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Abstract

In the present paper we study the concept of Nuclear operators, Reisz
operators in context with eigen values of Linear Operators. We obtained the results
with the help of these operators in various context. Some important theorems
related to the topics, are also the part of the study.
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1.  Nuclear Operators

Definition. An operator T € L(E, F) is said to be P-nuclear if there exists a so
<0

called P-nuclear representation T = % a ® Y, such that a, 8, ... €E, and Y,
i=1

Y,, .. € Fand (|[a| ”Yi”) € lp. The set of these operators Bp(E, F). Then, ||T | Bpll
1/p

= inf ch’Uaillp 1Y IIP |
Li=1 J

Preposition. The Quasi-Banach operator ideal Bp is approximative. More pre-
cisely, Bp =Go Bp 0G.

Proof. Let T e Bp (E, F) and a factorization T = YD, A. The sequencete !p is
t=ysasuchthatS e lp and a, Y € Co. Then it follows that T= (YDy) D, (Da A),
where (D,A) e G(E, L), D e Bp (/1) and YDy € G(II, F). Hence, Te Go Bp o}
G(E, F).


 https://doi.org/10.56424/jts.v3i01.9973


72 Bijay Kr. Singh, Mithilesh Kr. Giri and Satish Kr.

2. Nuclear Representation
Definition. An operator T € L(E, F) is said to be (r, 2)-nuclear if there exists a so-
o0
called (r, 2)-nuclear representation. T = Z a,®Y, such that (a) e [lr, E]and (Y))
i=1

€ (W,, F). The set of these operators is |3r, 5 (E, F), then

ITIB, o Il = inf {| G LI &) | wy 113

Theorem 1. The Quasi-Banach operator ideal B, , is stable with respect to the
tenscr norm €. More precisely, || S @g TIB, I=ISIB, 5 IITIB, 5|l forSep,,
(E, EO) and T e Br, 5 (F, F).
[+2] o)
Proof. Givend>0,then S=2X a,®X, and T= X bj ® Yj such that
i=1 i=1
@) [ U, DM < S1B, , Il and J6)IIL, F)I<IITIB, I
1) [ [wy, Egl | < 1+8 and [I(Y)) | [wy, Fl [l <1+3.

Obviously, [|(a; ®b)| [, (N xN), (E®, F)] |
< @) | 12, BN I (b) | 12, F |

<ISIB, I ITIB, .

Furthermore, for all (Y ij) €, (NxN), then

s o] o]
1z =2 Y, X®Y]
i=1 j=1
=] L=}
=sup {| Z = T Y;<X,a><Y,b>|:[[@<L[®)<1}
i=1 j=1

[vel <0
<(1+8%(= =32 IY; )12,
i=1 j=1

+
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Thus the double sequence (x; ® Yj) is weakly 2-summable in E @‘)8. Fyand ||(x, ®
[=a)

¥)| fwy N xN), (B, ® FO][[<(1+8) Therefore, S& T=12 = 3 (a, ®b)
i=1 j=1

8

D (x; @ Yj) is an (r, 2)-nuclear operator. Moreover, letting 8 ~> 0, yields
IS®, TIB, I <ISIB,,IIIT}B, -

Hence the proof is complete.

Theorem 2. The norms on both sides are equal.

) [ee]
Proof. Let T € BZ (E. F). Given € > 0, there exists T= X a, & Yi such that
i=1

IGa) | 2, | < (1 +€) [T | B, || and [I(Y)| w, || < 1. Then forx € Eand b & F, we

have
[ra]

|<Tx, b>|—i E <X, a;> <Y, b>|
1/2

2\
I<xa>f
J

i
i

IIMS

1

[ony

/2

(= )
This implies that || Tx]|| < L z|<xa> [2) for all X € E. Hence, T € B, (E,
i=1 ‘

Fyand |T| B, [ <[{a) |4, <A +e)[| T|B, |
Letting € — 0 yields [T | B, {| < [| T|B, || forall T € B, (E, F).
Let T € L(E, F), there exist a factorization

T
E - F

A Ty

CX) -  LXw
I
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m
such that JA||={| T | B, (| and | Y || = 1. Moreover Y has finite rank. Let Y = X f.
i=1
® Y, be any representation, given € > 0, there exist a simple function S15S5 s S
such that

m

2 1651 L Y, [ <5

i=1

m
Since, Z=3 S,®Y,.|Y~-Z|<[Y-Z|B,I<IY-Z|B|<¢
i=1

11

and NZALIY (| HIZ-Y <1 +=.
i n !
Therefore, Si z OLJ ;> where hl, 112, ........ . hn are characteristic functions of
j=1
pairwise disjoint measurable subsets Xl, ......... » Xy of X, If Uj = (Xj)_” 2 hJ. and

m n
—p(X)”2 z O Y,,then Z=2X U ®Z and Zuj=Zj, since (Uj) is an
i=1 i=1

orthonormal family in L2 X, w.
Therefore, ||(Zj) [wy [[<HZ] ] (uj) fwy[|<1+e.

Since I denote the cannonical operator from C(X) into L,(X, ). Thus Iuj is
the function defined by u; on C(X), and then

Qa1 l= > 2 o |72 = >:1 XN <peO = 1.
-

Therefore, it follows from

n

ZI=% Iu @z that ||[ZI|B, [ <1+e.
i=1

Next, Y18, <1201 By |+ (Y =) 11 B, | <1+ 2.

Therefore, )
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ITIB < ITIB, I =IIYIA| B, Ml <(1+28) || Al <(1+28)|IT| B, |l
Letting, & —> 0, yields

T | Byl =T B, Il for all T @ L(E, F). Finally let, any operator T & B, (E, F).
Then there exists a sequence of operator T, € L (E, F) converging to T with respect

to the norm of B,. Therefore, (T, ~ T 1B, 11 = T, = Tl I By | then (T isa
sequence in the Banach operator ideal B, (E, F). Since T is the only possible limit,
it follows that T € [32 (E, F). Moreover,

IT 1By Il =tim, |IT, | By i =limy T, | B, | =IIT| B, .
Hence, the proof is complete. g
3. Riesz Operators
An operator T & L(E) is said to be iteratively compact if for every € > 0 there

exists an exponent n and element Uy, e, Uy € E such that ™) < U{':= yfup +

g" U}, where U denotes the closed unit ball of the underlying Banach space E.

Lemma. LetT e L(E) is iteratively compact. Let (X} be any sequence in U.
Then for every & > 0 there exist an exponent n and an infinite subset 1 of N such
that || T" X, — T"X) || zeforalli,jel

Proof. Letnandu, ....., u € E such that T" (U) c Ulij: ({u, + & /2U}. Setting
I={ieN:T"X € u +&" U} for h=1, ......., k. Therefore, ||T" x,—T" X l<e
foralli,j e Ih. Furthermore, it follows from U}iz | Ih =N that at least one of the
sets Il’ - Ik is infinite.

Preposition 1. If T e L(E) is iteratively compact, then all aull spaces Nk (I — T)
are finite dimensional.

Proof. Since the smallest k for which N, (I =T} is infinite dimensional. Therefore
from Reisz lemma with & = 1/3, there exist an elements X; € N{T = T) such that
(Xl =1and [IX; - X|| = 3/4 for all x € span Xpp e X PDFN (=T It
follows from X ~-T"X=(1+T+...T" _')(I -T)Xthat X—-T"X e N, _,(I-T)
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forall X e N, (~T)and n=1,2, ... Hence, T X; - T" X, € X, - X, + N,

(I-T), whlch implies that | T" X, — T" X 1l 23/ whenever i 3 j and n=12, ...
Therefore by the Pigeon-hole prmc1p1e there exist an exponent n and different

indices ! and J such that JT" X - ™ X Il < 1/2, which is a contradiction, and the
. theorem is proved.

Preposition 2. If T e L(E) is iteratively compact, then I — T has finite ascent.

Proof. From Riesz lemma with €= 1/3. Let X, € N, (I~ T) such that || X, || = 1
and [|X, - X|| > 3/4 for all X € N, (I-T). It follows from X = (1 + T + ..... T" 1)
I-T)XthatX, -T"X, €N, _, (I-T)foralln=1,2, ....... Hence T"X, - T"
X, € X, — X+ Ny _; T-T)+ N, _, (I-T), which implies that ||T" X, —T" Xjk
{i = 3/4 whenever h >k and n = 1, 2, ..... Therefore, by the Pigeon-hole principle,
there exists an exponent n and different iidicates h and k such that ||T" X, ~T" X, ||
< 1/2, which is a contradiction and the theorem is proved.

Lemma. Let T e L(E) is iteratively compact, then every bounded sequence (Xi)
for which ((I - T X)) is convergent has a convergent subsequence.

Proof. Let (X)) is contained in U. Given & > 0. By the Pigeon-hole principle, there
exists an exponent n and an infinite subset I such that |T" X - ™ X | € € forall
i,j e L It follows from X € T* X |(I| T} ... IT“_I)(I T)Xthat

i Xi—Xj I s}jT“Xi—T”Xj I+ A+T+ o + T I-1X; - (I_T)Xj II-
Thus, since ((I - T) X, ) is an infinite subset I, of T such that || X, - X || < 2¢ for all
i,j €L, Let (XO) (X;)andg =27 m-lform=1,2,. Therefore a sequence
(X;n) each of which is a subsequence of its predecessor (X?" 1) and such that
X" — Xjn || £ 2¢,, for all i and j. Then the diagonal (X%) is the desired convergence
subsequence, because [[Xi - Xj: | <2~ ™ whenever i, j = m.

Preposition 3. If T e L(E) is iteratively compact, then all ranges M, (I - T) are
closed.

Proof. LetY =lim, Y where (Y)]S contained in M (I-T). Set p;= =inf {|| X ||
I T) X= Y},and letX € E such that (I— T)hX Y; and [[X; || <2p; Let
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p; = o, then u, := p;’ ! X;andv;=p; I Y;. Then |l u, || <2 ard (V,) tends to zero, A

subsequence of (u;) which converges to some u € E. Therefore, (I — T) U=V
implies (I — T) u= 0. Hence (I - T) X;-piu)= Y. Thus, by the deﬁmtlon of Py
we have [X; - p, u | = p; or || u; — u|f = 1, which shows that (p,) has a bounded
subsequence.

Hence the theorem is proved.
Preposition 4. If T e L(E) is iteratively compact, then I — T has finite descent.

Proof. From Riesz lemma with € = 1/3. Let Y, € M, (I1-T)such that 1Y, Il =
land|[|Y, - Y||23/4 forall Y e M, , , (I~ T). It follows from, Y =T° Y= +T
to, +T“"1)(I T)Y thatY, -T"Y, e M, , ,(I~T), forn=1,2, ....

Hence T"Yh -T" Y €Y - Y tM  ,I-T)+ M, , ; (I —T), which implies
that, || T"Y, ~ T" Y, || 2 3/4 whenever h <k and n = 1, 2, ..... Therefore, by the
Pigeon-hole principle, there exists an exponent n and different indices h and k such
that || TnYh -T" Y [ = 172, which is a contradiction and the theorem is proved.
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