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Abstract

In the present paper we have discussed a special form of (v) hv-torsion
tensor P | given by P = AX; X, Xk, where X, are covariant components of unit
vector, l is a scalar functlon of X,yina Fmsler space. Since P, ik of every two
dimensional Finsler space may be written in this form, we shall say an n-dimen-
sional Finsler space F" (n > 2) as P2-like Finsler space whose Pijk is of this form.
The values of A and X, are obtained in terms of main scalars and h-connection
vectors with respect to orthonormal frame in three and four dimensional P2-like
Finsler spaces.
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1.  Introduction

There are three kinds of torsion tensors in Cartan’s theory of Finsler spaces.
Two of them are (h) hv-torsion tensor CJ and (v} hv-torsion tensor P i Which are
symmetric in all their indices and both are indicatory tensors. Vanous interesting
special forms of these torsion tensors have been studied by mathematicians. For
example C-reducible [2], semi-C-reducible [3], [4], C2-like [4] and C3-like [7]
Finsler spaces are based on the special forms of C,, where as P-reducible [1].[5]
and P-symmetric [5] Finsler spaces are based on the special forms of Pijk'

In the present paper we shall discuss another special form pijk given by

Py =2 X, X, X, (1.1)

ijk

where X, are covariant components of unit vector A is a scalar function of x and y.
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It should be remarked here that a P2-like Finsler space is a Landsberg space if and
only if A =0,

2.  n-Dimensional P2-like Finsler space.
Let F" be an n-dimensional Finsler space with the metric function L(x, y).

We denote g; (% y) as the fundamental metric tensor : 8= 5 6l 6I L% CIJk x,¥),

The h-covariant derivative of Cijk with

. .
the () hv-torsion tensor : Cijk =50 g

respect to Cartan’s connection CT, is used in defining (v) hv-torsion tensor Pijk :

P.. =C

b=
ik = CixinY ~ Ciikor
Let X; are components of a covariant unit vector in F™. Then we consider the
special form of Pijk given by

Py =2 X X, X, 2.1

where A is a scalar function of x, y and we call F" as P2- like Finsler space if its P,
is of thls form. Since P  is @ symmetric tensor and ij y' =0 from (2.1) ot follows

that X, y = 0. The v- covarlant derivative of this equation with respect to CI” gives
X j yi+ X;=0. (22)

If the vector field X; is v-covariantly constant then from (2.2) it follows that
Xj = (), which is a contradiction. Hence we have the following :

Proposition (2.1). The vector field X; occuring in P2-like Finsler space is not
v-covariantly constant.

The concurrent vector field has been defined by Matsumoto [6] and Ta-
chibana [12]. The semi-parallel vector field, the semi-parallel h-vector field and the
concircular vector fields have been defined by Singh and Prasad [10], Singh and
Kumari [11] and Prasad et al. [8] respectively. In all these works the vector field are
v-covariantly constant. Hence, we may state that

Proposition (2.2). The vector field X, occuring in P2-like Finsler space is none of
the following :
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(a) a concurrent vector field (b) a semi-parallel vector field,
(b) a semi-parallel h-vector field (d) a concircular vector field.

Contracting (2.1) with g]k using the fact that X, are components of unit covariant

vector and C; i0 =P, = PIJk g’k we get AX, = C, | o This shows that A is the
magnitude of the vector C. i ie.,

A2 =g CIIO i
3.  Two and three-dimensional P2-like Finsler space.

First of all we consider the two dimensional Finsler space in which the
Berwald’s frame (/, m,) plays an important role. With respect to his frame, the
metric tensor and (h) hv-torsion tensor are respectively given by [3]

g;= A l. +m, ;1 and LCijk =Im, m, ;

where I is main scalar of two dimensional Finsler space F2, Since m, i =0in F2
-1

we have LC k|h™ [ p M My my, which gives Puk iik | 0 =L II o M m; my.

Thus we have the followmg

Theorem (3.1). Every two dimensional Finsler space is P2-like with A = L™ I| 0
and X, =m,

Now we consider the three-dimensional Finsler space F> in which the
Moor’s frame (/, m;, n,) plays the important role. With respect to his frame, the -
metric tensor and (h) hv-torsion tensor are respectively given by

&= L 1’J +mym g,
and

LCijk“-=Hmi m, my J“(uk) {m, m. nk} +In(uk){m non}+7J m; n; ny G

where H, [, J are main scalar of three-dimensional Finsler space F? such that H+1

=1C [3] and LI { } stands for cyclic permutation of i, j, k and summation.
Taking h-covariant derivative of (3.1), using [3]

1ni|j=nihj, ni|j=—mihj,

and then contracting the resulting equation with yh, we get
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Py = (L +37 by m;mymy + () +3Lh)mymymy + {=T,, +

(H-2D hy} e, {m, m, n } + (1,1 -3Jhl) Tiik) {m; n, nk} (3.2)

(ijk)

where h, are components of h connection vector and

h=h A H, =[Z_Hgrie
! ox 3yr

If X, (@=1,2,3) are scalar components of X, with respect to Moor’s frame (/,,

m,, l) ie.

X.=X L+X, mi+X3 n, . 3.3)
Then X, yi = 0 implies that X, = 0 and gij X; Xj = | implies that
2 2_
XK+X5=1 (3.4
If F? is P2-like Finsler space, then from (2.1) and (3.3), we get

PJ —?L[X3 m, mmk+X n, nnk+X X3ﬂ:(uk){mm n}

2
+X, X5 i) {ml n ). (3.5)
Comparing (3.2) with (3.5), we get

@  AX3=H, +3Jh, (b)  AXi=1,+3Ih,
©  AXEX;=-J, +@H-2Dh, (@) AXXS=I,-3Th,. (3.6)

Adding (a) and (d) of equation (3.6), using {3.4) and the fact that H + 1 = LC, we
get (LC),; = A X,. Similarly adding (b) and (c) of equation (3.6), using (3.4) and
the fact that H -+ I = LC, we get LCh, = A X,. Therefore

AX,=(LC), m,+LCh n, (3.7
and
= [(LC), P +L*C%h > (3.8)

Theorem (3.2). In a three dimensional P2-like Finsler space the unit vector field
X, and the scalar A are given by (3.7) and (3.8).
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Now we consider the particular case of P2-like three dimensional Finsler
space for which X, = m,. Then we have X, =1, X3 = 0. Therefore (3.6) reduces to

(a) H, +3Jh =24, (b) J, +31h=0,
{(c) ~J,; +(H-21)h, =0, {d) Ly =3Th =0 (3.9
Solving these equations, we get

h, =0, H, =2, 1, =L =0,

provided unified main scalar LC is non-zero.

Theorem (3.3). If the vector field X, in three dimensional P2-like Finsler space
is along one of the vector m; of the Moor’s frame (/, m;, n) thenh, =0, H,; =2,
31 = L, =0, provided unified main scalar LC is non-zero.

Next suppose that X, =n,. Then X,=0,X, =1 and hence (3.6) reduces to
(@  H,+3Th =0, () I, +30h=1,
(c) -1, +(H-2D) k, =0, (d I,-3Jh =0.

Solving these equations and using the fact that H+ [ =LC we get (LC),; =0,
LCh =2

Theorem (3.4). If the vector field X, in three dimensional P2-like Finsler space
is along one of the vector n, of the Moor’s frame (Ii’ m,, n,) then (LC), =0 and
A=LCh,.

4.  Four dimensional P2-like Finsler space

We consider the four-dimensional Finsler space F* in which the Moor’s
frame (/, m, n,, p;) plays the important role. With respect to his frame, the metric
tensor and (h) hv-torsion tensor are respectively given by

8~ L lj +m, m, + 1, n, +p, P;
and

LCEjk = Hm, m; my + J{n, n; n}+H p, PPt I i) {m, n; n}

R By i By Pich = I+ ) R {mymy nd+ ' i {n; py py}
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~(H A g {mymy pd + T g {0y, pid
+K' i) {m, (n..I P oy P; )} E {4.1)

where H, 1. J. K, H’, I', J and K’ are eight main scalars of F4, Taking h-covariant
derivative of (4.1), using [9]

m, |j= n; hj + pijj; n, |j =—my hj +p; k' p; |j =_ mijj -n, kj, (4.2)
and then contracting the resulting equation with yh, we get
pijk =[H, +3(J+J)h +3(H +T) J1m, m, my +[J,; +31h) =3Ik, ] n, n;
+ [H,) +3Kj) + 37Kk 1p; pyp + [ (T + ), +(H-2D) hy —2K'j, +
(H'+1)k,] T k){mi m, n g+, —GI+2)h -1, - 2Kk, ]
R iy My myd + IK, = Thy — GH +21) J) + 2K kI 5 (m py py)
+ [, +Kh +2K%5, - (H' -2l k,] T k){ni P; et + [T+ 2K'h + Tj,
=20k 7 g {mm oy} + [ (HY 1), = 2Ky +(H = 2K)
— IV Ry m pyd + K+ + 20 by — (0 + 20,
+{I-K)k,] T k){mi n; Py +m, 2 n,} 4.3
where h,, ji, k. are components of three h connection vectors in F* and

oH _oH

N
— i s =gl — i — r h
hy=h,7, W=t Kk =kl H,l—(axh @)'rG% 1% etc,

Let X (o =1,2,3, 4) are scalar components of X, with respect te Moot frame (/..
m;, 1, p;)s i-€.s
X=X L+Xym+Xin +X,p.. (4.4)
Then X, yi = 0 implies that X, = 0 and gij X; XJ. = | implies that
2 2 2 _ 42
X5+X5+X, =1 (4.5)

I F*is P2-like Finsler space, then from (2.7 sid 4150 we get
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Pijk = A [Xg m, m; my - Xg n; ;g + Xﬁ P; P; Py + X% X3 M k){mi m, n,}
+ X2 Xg “(ij k){mi nj nk} + X2 Xi “(ij k){mi pj pk}
X3 X] T iy {0y Py Pyt + X, X3 T igtP; M e + X, X5 T iy Py My 1y }
+X, X3 X, T k){mi n; Py +m, P; ntl. (4.6)
Comparing (4.3) and (4.6), we get
@  AX5 =H,+30+T)h +3H +1)1,
) Ax3 =J,, +3Th - 3I'k,,
(©  AX; =I, +3Kj, +3Vk,

@ Ax3x ==(@+T), +(H-2)h - 2K'j, + (0 + 1)k

3 P

®  AX,X=1,-(T+20)h, -T'j, —2K'k,, : (4.7)
®  AXX] =K, -T hy —GH'+21j, +2K'k,,

@ AXX2 =T, +Khy +2K'j, - (H' ~2I) k,,

®  AXyXG =D, 42K by + T, + T2 k,,

() AX,X]=-(H+r),-2K'h, +(H-2K)j, +(+T)k,,

G AXy X3 X, =K, —(H +20) by~ +20)j, + (- K)k,.

Adding (a), (¢) and () of equation (4.7), using (4.5) and the fact that H + I +
K=LC, we get (LC),; = AX,. Also adding (b), (d) and (g) of equation (4.7), using
(4.5) and the fact that H+ 1 + K =LC, we get LCh =4 X5 Similarly adding (c)
(h) and (i) of equation (4.7), using (4.5) and the fact that H + [ + K = LC, we get
LCj, =X 4 Therefore
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AX, = (LC),, m;+LC (b, m; +, p') 4.8)
and
A2 =[LC), P+ L2 C* (h” +j ). 4.9

Theorem (4.1). In a four dimensional P2-like Finsler space the unit vector field
X; and the scalar A are given by (4.8) and (4.9).

Now we consider the particular case of P2-like four dimensional space for
which X, = m;. Then we have X, =1, X, = X,=0. Therefore (4.7) reduces to

(2) H, +3(J0+J)h +3H +1) ], =A,

(b) &, 3 -3k, = 0,

(c) H',, +3Kj, +3I'k; =0,

(d) -(J+J'),1+(H-21)hl—2K’j1-|-(H'+I')k1=O,
(e) L, —(I+2])h T j 2K k=0, (4.10)
(f) K, —¥h - (3H' +2I0j, +2K'k; =0,

(2 ¥, +Kh +2K7j, —(H -2I) k, =0,

(h) I, +2K by +1j +(J-21k, =0,

) - (B +1I),, - 2K h, +H-2K)j +Jd+ )k =0,
) K',l~—(H’+21’)h1—(J+2J’)jl+(I—K)k1=0.
Solving these equations we get h, =0, j1=0,H, = 1 and

! ' '
A L' KJ

— === = = = =k, (4.11
2l -3¢ 2K -2K' H-2 —-(-2r) -(I-K) ! 11

provided unified main scalar LC is non-zero.

Theorem (4.2). If the vector field X, in four dimensional P2-like Finsler space
is along one of the vector m, of Moor’s frame (li, m,, 1, pi) then h1 =, jl =0,H,,
= A, provided unified main scalar LC is non-zero and (4.11) holds.
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Next suppose that X, = n.. Then X, =X,=0, X; =1 and hence (4.5)
reduces to the same equations as given in (4.8) except the equations (a) and (b)
which now become

@  H, #3047 +3H +1)T =0, (b) I, +3h -3Tk =}, (412)

H

Solving these equations and using the fact that H+1+K=LC we get (LC), =0
H H,’
* 1

. J1 =0, k,=—7" Hence we have the following :

LCh =& h =———
! I —3@+7T) 3r

Theorem (4.3). If the vector field X, in four dimensional P2-like Finsler space
is along one of the vector n, Moor’s frame (/,, m;, n,, p,) then (LC),; =0, A=LCh,,
H H,

*1 . 2]
hy=——— j =0 and k, =—L.
I3 gary TR T gy

Lastly suppose that X, = p;- Then X2 = X; =0, X, =1 and hence (4.7)
reduces to the same equations as given in (4.10) except the equations (a) and (¢)
which now becomes

@ M +30+1)h 43 +T)1 =0, (b) H,, +3Kj +3Fk =h (4.13)

Solving these equations and using the fact that H+1+ K =LC, we get (LC)s

H J)

=0, b, =0, LCj;= 2, j, = Tf(ffi?) and k, = —. Hence, we have the

r
following :

Theorem (4.4). If the vector field X, in four dimensional P2-like Finsler space
is along one of the vector p, Moor’s frame (li, m,, n, p) then (LC),| =0, hI = {,

H,l J,’l
LCj=A, jy=———— and k., =—.
RN T 3wy N T
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