y,Z,T) + 0-2) {KXYZT) - VEXY,Z T} (2.5)

Now from equations (1.1)(a) and (2.5), we have

@B, (U}, Uy, e U THXY,ZT) =6 B, (U} Uy, U Y 'CHX,Y,Z,T)
n I r
+ @ B, (U Uppeeecrnninn U g (KXYZD - VX YZT) (26)

Differentiating (2.5) w.r.t. U], U, U3, - Un-I and Un.

Using the equation (2.5) and then barring T in the resulting equation, we get

2 '
ANV, V oo ssesssern VoV LAKYZTU Uy U0
o A/ T VoV LYK YZ(V, FUTU DU U U,
o U/ VoV LAY ZAV, FXTU, DU Ueecnr U)

S A VoV LICOY,Z(Y, FXT U, ) U LUy U, U, U )
~ (V.Y miemsiresessnnn \AZL I A w AU TRIHNI NE— U_U)
(/AP V LHXYZ(Y, Y, U, U e U
e /A V3 LYY, ZAV,V EXTU LU U U)

LA VLK YZ(V, Y, Voo FXTU 50 U U e U, )
L L/ Y LOYXNZ V3V FXTU LU U U,)
— (VL)LY [V peeerrnineiinn VoV EXT,U Uy U U
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T R R T L L Lt LR R e R e L L L AL L

.......................................................................................................................................

REAZ% 53T0 8 @A (70— (203U A— U UU)
L0 8% A L ——— AT 3 TGIR U G — U_,U)
— a2 '
T (/A AR 00 6 /% WO IR U R— U_ U
S R A Y,V CRYZV FXTU DU U U}
S A — EATKC R SACAR ) CHUMYS I —— U)
(S A — V,V,/CHECY,ZY EXTU DU Ui U)
(/A S— Y COKYZV, Y, FUTU, UDU e U, )
(Ve A AW ACAA S GR IR N A—— JU)
S CA— V,CHY,Z(V, Y, .V T, 00U, U DU e U2
o L/ /N V,/CHOCYZAV, Y,V FYTU UL U U s U,
RS 6.8 A L P— AT 5 TG T S 0 A— U _)U)
SICAC € &4 (A — AT R A— JU)Up
R L& & A — A0 TG RN O —— U DU
I 2 '
i A A/ 0108’5 W B¢ ——— U__U)
e (/A VAL QT0: R AL 3 CR NN U A— U_)
A/ A A 16 AL 5 TE W N A ¢ S— U, U)
A2 VAT A FACHD TN R § A — U)
e L/ —— V,V KK Y,ZV YV, FXTU, L UDU U U ,)
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.......................................................................................................................................

.......................................................................................................................................

e A/ V3 KIKY,Z(V,V FXTU Uy Usoererercrs JU,)
AV, g VIKIKY.ZV, V1Y U U U U )
= (VKIKYZAV, (Y, erirncenernenson VoV EXTU Uy, U_UD)
—(VyKYEKYZ(V Y cnenrnnsnn LA GV R UDUD
= KYZ(V Ve VoV FXTU Uiy U LU
2 ‘
L/ A VoV VIOCYZTU U U__U)
FVHV e VY,V VO YZY FNTUDU Uy u_p)
F(V evtrnsensessnmnresses % 0.8 AL TG U N T A LU )
S L/ Y VIXYZV, Y, FXTU U LU, e LU_)
S U/ —— V3 VY ZAV,V FXTU LU Us e JU)
AV VEIEGYZAT, e V ENTU LUy U )U)
(V) VY ZAV V. e Vo Vo FXT,UpUs e U, UDUD
S A 0.8 &AL A T 6 NG O )
2.7)
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~(V Ve V,V, LK YZV, FITU, DU Ui U)
S U 2T Vo LYY, ZAV FUTU D Upnerernresn U
A A VLYK YZAY, Y, FXTU, UU e U_)
— (VLAYKY,ZAV, (V. geerenrrnnreres VoV FXTU L Upsecrnnrenerenee U U
= (VyLIEYZAT, Voo Vo F)(T Uy DU
o T 0.8 S L/ R A0 TG 0 O U, U
2 '
- X (U T V, VLA IZTU U s U U
_ .2 ' ‘
=XV V. rcennnscnsensnsins VoV CHLYZTU U U, U)
/O Y,V 'CHXY,ZV FXTU DU U U_)
A Y, CHEYZY FXTU U Uy U ,.U)
U/ /T Yy CRHEYZAY FXTU DU oo U_,,U)
L/ — Y,V CHKYGZV Y FXTU_ [ UDU LU e U_)
(VY rteimessscnsnseins V' CHXYZ(V, ¥ FYTU WU Uy JU)
—(VCKNZY, |V, ereeseesrenrinn A 5 TT S ST U_U)
— (V/COKYZT Ve VaVoF)T,Up Uy UU)
L S5 0, 'S VoV FXTU [ Upserrcrreienscensosienn U .U))
2 '
e X (L OO U, U YCHXYZT)
__n_ > :
“0-2" (V.Y jeremresessneriene Y,V KICGYZTU U e U_,U)
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(2T v,V KYXYZ(V FXT,U_)UU U, ,U)
o U2 /TR VoK) Y ZV FXTU DU U . U)
— (VKYKY,ZAY,rorevrnsnesssreseen 2848 3T L O, U, )U)
— (V/KIYZAT, Voo VoV FXTU Ui UL
~ KLY ZV Ve VoV FXTU U U U

2 '

e A/ O VLV VAKX YZTU | Uyeecncercrsensn U0
23 A /T VoV VA YZ(Y, FXTUDU Uy u_)
S A/ Vo VICLY,Z(V EXT,U DUy U
S A/ VIVOKYZY, Y, FXTU, U U e LU_)
SR A7 Yy VK Y,Z(V, Y FXTU LU, Ugenecrenns U
+ (Y VOOGY,Z(V e VIENTU LU Up UL
TV VIKYZAT, Y, crernsnr A TG E A U, pUUp
FVHEKYZV T, ovreneesimessnenessne A ) A U S JU))
%0 - T (S O € O U U YVHXY.ZT).

n 12 n-1>"n (2 8)

Now, if the (4) n-recurrent HGF-metric manifold is associated Pseudo concircular
(4) n-recurrent and associated Pseudo conformal (4) n-recurrent for the same
recurrence parameter, then from equation (2.10), we get
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o (/YRR WA 50570 & %A W U NSRRI U0

2N Y,V LAY, ZAV F)TU U U U, )
(Y reerereresssresmss s Vz‘L*)(X,Y,Z,(ViF)(iUl),Uz,.......7 .............................. JU)

(V, _eoremramssmesnssiesn VLYK Y,Z(V V. FYTU. U DU oo U )
TV V. ferrmresecsiesien VLYK, Y,Z(Vy ¥ FXT,U LU Uspencnones JU)
A 55510 &' AL 120 5T GG —— U, )U)
~(V LIKYZAV V., eovrrerenrenre A 5 TG 6 U_LU)U)
(0. QG AL/ A VoV FXUTU U U))
= 8%B_(U U secctrrccmrsnnscsisssnmsomsssssssis s e UYLKXYZD). (29

which shows that the manifold is associated Pseudo conharmonic (4) n-recurrent.

Similarly, it can be shown that if the (4) n-recurrent HGF-metric manifold is
either associated Psendo conharmonic (4) n-recurrent and associated concircular
(4) n-recurrent or associated Pseudo conharmonic (4) n-recurrent and associated
Pseudo conformal (4) n-recurrent then it is either associated Pseudo conformal (4)
n-recurrent or associated Pseudo concircular (4) n-recurrent.

Theorem (2.2). Inthe (4) n-recurrent-symmetric HGF-structure metric manifold,

if any two of the following conditions hold for the some recurrence parameter, then
the third also holds :

(a) It is associated Pseudo concircular (4) n-recurrent symmetric,
(b) It is associated Pseudo conharmonic (4) n-recurrent symmetric,

{c) It is associated Pseudo conformal (4) n-recurrent symmetric.
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Proof. Let the (4) n-recurrent symmetric HGF-structure metric manifold be
associated Pseudo concircular (4) n-recurrent symmetric and associated Pseudo
conformal (4) n-recurrent symmetric for the same n-recurrence parameter then
from equation (2.9), we have

S A/ VoV LAYKYZ LU U U, ,U)
A(V_Joeeresrseeesssinsesiss AN S0 QAL G U LTI — U, )
A/ AN VoV LHOGYZY FYTU. U Ui, U, D
e (/RO (250 0. ' AL 5 TEREN RS S, U)

(V, eemressvesimmsssseescnn VLK Y,ZY, Y F)TU LU e U )
(V. Vet V3 LXK Y,Z(V,V FYTU LU ) U U)
A 56 A Y FXTU U U DU
= (VyLHKYZATV, Y, e A TG E S U LUDU)
—LHKYZ(V V. e VoV FYTU LU U))
=,

which shows that the manifold is associated Pseudo conharmonic (4) n-recurrent
symmetric,

Similarly, it can be shown that the (4) n-recurrent symmetric HGF-structure
metric manifold is either associated Pseudo conharmonic (4) n-recurrent symmetric
and associated Pseudo concircular (4) n-recurrent symmetric or associated Pseudo
conharmonic (4) n-recurrent symmetric and associated Pseudo conformal (4)
n-recurrent symmetric then it is either associated Pseudo conformal (4) n-recurrent
symmetric or associated Pseudo concircular (4) n-recurrent symmetric.
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