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Abstract
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1. Introduction

Both mathematics and physics employ immersions and submersions exten sively. Yang-Mills theory ([?], [?]), Kaluza-Klein
theory ([?], [?]) are the significant application of submersion. The characteristics of slant submersions have become a
fascinating topic in differential geometry, as well as in complex and contact geometry. Riemannian submersion between
Riemannian manifold was studied by B.O' Neill [?] and A. Gray [?], independently. In 1976, B. Watson [?], considered the
submersion between almost Hermitian manifolds with name as almost Hermitian submersions. Since then, they have been
widely used in differential geometry to study Riemannian manifolds having differentiable structures [?]. A step forward, R
Prasad et. al. studied quasi bi-slant submersions from almost contact metric manifolds onto Riemannian manifolds [?], [?].
The notion of almost contact Riemannian submersions between almost contact metric manifold was introduced by D. Chinea
in [?]. He studied the fibre space, base space and total space with differential geometric point of view. As a generalization of
Riemannian submersions, Fuglede [?] and Ishihara [?], separately studied horizontally conformal submersions. Later on,
many authors investigated different kinds of conformal Riemannian submersions like conformal anti-invariant submersions

([?1, conformal slant submersions [?], conformal semi-slant submersions ([?], [?], [?]) and conformal hemi-slant submersions
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([?1, [?D) etc. from almost Hermitian manifolds onto a Riemannian manifold. Most of these Riemannian submersions and
conformal submersions are also studied from almost contact metric manifolds onto a Riemannian manifold.

In this paper, we study conformal quasi bi-slant submersions from cosymplectic manifold onto a Riemannian
manifold. This paper is divided into seven sections. Section 2 contains brief history of Riemannian and conformal
submersions. Also, we recall almost contact metric manifolds and, in particular, cosymplectic manifolds. In section 3, we
investigate some fundamental results for conformal quasi bi-slant submersions from cosymplectic manifolds onto a
Riemannian manifold those are required for our main sections. The results of integrability and totally geodesicness of
distributions are presented in Section 4. In section 5, we obtain some conditions under which a Riemannian submersion
become totally geodesic and we work out on decomposition theorems for the fibres and the total space of such submersions.
Section 6 is devoted to the study of pluriharmonicity of conformal quasi bi-slant submersion while last section contains some
non-trivial example of conformal quasi bi-slant submersions from cosymplectic manifold.

Note: We will use some abbreviations throughout the paper as follows: Riemannian submersion- RS, Riemannian
Manifold- RM, Almost contact metric manifold-ACM manifold, Quasi bi-slant conformal submersion- CQBS submersion,

gradient- G.

2. Preliminaries
Let M be a ( 2n + 1 )-dimensional almost contact manifold with almost contact structures (¢, £, n), where a (1,1) tensor
field ¢, a vector field £ and a 1 -form 7 satisfying
PP =-T1+nQ®&PS=0n°¢ =0,n(5) =1,#(1)
where [ is the identity tensor. An almost contact structure on M is said to be normal if the induced almost complex

structure J on the product manifold M x R, defined by
1(0.25) = (40 - 260@) ) #)
dt dt

is integrable, where U is a vector field tangent to M, t is the co-ordinate function on R and 4 is a smooth function on
M x R. There exists a Riemannian metric g on almost contact manifold which is compatible with the almost contact
structure ( ¢, &,n ) in such a way that

g(qbﬁl,qbVl) = g(ﬁl,Vl) - 77([71)77([71)'#(3)
from which it can be observed that
n(0:) = g(0.€), #(4)

for any U,,V; € T(TM). Then (¢, &, 7, g)-structure is called an almost contact metric structure. An almost contact

metric manifold (ACM manifold) with almost contact structure ( ¢, £, 7, g ) is called a cosymplectic manifold if
(Vg, @)V, = 0,#(5)
where V is the Levi-Civita connection of g. From above formula, for cosymplectic manifold, we have
Vg,& = 0,#(6)
for any vector fields Uy, V; on M;.
We recall the following example from [?]:

Example 1 [?] R*"*! with Cartesian coordinates (x;,v;,z)(i = 1,2,..,n) and its usual contact form n = dz. The

characteristic vector field ¢ is given by % and its Riemannian metric g and tensor field- ¢ are given by
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n 0 & 0
g= Z ((dx)? + (dyp?) + ()%, = -5, 0 i=12,..,n
i=1 0 0 0

This gives a cosymplectic structure on R?™*1. The vector fields e; = aiyi,enﬂ- = aixi’f form a ¢-basis for the
cosymplectic structure.
The covariant derivative of ¢ is defined by
(Vg, )y = Vg, ¢V, — ¢V Vs, #(7)
for any vector fields U,,V, € I'(TM). Now, we provide a definition for conformal submersion and discuss some
useful results that help us to achieve our main results.
Definition 1 Let f be a RS from an ACM manifold ( M, ¢,&,1,g, ) onto a RM ( M,, g, ). Then, f is called a horizontally

conformal submersion, if there is a positive function 4 such that
o 1 o
9:(0, %) = 25 92701, :71), #(8)

for any U,,V, € [‘(kerf*)l. It is obvious that every RS is a particularly horizontally conformal submersion with

Let f: (My, ¢,&,1,91) = (M,, g,) be aRS. A vector field X on M, is called a basic vector field if X € l"(kerﬁ)L
and f-related with a vector field X on M, i.e., f.(X(q)) = Xf(q) for q € M,.
The formulae below provide two (1,2) tensor fields " and A, plays a crucial role in the theory of submersion
Ag, Fy = HVy5, VF, + Vs HF;, #(9)
Ty, Fy = HVVg VF, + VWV HF,, #(10)
for any E;, F; € T'(TM,) and V is Levi-Civita connection of g,[?]. Note that a RS f: (M, ¢,&,1,91) = (M5, g5)
has totally geodesic fibers if and only if T vanishes identically. From (??) and (??), we can deduce
Vg, Vi = T5, Vi + VYV Vi #(11)
Vg, X1 = Tg, X + HVg X #(12)
Ve, Uy = Az U, +V, Vg U #(13)
Ve ¥y = HVg V) + Ag Vi#(14)
for any vector fields U, 7; € I'(kerf.) and X,,¥; € l"(kerf_*)l.
It is observe that T and A are skew-symmetric, that is,
9(AgEy, Fy) = —g(Ey, AgFy), g(TpE1, Fr) = —g(Ey, TpFy), #(15)
for any vector fields E,, F, € I'(T,M,).
Definition 2 A horizontally conformally submersion f: M; — M, is called horizontally homothetic if the gradient (G) of its
dilation A is vertical, i.e.,
H(GA) = 0,#(16)
where # is a projection map to horizontal distribution in I'(T,,M).

The second fundamental form of smooth map £ is given by

(VA (04, %) = V] iV, — fiVg, 7, #(17)
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and the map be totally geodesic if (Vf.)(T,,7,) = 0 for all Uy, V; € I(T,M), where V and Vf are Levi-Civita and
pullback connections.
Lemma 1 Let f: M; — M, be a horizontal conformal submersion. Then, we have
M (VA& R) = £ DL(%) + H(n D (%) - g:(%2, 7). (gradin 2),
(ii) (Vi) (0, %) = —f.(75,7),
i) (V)% 00) = —£(V5,00) = —fi(Ax, 01),

for any horizontal vector fields X;, ¥; and vertical vector fields U,, 7, [?].

3. Conformal quasi bi-slant submersions

Definition 3 [?] A RS f from an ACM manifold ( My, ¢,&,1,9, ) onto a RM ( M,, g, ) is called conformal quasi bi-slant
(CQBS) submersion if there exists four mutually orthogonal distributions D, D%1, D%2 and < & > such that

(i) kerf, = DT @ D% @ D% P< & >,

(i) DT is p invariant. i.e., DT = DT,

(iii) ¢D% 1 D% and D% 1 D%,

(iv)  for any non-zero vector field 7, € (D"l)p,p € M, the angle 8, between (D"l)p and ¢V, is constant and
independent of the choice of the point p and 7, € (Del)p,

(v) for any non-zero vector field 7, € (D"Z)q,q € M, the angle 6, between (D”Z)q and ¢V, is constant and
independent of the choice of the point g and 7, € (D‘92)q,

where 8, and 6, are called the slant angles of submersion and < ¢ > is the one-dimensional distribution spanned by &.
If we denote the dimensions of DT,D% and D% by m,,m, and m; respectively, then we have the following
observations:

Somb-xlnnt
wthmersions

e, a7 0w

Lrvuriant
subimorsions
wy # 0

\l

Quasi bi-slane Slant suls
submersions meTaiins

Heanb-alo
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my =0

Hialant
suboersions
my - 0

Fig. 1: Classification of Quasi Bi-Slant Submersion
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Hence, it is clear that CQBS submersions are generalized version of conformal quasi hemi-slant submersions.

Let £ be a CQBS submersion from an ACM manifold ( My, ¢,&,1m,9, ) onto a RM ( M,, g, ). Then, for any
U € (kerf.), we have

U=UA0 + BU + CU + n(0)&, #(18)

where 2, B and € are the projections morphism onto DT, D%, and D%, respectively. Now, for any U € (kerf.), we

have
¢U =80 + {, U#(19)
where 6T € T'(kerf,) and ¢{U € I‘(kerﬁ)l. From equations (??) and (??), we have

¢U = ¢(UAV) + ¢p(BU) + $(C0)
= §QUD) + {(UAD) + 8(BO) + ¢(BO) + 5(CT) + {(CT)

Since DT = DT and {(AT) = 0, we have
dU =5QA0) + 6§(BU) + ((BU) + §(€0) + {(CD)
Hence, we have the decomposition as
¢(kerf.) = 6DT @ 6D% @ 5D% @ (D% @ (D%.#(20)
From equations (??), we get
(kerf))" = ¢D% @ (D% @ p, #(21)

where u is the orthogonal complement to {D% @ ¢D? in (kerﬁ)l and y is invariant with respect to ¢. Now, for

any £ € T(kerf,)", we have
$X = PR + QX#(22)

where PX € T'(kerf.) and QX € T'(w).
Lemma 2 Let ( My, ¢,&,71, g, ) be an ACM manifold and ( M5, g, ) be a RM. If f: M; — M, is a CQBS submersion, then we
have

~U+n0)¢ =620+ P5U,U+ QLU =0
—X =(PX +Q%*X,6PX+PQX =0

for U € T(kerf,) and X € I‘(kerf:)l.

Proof On using equations (??), (??) and (??), we get the desired results.

Since f: M, —» M, is a CQBS submersion, Here we give some useful results that will be used throughout the paper.
Lemma 3 [?] Let f be a CQBS submersion from an ACM manifold ( M;, ¢,&,1, g, ) onto a RM(M,, g,), then we have
(i) 52U = —cos? 6,
(ii) 91(8U,8V) = cos? 6,9,(U, V),
(iii) g(¢U,¢V) = sin? 6,9,(0, 1),

for any vector fields U,V € I'(D%).
Lemma 4 [?] Let f be a CQBS submersion from an ACM manifold ( M;, ¢,&,1, g, ) onto a RM(M,, g,), then we have
(i) 827 = —cos? 6,2,
(ii) 91(82,6W) = cos? 0,9,(Z, W),
(iii) 91(8Z, W) = sin? 0,9, (Z, W),
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for any vector fields Z, W € I'(D?%).

The proof of above Lemmas is similar to the proof of the Theorem 3.5 of [?]. Thus, we omit the proofs.

Let ( M,, g, ) be a Riemannian manifold and that ( My, ¢,¢,1, g, ) is a cosymplectic manifold. We now observe

how the tensor fields 7 and A of a CQBS submersion f:(My,$,&,n,g9,) — (M,, g,) are affected by the cosymplectic
structure on M.

Lemma 5 Let f be a CQBS submersion from an ACM manifold ( M;, ¢, &,7, g; ) onto a RM(M,, g,), then we have

AgPY + HV3QY = §HV3Y + PAgV#(23)

VVPY + AgQY = (HViY + QA V#(24)

VVSV + AglV = PAZV + SVVzV#(25)

A6V + HVV = CAzV + (VVV#(26)
VVpPX + T5QX = 8T75QX + PHVyX#(27)

ToPX + HV3QX = {TpX + QHVyX#(28)

VVGSV + T3¢V = BTGV + SVVV#(29)

TV + HV{V = QTzV + {VVzV#(30)

for any vector fields U,V € I'(kerf.) and £, 7 € I'(kerf.)".

Proof By the direct calculation, using (??), (??) and (??), we can easily obtain relations given by (??) and (??).
Remaining relations can be obtained similarly by using (??), (??), (??)-(??) and (??).

Now, we discuss some basic results which are useful to explore the geometry of CQBS submersion f: M; — M,.
For this, define the following :

(Vg&)V = VV8V — SVVV#(31)
VoV = HVulV — {VVsT#(32)
(VgP)Y =VVzPY — PHV;Y#(33)
(V3Q)Y = HVzQY — QH VY #(34)
for any vector fields U,V € T'(kerf,) and £, ? € I'(kerf.)".

Lemma 6 Let ( My, ¢,&,1,9, ) be cosymplectic manifold and ( M,, g, ) be a RM. If f:M; - M, is a CQBS
submersion, then we have

(Vg&)V = PTHV — T3V
(Vg()]? = QTﬁ[? - Tﬁ@p
(VgP)Y = 8AzY — AzQY
(V2Q)Y = {AzY — AgPY
for all vector fields U,V € I'(kerf,) and X, ¥ € I'(kerf, *).
Proof On using equations (??), (??)- (??) and equations (??)-(??), we get the proof of the lemma.
If the tenors & and ¢ are parallel with respect to the connection V of M, then, we have
PTGV = T3¢V, QT3V = T56V
for any vector fields U,V € I'(TM,).

4. Integrability and totally geodesicness of distributions

Since, f: M; — M, is a CQBS submersion which ensure the existence of three orthogonal complementary distributions. We
investigate the integrability conditions for these distributions. Now, we initiate with invariant distribution.
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Theorem 1 Let f: (M,, ¢,&,1,9,) = (M,, g,) be a CQBS submersion, where (M,, ¢, &,1, g,) a cosymplectic manifold and
(M,, g,) a RM. Then the invariant distribution DT is integrable if and only if
91(T5 06UV — 75,60, {BZ + {CW)

forany U,V e (D) and Z € T(D% @ D% @< & >).

Proof For all U,V er(D™) and Z el (D% @ D% @< & >) with using equations (??), (??), (??) and
decomposition (??), we have

91([0,V1,2) = g,(VgoUV, $pBZ + $pC2) — g,(VySUU, ¢BZ + ¢pC2Z)
On using equation (??), we finally have
91([0,V],2) =g,(T56UV — 75,690, {BZ + {C2)
+9,(VVg6AV — VA SUT, 8BZ + 5CZ)

This completes the proof of theorem.

In a similar way, we can examine the condition of integrability for slant distribution as follows:

Theorem 2 Let f be a CQBS submersion from cosymplectic manifold ( M,, ¢,&,1, g, ) onto a RM(M,, g,). Then

slant distribution D% is integrable if and only if
1 Fom A oo
192 (V5 fS0 + ), £60,, fig62)}
_91(V{71€5l71 - Vﬁ1¢5‘7112) - 91(7171{‘71 - 7"1715171: PUZ + 50:2)
forany U,,V; € I(D%) and Z e (DT @ D% < & >).
Proof For U;, 7, € T(D% ) and Z € T(DT @ D% @< & >) with using equations (??), (??), (??) and (??), we get
91([ﬁ1’ ‘71]’2) = 91(Vﬁ15‘71: ¢2) + 91(Vz71071: ¢Z) - gl(vVlaﬁli ¢Z) - gl(vﬂ(ﬁl' ¢Z)
By using equations (??), (??) and (??), we have

9:([0,.1).2) = —g:(5,6°V1, Z) — 9:(90,86V1, Z) + 91(Vr, 6701, 2)
+91(99,8801, 2) + 91(V0,$V, pUZ + 562 + {C2)
~g1(Vp,¢0,, $UZ + 562 + (62)

Taking account the fact of Lemma ?? with using equation (??), we get

91([01, V1), 2) =cos? 0,9, ([0, V1], 2) + 91(V9,$60; — Vg, 6V, Z)
+091 (75,0, — T,¢U,, ¢UZ + 6C2)
+91(H Vg, (Vs — HVy, (U, {CZ)
On using equation (??), formula (??) with Lemma ??, we finally get
PN P Fom = s
sin? 0,91((0,, 01].2) =55 {92 (V5 .40, = v}, £:4 0., f.¢62)
1 N~ AN = oa NfA o\ m s
+23192 (V)(0:.¢7), £562) + g (V) (11,6 0,). fi562 )}
+01(T5,0V, — T, ¢U,, ¢UZ + 6CZ) + g, (Vy, (6T, — V5,08V, Z)
Theorem 3 Let f: (M, ¢,¢,1,9,) = (M,, g,) be a CQBS submersion, where (M, ¢, &, 1, g;) a cosymplectic manifold and (
M,, g, ) a RM. Then slant distribution D?2 is integrable if and only if
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1 N A N o N E oo s
—2192 ((V)(027) = (VV2)(72.$02), f.682) |
=91(7%,$60, — 75,86V, 2) + 91(75,4V, — 73,4 U,, pUZ + 5B2)
=102 (V] 59, — VI, <0, 52))
12 92 ﬁzﬂ{ 2 vzf*q 218
forany U,,V, e I(D%) and Z e T(D” @ D% @< & >).
Proof On using equations (??), (??), (??) and (??), we have
91([ﬁ2' l72]vZA) =g1(V]7252(72,ZA) + 91(V172(5l72,2) - gl(Vﬁ252V2,2)
_91(Vﬁ2€5‘72'2) + 91(Vz72(‘72 — V5,00, $2)
forany U,,V, € I(D%) and Z € T(DT @ D% @< & >). From equations (??) and Lemma ??, we get
sin? 0,9, ([0, V,), Z) =g, (5,480, — 75,36V, Z) + g4 (95,3V, — 55,0 U,, pUZ + 6BZ)
+0:(HVg,0V, — HVy, U, (B2)
Since f is CQBS submersion, using conformality condition with equations (??) and (??), we finally get
sin? 0,9, ([02, V), Z) =91(9,6 0, — 75,86V, Z) + 91(75,8Ve — 75,8 Uy, pUZ + 6BZ)
1 Foo A Fo =
+ 25192 (V5,0 — v}, 740, f82)}
1 N NfA oA N E oo s
+23192 (V) (02067) = (V) (724 02), g2 )}
This completes the proof of the theorem.

Now, we discuss the geometry of leaves of the distributions and initiate with horizontal distribution (kerf*)l. There
is necessary and sufficient conditions under which horizontal distribution is defines totally geodesic foliation on M.
Theorem 4 Let f be a CQBS submersion from cosymplectic manifold ( M, ¢, &,7, g, ) onto a RM ( M5, g, ). Then

( kerﬁ)L defines totally geodesic foliation on M, if and only if
1 P e
72192 (VALY + VEfge?, f42))
=91 (Ag{8BY + Ag(SCY + Ag{6AY, Z)
+91(¢BY,¢2)g,1(X,GIn A) + g1(X,{2) g, ({BY, GIn 2)

~01(X,$B7)g,(¢Z,GIn 2) + ¢, (§6¥,$2)g,(X,GIn 2)
+0:(2,$2)9:G6Y, GIn 2) = 9,(£,{€7)g, ({2, GIn 2)

forany £, 7 € I(kerf,)" and Z € I'(kerf,).
Proof For X,Y € l“(kerf;)l and Z € T'(kerf.) with using equations (??), (??), (??) with decomposition (??), we get
91(V2¥,2) = g:(Vzp(UD), 9Z) + 91 (V2 (BY), $Z) + 91 (V2 (CV), $2).
From equations (??) and (??) with Lemma ??, we have
91(V2Y,2) =g,(VVg¥Y,Z) + cos? 6, g,(VBY,Z) + cos? 8,9,(V5CY, 2)
—9:(V236BY,Z) + g, (V(BY, ¢2Z) — g,(V236CY, Z)
tg: (V}?((ﬂ?, ¢Z) — 91 (V;A({S?I?, Z)
On using the equations (??) and (??), we get
91(V2Y,Z) =g,(VVgAY + cos? 6, VVgBY + cos? 6,VV3CY,Z)
—91(AgIEAY + AzIEBY + Ag(5CY,Z)
+91(HV2{BY + HVg(CY,(2Z)
+9,(A(BY + A{CY,62)
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From formula (??) and (??), we yields that
91(VzY,Z) =g, (VVgAY + cos? 0, VVxBY + cos? 0,VV;CY,2)
—91(AgIEAY + AzIEBY + Ag(5CY,Z)
1 Fo P o
+ 25192 (VEACBY + V}f067, f42))
1 -\ o~ A SN B oo = o
— 219 (V) &.¢81) + (V) (R, ¢67), fi62)}.
Since £ is conformal submersion, then we finally get
91(V27,2) =g,(VVgAY + cos? 8, VVBY + cos? 8,VV3CY,2)
—g1(AgIEUY + A{6BY + Az{6CY,Z)
1 Fo P o
+27192 (VEACBY + Vifge?, f62))
—91({BY,$2)9:(X, GIn A) — g1(X,$2) g, (¢BY, GIn 2)
+91(%,87)91(¢2,GIn 2) — g,({C¥,{2) g, (X, GIn 1)
—91(X,$2)g,(¢CY, GIn A) + g,(X, {CY) g, ({Z, GIn )
This completes the proof of theorem.
In a similar way, we can study the necessary and sufficient condition under which vertical distribution defines
totally geodesic foliation.
Theorem 5 Let f: (M, ¢,&,1,9,) = (M,, g,) be a CQBS submersion, where ( My, ¢,&,1, g, ) a cosymplectic manifold and
( M,, g, ) aRM. Then ( kerf, ) defines totally geodesic foliation on M, if and only if
1 7o . F o PO
19: (V) 7.887 + V] f.g567,£.%))
1 Fo N o e = o
+ 5 {92 (VEFGV = (V)47 fr0R))
forany 7,7 € I(kerf,) and X € I'(kerf.)".

Proof For any U,V € I'(kerf.) and X € I‘(kerf;)l with using equations (??), (??), (??) with decomposition (??), we
get
91(VaV,X) = g:(VaduV, ¢X) + 9. (Vg dBV, $X) + 91(Vg¢CV, ¢ X)
On using equations (??) with Lemma ?? and Lemma ??, we have
91(VoV,X) =g1(VouV, X) + cos? 0,9, (VgBV, X) + cos? 8,9,(V5EV, X)
+91(Vo(BY, ¢X) — 9,(Vgl6BV, X) — g1(Vg(5CV, X)
+91(Vo¢CV, $X).
From equations (??), (??) and (??), we may yields
91(VgV,X) =g,(T5UV + cos? 6,T3BV + cos? 0,756V, X)
—91(H V8BV + HV5SCV, X) + g1(T5¢BV + T5{CV, PX)
+91(HVG{BY + HV5{CV,QX)
From decomposition (??), the above equation takes the form
91(VoV,X) =g,(T5UV + cos? 6, T3 BV + cos? 0,736V, X) + g, (T5(V, PX)
—91(HVIEBY + HVG(SCV, X) + g, (H VgV, QX)

Using the conformality of £ with equations (??) and (??), we have
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91(VoV,X) =g1(T5UV + cos? 6, TyBV + cos? 0,36V, X) + g,(T3¢V, PX)
1 U I
+/1—2{g2 ((vF2)(@,¢o6%7) — (V/.) (T, ¢660), £.%)}

{0 (o + v o6, 7.5))
42z {0: (V4P - (V)¢9 FoR))
This completes the proof of the theorem.
Now, we discuss the geometry of leaves of the distributions and initiate with invariant distribution DT. There is
necessary and sufficient conditions under which slant distribution DT is defines totally geodesic foliation on M.
Theorem 6 Let f: (M, ¢,&,1,9,) = (M5, g,) be a CQBS submersion, where ( My, ¢,&,1, g, ) a cosymplectic manifold and

( My, g, ) aRM. Then invariant distribution DT defines totally geodesic foliation on M, if and only if
i) 220 {((VA)T.67).f52)} = 9.(VVe 7, 62)
() 27 {9 ((VF)(0,97),08)} = g V9V, PX),

forany U,V e (D) and Z € T(D% @ D% d< ¢ >.

Proof Forany U,V € I'(DT) and Z € T(D% @ D% @< & >) with using equations (??), (??), (??) and (??), we may
write

9:(VgV,2) = :(VVg¢V,6Z) + g:(TpV,{2)
On using the conformality of £ with equation (??) and (??), we get
9:(VoV,2) = g, (VVg9?,52) — 1729, (VF)(0, ¢V), fi0Z)
On the other hand, using equations (??), (??), (??) with conformality of £, we finally have
9:(V97, %) = . (Vg¢0, PR) — 1729, ((V£.) (T, ¢7), £.0X)

This completes the proof of the theorem.

In similar way, we can discuss the geometry of leaf of slant distribution as follows:
Theorem 7 Let f be a CQBS submersion from cosymplectic manifold ( My, ¢, &, 1, g, ) onto a RM(M,, g,). Then slant
distribution D1 defines totally geodesic foliation on M, if and only if

12 g, (VLF.4BW, £.6T ) =g,(7T3¢6BW, U) — g, (T:(BW, pD)
—91(73¢(BW, 560) — cos? 0,9, (VV,BW, U(2B, 9)
and
1?{g, (V}f.c6BW,£.X) - g, (V}/.068W, f.0%)}
1 N =5
=29: ((VF)(Z,558W), ﬁX))
+cos? 0,9,(VzBW, X) + g,(73¢6BW, PX),
forany Z,W e I(D%), U eT(D" ® D% @< & >)and X € F(kerﬁ)l.
Proof By using equations (??), (??), (??) and (??), we get

91(V2W,0) = g1 (V2¢BW, p(AT + C0)) — g1 (¢V268W, ),
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for Z,W e I(D%) and U € I'(DT @ D% @< & >). Again using equations (??), (??), (??), (??), (??) with Lemma
??, we may write
91(VzW,0) =cos? 0,9,(V;BW,T) — g,(73¢68BW, T) + g, (T3¢68BW, pAT)
+91(T3¢BW, 860) + g, (HV;{BW,{CD)
Since, f is conformal, using Lemma ?? with equations (??) and (??), we have
91(VzW,0) =cos?0,9,(V;BW,0) — g,(73¢6BW, 0) + g,(T3¢6BW, pAD)
14, (7,08, 560) — %2 g (VLB fgew)

On the other hand, for Z, W € I'(D% ) and X € F(kerﬁ)l, with using equations (??), (??), (??) and (??), we get
91(VaW,X) = g, (V268W, ¢X) + g, (V2(BW, $X)
From Lemma ?? with equations (??) and (??), the above equation takes the form
91(VzW,X) =cos? 0, 9,(VzBW,X) — g, (HV;{6B8W,X)
+91(T3¢6BW, PX) + g, (HV;{6BW, QX)
Since f is conformal and from equations (??) and (??), we have
g1 (VzW,)?) =cos® 01, (VZW: X) + 91 (%(S%W, P)?)
1 _ Al =&
+29: (V) Gs8W,2), /.X)

)

1 ; o
502 (Vi f.8, *X)
)

This completes the proof of theorem.
Theorem 8 Let f: (My, ¢,&,1,91) = (M5, g,) be a CQBS submersion, where ( M, ¢, &, 1, g, ) a cosymplectic manifold and
( M,, g, ) a RM. Then slant distribution D92 defines totally geodesic foliation on M, if and only if
172g, (VLFBW, £.67) =g, (T:06BW, V) — g,(T5(BW, pUAV)
— 0, (T3¢BW, 567) — cos? 0, g, (VVBW, V¥, )
and
12 g, (VLf.06BW, 1Y) - g, (V}f.06BW, f.07 )}
0. () @.comm), ﬁ?))
+cos? 0,9,(Vz8BW,Y) + g,(73¢68W, PY),
forany Z,W e I(D?%),V e (DT @ D% @< ¢ >)and ¥ € F(kerf:)l.
Proof The proof of above theorem is similar to the proof of Theorem ??.
We now have some necessary and sufficient conditions for a conformal CQBS submersion f: M; — M, to be totally
geodesic map. In this regard, we are presenting the following theorem.
Theorem 9 Let f be a CQBS submersion from cosymplectic manifold ( M, ¢,&,1,9, ) onto a RM(M,, g,). Then
f:(My,¢,é,1,9,) = (My, g,) is totally geodesic map if and only if
(i) fi{cos?6,V3BV + cos?0,V5CV + Vg(8BV + V5{5CV}
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= f{Q(HVIBY + HV5ICV — 756UV )} + £.{¢(T5¢BV — Ty{CV — VVz8UV)},
(i) fifcos?0,VgBU + cos? 0,VzCU — V3{6BU — V3{6CT} = f.{Q(AxSUT + HV(BU + HVz(CU)}
+£{7(VV AT + A(BU + A{CT)},
forany U,V € I'(kerf.) and X,¥ € I‘(kerﬁ)l.
Proof Now, using equations (??), (??), (??) and (??).
(VA7) = ~£{n(VaP)§ — ¢VoeV},
forany U,V € I'(kerf.). From decomposition (??) and equation (??), we may write
(VA)(O,7) =f{$pV56UV — $V56BY — $pV(BY
—pVgdCV — pV5lCV}
By using equations (??) and (??), the above equation takes the form
(VE)(@, V) =f{pT56UV — ¢pVV56UV} — f.(VgpSBV)
~f{$T5¢BV — pHV5(BV} — f.(VpSBY)
—f{pTHICV — pHV5ICT .
Since f is conformal submersion, by using Lemma ?? and Lemma ?? with equation (??), we finally get
(VA)(O, V) =f * {Q(HVg¢BY + HVGICV — Tp5UP)
+{(VV58UV — 7588V — 75667 )}
—f.{cos? 6,VgBV + cos? 8,VgCV + V5{6BV + Vg{5CV}.
From this, the (i) part of theorem proved. On the other hand, for T € I'(kerf.) and X € I'(kerf,)” with using
equations (??), (??), (??) and (??), we can write
(VA)(X,0) = f.(¢Vz¢D)
On using decomposition (??) with equation (??), we have
(VAE)(X,0) = f.{p(V50UT + V58BU + Vx{BU + Vx8CU + Vx(CU)}.
By taking account the fact from equations (??) and (??), we get
(VA)(X, 0) =f{p(AzSUT + VV AT + V3 p5BU
+¢(HV(BU + Ag(BU) + VgpSCT
+¢(HVz{CU + A(CT)}
Finally, from conformality of RS £ and Lemma ??, Lemma ??, we can write
(VE)(X, 0) =f{Q(AzSUTHV{BU + HVz{CU)}
+£.{7(VV8UT + Ag(BU + ACT)}
—f.(cos? 6,V¢BU + cos? 0,V3CU — V5(8BU — V3{5CD).

From which we obtain (ii) part of theorem. This completes the proof of theorem.

5. Decomposition Theorems
In this section, we recall the following result from [?] and discuss some decomposition theorems. Let g be a Riemannian
metric tensor on the manifold M = M; x M,, then

Q) M = M, x M, is a locally product if and only if M; and M, are totally geodesic foliations,
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(i) M = M, x M, is a twisted product if and only if M, is a totally geodesic foliation and M, is a totally umbilic
foliation.

The presence of three orthogonal complementary distributions D7, D%, and D%, which are integrable and totally
geodesic under the conditions that we have stated previously, is ensured by the fact that f: (My, ¢,&,1,9:) = ( My, g, ) is
CQBS submersion. It makes sense to now look for the conditions in which the total space M, converts into locally product
manifolds or locally twisted product manifolds. In order to explore the geometry of conformal bislant submersion f, we are
providing here a few decomposition theorems that state that M; converts into locally product manifolds in a variety of
situations.

Theorem 10 Let f: (M;, ¢,€,1,91) = (M,, g,) be a CQBS submersion, where (M, ¢, £,7, g;) a cosymplectic manifold and
(M,, g,) a RM. Then M, is a locally product manifold if and only if

j—z{gz (VifeBY + Vifeer, f.i2)}

=91 (Ag{8BY + Ag(SCY + Az{5AY,2)
+g1(€2317, (AZA)gl()? GIn ) + g, (X, (AZA)ql({%):’, Gln 1)
~01(X,$B7)g:(¢2,6In 2) + g, (§67,$2)g1(X, GIn 2)
+9:(X,{2)g:({CY,GIn 1) — g,(X,{CY)g,({Z, GIn A)

and

1 7
=192 (V40680 + V] 0567, 1.8))
1 _
f
+3192 (VGFCV - (VA)(W.¢P. o)}
forany 7,7 € I'(kerf,) and £, ? € T'(kerf,)".

Since we discussed in the previous theorem, given certain necessary and sufficient conditions, the total space M;
transforms into a locally product manifold. Now, it's intriguing to investigate if there are any circumstances under which the
total space M; could turn into a locally twisted product manifold. The conditions that turn total space M, into a locally
twisted product manifold are found in the following result.

Theorem 11 Let f be a CQBS submersion from cosymplectic manifold ( M, ¢,¢,7n,g, ) onto a RM(M,, g,). Then M; is

locally twisted product of the form M, (kerf.) x M, (kerf.)" if and only if

2502 ((V)(0,7),£:08) =:(7567, 95) + 01 (Ty<7, PS)
and
91(%, V)H = —PAPY — §VgPY — 6A5QY — of. (V4£.Q7 ) + X(in 1)PQY
where H is a mean curvature vector and for any U,V € T'(kerf.) and £,, £, € ['(kerf.)".
Proof For any X € [‘(kerﬁ)l and U,V € I'(kerf.) and using equations (??), (??), (??), (??), (??) (??) and (??), we
have

gi(vﬁv;)?) = 91(V175‘7: ¢X) + gl(TﬁUZ P)?) + 91(}[Vﬁa7; Q)?)
From using formula (??) and definition of conformality, the above equation takes place as
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91(VoV, X) =91 (Vp8V, $X) + g1(T5¢V, PX) — %gz ((vA)@.c7), f0R)
+22.02 (V<0 F0%)
It follows that the equation (??) satisfies if and only if M., r) is totally geodesic. On the other hand, for Ue
T'(kerf,), X,V € l"(kerji)l with using equations (??), (??), (??) (??), (??) and (??), we get
91(V2¥,0) = 9,(V5PY, ¢0) + g,(A3QY,80) + g, (#V5QY,¢0)

By using the equation (??) with definition of conformality of £, we deduce that

6:(739,0) = 550, (V) %, 09), <) + = g2 (Vhfe 09, ficD)

+91(V5PY,¢0) + g,(A:QY,50)

Considering the (i) part of Lemma ??, above equation turns in to

o 1 o PN A
91(V3¥.0) =25 9; (V4£:07. £:50) + 9:(V4PT, $0) + 9: (A QF, 50)
—g1(gradin 2, X) g, (QY,{0) — g1 (gradin 4, Q¥) g, (X, {U)
+g:(gradin 4,{0) g, (X, QY)

By direct calculation, finally we get
918, )H = —PAzPY — §VgPY — 6A3QY — ¢f. (Vi.07) + X(an H)PQY
+QY(nA)PX — P(gradln1)g, (X, QY)
From the above equation we conclude that M 7+ is totally umbilical if and only if equation (??) satisfied
We can provide these decomposition theorems by taking into consideration the prior theorems.
Theorem 12 Let f: (M, ¢,&,1,9,) = (M,, g,) be a CQBS submersion with slant angles 8, and 6,, where ( M;, ¢,&,1, 9, )
a cosymplectic manifold and (M, g,) a RM. Then the total space M, 0, X M, 6, X M7+ 1S locally product if and only

if equations (??), (??), (??), (??) and (??) are holds where Mlpel’Ml and M, ., )+ are integral manifolds of the

pf2
distributions D%, D% and ( ker f;)l respectively.

Theorem 13 Let f be a CQBS submersion from cosymplectic manifold ( My, ¢,&,1, g, ) onto a RM(M,, g,) with slant
angles 6, and 6,. Then the total space Myerz) X Myerfy+ IS locally product if and only if equations (??) and (??) are
holds where M, (e, 7y and M, ., )1 are integral manifolds of the distributions (kerf,) and (kerﬁ)l respectively.

Theorem 14 Let f: (M,, ¢,&,1,9,) = (M, g,) be a CQBS submersion with slant angles 8, and 6,, where ( My, ¢,£,1, 9, ) a
cosymplectic manifold and ( M,, g, ) a RM. Then vertical distribution ( kerf, ) is locally Riemannian product of the form

M, e, X M 6, if and only if equations (??), (??), (??) and (??) holds where M1D91 and MlDe2 are integral manifolds of

distributions D% and D?2 respectively.

6. ¢-Pluriharmonicity of Conformal Quasi Bi-slant Submersion
Let £ be a CQBS submersion from cosymplectic manifold ( M, ¢,&,1, g, ) onto a RM ( M,, g, ) with slant angles 8, and
6,. Then CQBS submersion is DT — ¢ pluriharmonic ( D% — ¢-pluriharmonic, D% — ¢-pluriharmonic, (DT - D91) —¢
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pluriharmonic, (DT — D%) — ¢ pluriharmonic, kerf, — ¢-pluriharmonic, (kerf:)l — ¢-pluriharmonic and ((kerf_*)l -
kerﬁ) — ¢-pluriharmonic) if

(VA)W, V) + (V) (@U, $V) = 0#(48)
for any U,V € T(DT) (for any U,V € I(D%), for any U,V € I'(D%), for any U € I(DT),V € I'(D%), for any

U e I(D™),V e (D), for any U,V € I'(kerf,), for any U,V € I'(kerf,)" and for any U € I'(kerf.)",V € I'(kerf),
respectively).
Theorem 15 Let £, be a CQBS submersion from cosymplectic manifold ( M;, ¢,&,1, g, ) onto a RM ( M,, g, ) with slant
angles 6, and 6,. Suppose that the map f is DT - ¢-pluriharmonic. Then map is ker f.-geodesic map if and only if T = {0},
which gives that the fibres are totally geodesic manifold.
Proof Since map f is DT - ¢-pluriharmonic, then by using equation (??) and (??) for any U,V € F(kerﬁ), we have
0= (VL)W V) + (V) (pU, V)
= ~L@V) + (VL)(@U.¢V)
= —f.(TyV) = £.(Vsy6V)
This completes the proof of the theorem.
Theorem 16 Let £, be a CQBS submersion from cosymplectic manifold ( My, ¢,&,1, g, ) onto a RM ( M,, g, ) with slant
angles 6, and 6,. Suppose that the map £ is D% - ¢-pluriharmonic. Then map is wD%:-geodesic map if and only if
TV + T5y8V + Ay 8V + HVsy(V = 0
forany U,V € I(D%).
Proof Since map f is D% - ¢-pluriharmonic, then by using equation (??) and (??), we have
0= (VL)W V) + (V) (@U, V)
= —f.(TV) + (Vf.) (WU, V) = fi(T5y 6V + Agy 8V + HVs,CV)
which gives the proof.
Theorem 17 Let f, be a CQBS submersion from cosymplectic manifold ( My, ¢,¢,n,g9, ) onto a RM ( M,, g, ) with slant
angles 6, and 6,. Suppose that the map f is ( DT — D1 )- ¢-pluriharmonic. Then the following are equivalent.
(M The invariant distribution DT defines totally geodesic foliation on M;.
(i) F (VW) = Vyu fu(@W) = F(QTpyW + JVV ey W),
forany U € (D) and W € I(D%).
Proof For any U € T'(DT) and W € T'(D%1) and since map is (DT — D%) - ¢ pluriharmonic, then by virtue of (??),
(??) and (??), we have
0= (VL)W W) + (VL) (@U, o)
= —f.(VyW) + Vgu f.(@W) = f(VpupW)
= —f.(VyW) + Vgu f.(@W) = f(¢TpuW).
By usig equations (??), (??) and (??), the above equations takes the form
0= ~f.(VyW) + Vou fu(@W) = f{$(Tpu W + VV4u W)}
= —f. (VW) + Vgu f.(@W) = f(QTpu W + {VV W)
FVuW) = Yy f(@W) = £(QTyuW + VT W),

from which we get desired result.



67 Fatima and Shuaib

Theorem 18 Let f, be a CQBS submersion from cosymplectic manifold ( M,, ¢, &,1, g, ) onto a RM(M,, g,) with slant
angles 6, and 6,. Suppose that the map £ is ((kerﬁ)l - kerﬁ) — ¢-pluriharmonic. Then the following assertion are
equivalent.
M The horizontal distribution (kerﬁ)l defines totally geodesic foliation on M.
(ii) (V2)@X,Y) = fi(Tpx8Y + HVpxCY + Agy8Y) — Vpx f.(CY),
forany X € T(f)" and ¥ € I'(kerf)).
Proof For any X € I‘(f;)l and Y € I'(kerf,), since map f is ((kerﬁ)l — kerf.) — ¢-pluriharmonic, then by using
(??), (??) and (??), we get
0 =(VA)X, V) + (VA)(#X, $Y)
= —f.(VxY) + (V£)(PX,8Y) + (V£)(PX,{Y)
+(V£)(@X,8Y) + (VL) (@X,Y)
= _—f*(VXY) - ﬁ(V_any) + Vpx f.(SY) — fiVpx(Y
—fi(Vox6Y) + (V£)(QX, V)
(k_)L_<6 0 6.966_9 d 9666)
erf,) = o, cos 6, >, sin Y3y 9xs sin 6, , cos 2 5 3y o,
Furthermore,
More, explicitly
D" = V1, Vs, Ve, Vs)
Del = <V31 V4-)
D% = (Vs, V)
such that
(kerf.) = DT @ D®* @ D2 @ (¢)
Taking account tha fact from (??) and (??), we have
0= _}?(VXY) - f:(i]},{é‘y) + VPXﬁ((YE
—fo(HVpxCY) = fi(Agx6Y) + (V£.) (QX,Y)
(VA)(@X,3Y) =f.(Tpx8Y + HVpxlY + Agx8Y) = Vpxf.(SY)

7. Examples
Now, we provide some non-trivial examples. We will use same structure mentioned in Example ??.
Example 2 Consider a map
f! R15 - R6
(X1, X2, s X7, V1, V2 oo, Y7, Z) — €°(x,C0S 8, — y,Sin By, y3, x35in 0, — y,€05 05, Xg, X7, V)
such that £ is a conformal submersion with dilation 1 = e®.

By the direct calculation, we obtain

d G G

V__lV:—IV:_. 9 3 G;V:_

1o, ® dyy 3 6xlsm 1+6y2 €05%1 Vs 0x,

Ve = 2 cos byt~ sin 0 Vs =~ Vy =~ Vy = =2

0w T oy, T T T T 0yt T ays
9
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More, explicitly
Thus, f defines a CQBS submersions from cosymplectic manifold ( R%,¢,&,1,g ) onto a RM(R®, gge) with

invariant distribution DT and slant distributions D?1 and D2 having slant angles 6, and 8,, respectively.

Example 3 Consider a map

f:RY - RS
(xy,x X z) —> m’ V3r — x; X5 %
1y A2y =m0 6'y1vy2v'"vy6v 2 !y2! \/z ) 4.}’4,3/6
such that £ is conformal submersion.
By the direct computation, we get
= a @ a @ a o o a a
kerf. = (350 @ {55 o) @ (o + V3552 + 50 @ (7
i FY-_ (o 19 0 10 10 0 9 0
with (kerf.)” = <7E 20x3 3y, V2 Oxs \/Eaxﬁ’ax4’ay4’ay6>'
More, explicitly,
DT = (i i}
0x; " 0y,
pra (22}
dys 0ys
d a 0 ad
Db = <—+ 3—, —)
dxq \/_6x3 Oxs 0Oxg
-(5)
=15

such that
(kerf.) = DT @ D% @ D% @ (¢)
Thus, f defines a CQBS submersions from cosymplectic manifold ( R, ¢, &, 7, g ) onto a RM(R®, gge) With slant

distributions D and D2 having slant angels 6; = % and 6, = % respectively and the dilation A = 7>,
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