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Abstract
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1. Introduction

The concept of Riemannian submersion between Riemannian manifolds was introduced by O'Neill 14 and Gray 8 . For
further study of Riemannian submersions, we refer 66. Later, Fishcher [7] introduced the concept of Riemannian map
between Riemannian manifolds as the generalization of Riemannian submersion and isometric immersion. The geometry of
different kind of Riemaanian maps such as invariant Riemannian maps, anti-invariant Riemannian maps, semi-invariant
Riemannian maps etc. has been studied by many authors [17, 19, 21, 15, 18, 27, 28, 1, 11, 22, 26, 20, 10, 23.

In classical differential geometry, there is a famous theorem, known as Clairaut's theorem which helps us to find the
geodesics on a surface of revolution. This theorem states that for any geodesic y on a surface S, a function rsin 6 is constant
along y, where 6 is the angle between y and the meridian through y and r is the distance from a point on the surface of
rotation axis. Bishop [3] extended this idea to Riemannian manifolds and defined Clairaut submersion. He obtained
conditions under which a curve becomes geodesic and also derived necessary and sufficient condition for a Riemannian
submersion to be a Clairaut Riemannian submersion.

Sahin [24] proposed the concept of a Clairaut Riemannian map as a generlization of Clairaut submersion where he
obtained the condition for a curve to be geodesic on the total manifold. Then, he derived the necessary and sufficient

condition for a Riemannian map to be a Clairaut Riemannian map. Yadav et al. 12, 30, 29, introduced
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Clairaut Riemannian map for base manifold, Clairaut invariant and anti-invariant Riemannian maps from and to
Kahler manifolds. Later, Polat and Meena 16 introduced Clairaut semi-invariant Riemannian maps to Kahler manifolds.
Clairaut anti-invariant Riemannian map to Sasakian manifold was introduced by Zafar et al. 32.

This paper is organised as follows. Section 2 contains some important definitions and results which are needed for
this paper and section 3 deals with Clairaut semiinvariant Riemannian maps to Sasakian manifolds. In section 4, we obtain

some basic inequalities related to these maps. Finally, we provide an illustrative example.

2. Preliminaries
In this section, we recall some the definitions and results which are needed for this paper.
Definition 2.1. [4] An odd dimensional smooth manifold N is said to have an almost-contact structure ( ¢, ,n ) if there
exists a tensor field ¢ of type ( 1,1), a vector field & (known as the Reeb vector field), and a 1-form n, which satisfy the
following conditions:
PP =—I1+n®&PE=0,n0¢ =0,7() = 1#(2.1)
Furthermore, an almost-contact manifold N with a Riemannian metric g, is said to be compatible with the almost-

contact structure (¢, &, n) if it satisfies the following conditions for any vector fields E,G € T'(TN) :

9n(PE, $G) = gn(E, G) —n(E)n(G), #(2.2)
In(PE, G) = —gn(E, $G),n(E) = gn(E, $), #(2.3)

and the structure (¢, &, 7, gy) is referred as an almost contact metric structure. The almost-contact structure (¢, &, 1)
is called normal if V" + dn ® & = 0, where V" is the Nijenhuis tensor of ¢.

Additionally, if dn = ®, where ®(E, G) = gy(¢E, G) is a tensor field of type ( 0,2), then an almost contact metric
structure is said to be a normal contact metric structure.

A normal contact metric manifold N is called a Sasakian manifold if it satisfies the following conditions:

(VEP)G = gn(E,G)§ —n(G)E#(2.4)
UNE = —pX#(2.5)

where V¥ is the Levi-Civita connection on N.
A Sasakian manifold with constant sectional curvature c is called a Sasakian space form. The curvature tensor of a

Sasakian space form N(c) is given by [5]

3 -1
R(YVZ = (g(V,2)X = g(, 23V} + = n(Om(2)Y = n( (D)
+g(4ZME — g, 2NKE + g@Y, Z)X — 99K, 2)pY

Definition 2.2. [7] A smooth map F: (M™, g,) — (N, gy) between two Riemannian manifolds is said to be a Riemannian

map at p € M if the horizontal restriction E": (kerF, s range F,, ) is a linear isometry between the inner product spaces
patp P p g€ fyp y p p

((kerF*p)l’ gM(p)|(kerF*p)l ) and ( (rangeF.,, gn(q) | (range .,) ), where g = F(p).

Further, consider a smooth map F:(M™, gy) - (N™ gy) between Riemannian manifolds M and N. The
differential map F, can be interpreted as a section of the bundle Hom(TM,F~1TN) —» M, where F~1TN is the pullback
bundle, with fibers at y; € M given by (F‘lTN)y1 = Tr(y,)N. The bundle Hom (TM,F~'TN) has a connection induced
from the Levi-Civita connection V™ and the pullback connection V¥*. The second fundamental form of F is symmetric and

can be expressed as [13]
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(VF;)(XL Y1) = Vg*xlﬂn - E(V%YJ; #(2.7)

for all X,,Y; € T(TM). Itis proved in [18], if X, ¥; € ['(kerF)* then (VE)(X,Y) € I'( range F*)l.
Definition 2.3. [2] Let F: (M™, g)y) — (N, gy) be a smooth map between two Riemannian manifolds. Then the tension

field is the trace of the second fundamental form. i.e.,

n
WP =) (VE)(es e,

i=1
where {e,, ..., e,,} is an orthonormal basis of TM.
Definition 2.4. [25] A map F between two Reimannian manifolds is called a harmonic map, if it has a vanishing tenson
field, i.e., T(F) = 0.

Geodesics, constant maps, and identity maps are examples of harmonic maps.
Definition 2.5. [9] The bitension field 7, (F) of F is defined as

7,(F) = —AF7(F) — trace" (F,, 7(F))F..

Additionally, the map F is called biharmonic map if and only bitension field vanishes for every point.
Lemma 2.1. [19] Let F:(M™,gy) = (N™ gy) be a Riemannian map between Riemannian manifolds. Then, F is an
umbilical Riemannian map if and only if

for X,Y € I'(kerF,)* and Hy is a nowhere zero, mean curvature vector field on I'( range R)l. Let X be a vector
field on M, and let Z be any section of F( range F*)l. Then, the orthogonal projection of V¥ Z onto F( range F*)l, is given by

VELZ, where VF* is a linear connection on I'( range F,) " that satisfies VF+ gy = 0.
Now, for a Riemannian map, we have the following relation [25] (p. 188)
VN yZ = —=S,FX + V7, #(2.9)
where S;F.X is the tangential component of V}Z. Thus at p € M, we have V{yZ(p) € Trq)P,S,FX(x) €
1

Fop(T,M) and V5 Z(p) € (F,(T,N)) .

Additionally, S;F.X is bilinear in Z and F.X, and S,F.X at p depends only on Z,, and F,,X (p).
Definition 2.6. [12] Let F: (M™, gy) = (N™, gy) be a Riemannian map between two Riemannian manifolds and s: N —
R*be a positive function on N. Then F is called Clairaut Riemannian map if for every geodesic the function s o gsin w(t) is

constant, where F,X, Z are the components of ¢ and w(t) is the angle between horizontal space and 4.

If the distribition ( range 11)l is totally geodesic (for more details see [31]), then we have the following:
Theorem 2.1. [12] Let F: (M™, g,,) — (N, gy) be a Riemannian map between Riemannian manifolds and y,o = F o y, are
geodesic curves on M and N, respectively. Then F is Clairaut Riemannian map with § = e9 if and only if one of the
following conditions hold.
1. F is umbilical map, and has Hy = —V"g, where g is a smooth function on N and Hy, is the mean curvature vector
field of range F..

2. SyEX = -V(g)EX, where F,X,V are the vertical and horizontal components of 4.
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Lemma 2.2. Let F: (M™, gy) — (N, gy) be a Clairaut Riemannian map between Riemannian manifolds. Then the tension
field T(F) of F is
T(F) = —rE(u*™) = (m = r)V"g

Proof. Using Hy = —V¥g in Lemma 49 of [25], we get tension field for Clairaut Riemannian map.

3. Clairaut semi-invariant Riemannian map to Sasakian manifolds

In this section, first we define semi-invariant Riemannian map from a Riemannian manifold to an almost contact manifold
and then, Clairaut semi-invariant Riemannian map from a Riemannian manifold to a Sasakian manifold admitting horizontal
Reeb vector field. Since the idea of Clairaut Riemannian maps is based on geodesic therefore we give a neccessary and
sufficient condition for a curve on the base manifold to be geodesic. Then, we discuss the case when a semi-invariant
Riemannian map becomes Clairaut semi-invariant Riemannian map. Later, we obtain some results on these maps like totally

geodesic and geometric inequalities. At last, we construct an example to show the existence of such maps. Throughout this

section, it is assumed that the distribution ( range *)l is totally geodesic.

Definition 3.1. Let F be a Riemannian map from a Riemannaian manifold ( M™, g,, ) to an almost contact manifold
(N™ gn, &, &,1m,). Then, we say that F is a semiinvariant Riemannian map at p € M if the following conditions are satisfied:
M There exists a subbundle of range F, such that ¢(D;) = D,.

(i) There exists a complementary subbundle D, to D, in range F, such that ¢(D,) < ( range Ii)l.

If F is semi-invariant Riemannian map at every p € M, then we say that F is a semi-invariant Riemannian map.

Then, for X €T (range F, ), we can write

PFX = w,F.X + w,FX#(3.1)
where w,F.X € T'(Dy) and w,F.X € T'(¢D,). Also, for Z € I'( range F*)l, we have
¢Z = BZ + CZ,#(3.2)

where BZ € I'(D;) and CZ € T'(u).
Definition 3.2. A semi-invariant Riemannian map F:(M™, g,) — (N™, ¢,&,1n,gy) from a Riemannian manifold to a
Sasakian manifold is called a Clairaut semiinvariant Riemannian map if there is a function s: N - R*such that for every
geodesic o on N, the function (s o o ) sin 8(¢) is constant, where F.X € T (range F, ) and Z € I'( range I«;)l are components
of 6(t), and 8(t) is the angle between 4(t) and Z for all ¢t.
Lemma 3.1 Let F: (M™,gy) = (N™, ¢,&,1,gy) be a semi-invariant Riemannian map from a Riemannian manifold to a
Sasakian manifold and let y: 1 — M be a geodesic on M. Then, the curve ¢ = F oy is geodesic on N if and only if

E(V¥"F.(01F.X)) = Su,rxFX + VYW, EX + E(VY*F.BZ) — SczF.X
and

(VE)(X, *F.(w,F.X)) + VE*w,EX + V5t w,FX + (VE)(X, "F.BZ)
where EX €T (range F),Z € F( range Ii)l are components of ¢, V" is the Levi-Civita connection on N, and V+

is a linear connection on (range F,)*.
Proof. Let y:I — M be a geodesic on M and o = F oy be a geodesic with speed v/c on N, where EY € I'(rangeF,) and

Z € I'(rangeF,)* are components of ¢(t). Since N is a Sasakian manifold, we have
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PVYG = VYo — gy (d,6) +n(6)0.
Since 6 = FX + Z and gy(d,6) = ¢, we get
VY6 = V¥ xizp(FX + Z) — & —n(FX + Z)(FX + Z).
Since n(F.X) = gy(F.X, &) = 0, above equation takes the form
dVYG = VN QX + VYQEX + VN y¢Z + VY pZ — c& +1(Z)Z + n(Z)EX. #(3.5)
Using (3.1) and (3.2) in above equation, we get
dVYG =VN yw  FX + VY yw, EX + Vw X + Viw,FX + V¥ yBZ

Since ( range *)l is totally geodesic, V¥CZ = V51CZ, VY w,F.X = VEtw,FX. Since V¥ is Levi-Civita connection on

N,gy(V¥BZ,U) = 0, where Z,U € I‘( range F*)l which implies that V¥ BZ € T (range F,). Now from (2.7), we obtain
VY «BZ = (VE)(X, *F.BZ) + F.(V¥*F.BZ)#(3.7)
and
VN yw  EX = (VE)(X, *F.(w,EX)) + E.(V¥*F.(w0,F.X))#(3.8)
Also, from 2.9), we have

VN Z = —S,F.X + VELZ#(3.9)
V%(szEkX = _Sa)ZF*XEkX + Vf(lwzﬂX#(310)

and
VN 4CZ = =S¢z F.X + VRCZ#(3.11)
Using (3.7), (3.8), (3.9), (3.10), (3.11) in (3.6), we get
¢Vi6 =(VE)(X, *F.(w1F.X)) + F.(V¥*F.(0,F.X)) = Se,r.xF.X
+F,(VW*F.BZ) — SczF.X + V51 CZ + VYBZ + V5t Cz
—c§ +n(Z)EX +n(Z)Z
Comparing horizontal and vertical components of 3.12, we get
V6 =F.(VY'F.(01F.X) = So,r.xEX + Viw FX + F.(V{"F.BZ)
and
HVY6 =(VE)(X, *F(0,EX)) + V5w, EX + Vit w,EX + Vit CZ
One knows that ¢ is geodesic on N if and only if VY6 = 0, therefore, we must have VV¥6 = 0 = # VY. From
(3.13) and (3.14), we obtain the required result.
Theorem 3.1. Let F: (M™, gy) = (N", ¢, &,1, gn) be a semi-invariant Riemannian map from a Riemannian manifold to a
Sasakian manifold and y,o = F oy are geodesics on M and N, respectively. Then, F is a Clairaut semi-invariant
Riemannian map with s = e9 if and only if
gnv((VE)(X, "FE.BZ + VE*CZ + V5 CZ — ¢& + 1(2)Z, w,FX)
+n(Z)EY,wFX) =0
where g is a smooth function on N and EX € T (range F,),Z € F( range F*)l are components of g.

Proof. Let y: 1 - M be a geodesic curve on M and o = F o y be geodesic with speed v/c on N with E.X in T (range
F.)and Z € F( range I~;)l components of ¢(t) and 6(t) denote the angle in [0, %] between ¢ and Z.

Hence, we obtain
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gn(FEX,EX) = csin? 6(t), #(3.16)
and
gn(Z,Z) = ccos? B(t)#(3.17)
Differentiating 3.16), we get
d deo
EgN(P;X, FX) =2gy(VYEX,FEX) = 2csin 8(t)cos 0(t) a
Hence by using Sasakian structure in above equation, we get
gn(PVYEX, pF.X) = csin O(t)cos O(t) Z—f #(3.18)
From (2.4), we obtain
VEQFEX — ¢pVEEX = gy(6,FX)E,
therefore
PVYFEX = VipFX — gy(6, EX)E.
Taking inner product of above equation with ¢F, X, we get
In(@VIEX, $EX) = gy(VEPEX, pF.X) — gn(6, EX) g (§, pF.X). #(3.19)
Using (3.1) and putting 6 = EX + Z in (3.19), we get

In(PVYEX, pEX) = gn(VE x4z(w X + 0, F.X), 0, FX + w,F.X)#(3.20)
—gn(FX, EX)gn (&, w, FEX)#(3.20)

After simplification, we obtain
In(PVEEX, EX) =gy (VE x w1 FX + VY0 FX + Vi yw, F.X
+V¥w,F.X, 0, FEX) + gy(VE xw,FEX + VY w, FX
VYW FX, 0, FX) — gy (EX, EX)gn (€, 0, F.X)
Using 2.7 and 2.9 in above equation, we get

In(OVYEX, 9F.X) =gy (F.(V¥ Fw EX) + V@, FX — S, px X
L 01EX) + gn((VE)(X, *FwiEX) + Vit w,FX

With the help of (3.3) and (3.4) in above equation, we obtain

In(PVYEX, pEX) =gy (—F.(V¥*F.BZ) + Sc,F.X — VYBZ
-n(Z)F.X, w,FX) + gy(—(VE)(X, *F.BZ)
—9n (FX, EX)QN(f; w,EX).

Moreover, F is Clairaut semi-invariant map with s = e9 if and only if
i (e9°%sinf(t)) =0
dt
which gives
eg""i(g o g)sinf(t) + e9°?cos O(t) d—g =0
dt dt
Since e9°? is positive function,
d do
Py (g ° 0)sin (t) + cos Q(t)a = 0#(3.24)
Multiplying (3.24) with non-zero ksin 6(t), we get

d do
a (g ° 0)ksin® 6(t) = —csin O(t)cos 6(t) E#(&ZS)
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From (3.23) and (3.25), we get
gv (V" 9,2) gy (F.X, F.X) =gy (E.(V¥*E.BZ) — SczF.X + V{BZ
+n(Z)F.X, w,F.X) + gy((VE)(X, *F.BZ)
+VELCZ 4+ VELCZ — c& +(2)Z, w,FX)
This completes the proof.
Theorem 3.2. Let F: (M™, gy) - (N™, ¢,&,n,gy) be a Clairaut semi-invaraint Riemannain map with s = e9 from a
Riemannain manifold to a Sasakian manifold. Then atleast one of the following statement is true:
1. g isconstant on ¢(D,).
2. dim(kerE)* = 1.
Proof. Since F is Clairaut Riemannian map with s = e9, we have
Vi EX — F(VYY) = —gy (X, V)V g#(3.27)
For X,Y € T(kerE)*.
Taking inner product with ¢F.Z, E,.Z € T'(D,), we get
gn(Vx"EY = E(V¥Y),¢F.Z) = —gu(X,V)gn(V"g, $F.2)#(3.28)
Here, VF is Pullback connection of the Levi-Civita connection V", therefore, V¥ is also Levi-Civita connection.
Since F.(V¥Y) €T (range F,) and Vy*E.Y — F.(V¥Y) € I'( range F*)l,
gn(VEXEY, $F.Z) = —gu(X,V)gn (V" g, OF.Z), #(3.29)
where ¢pF.Z € l"( range E)l.
Using metric compatibility, we get
~gn(VEx®FZ FY) = —gu(X, V) gn (V" g, pF.2).
Using Sasakian structure, we obtain
~gn(PVEXEZ EY) = —gu(X,Y)gn(VV g, pF.2).
With the help of (2.3), we get
on(VEXE.Z,§FY) = —gu(X,V)gn(V'g, pF.2)
From 3.29 and above equation, we get
InX,2)gn(VV g, oEY) = gy (X, V) gn (VN g, $F.Z)#(3.30)
Taking X =Y in above equation, we get
gu X, 2)gn (VN g, 9EX) = gu (X, X)gn (VN g, ¢F.2). #(3.31)
After interchanging X and Z, we obtain
In(Z,X)gn(VN g, F.Z) = gy (Z,Z)gn (VN g, pF.X)#(3.32)
From 3.31) and (3.32), we get

N _9u(Z, 2)gu(X,X) N _
gu(V'g, 9F.Z) _gM(Z,X)gM(X,Z)gN(V 9. ¢FZ) =0

From above equation, we get required result.

Theorem 3.3. Let F: (M™, gy) = (N", gy, ¢, &,m) be a Clairaut semi-invariant Riemannian map from a Riemannian
manifold to a Sasakian manifold. Then F is a totally geodesic map if and only if following conditions are satisfied.

1. KkerkF, is totally geodesic.
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2. (kerF,)* is totally geodesic.
3. gn(X, "Ew,EY)(BVf + CVf) + w, (F.(VY"Fw, FY)) — E.(V{Y)
+w1 (S, v FX) + 03 (Sp,ryFX) + B(V5*w,EY) + C(Vitw,EY)
—gn(EX, EV)E()E + w,(F.(V¥"F.w,FY)) = 0
Proof. Since F is a totally geodesic map, (VE)(X;,Y;) =0V X,,Y; € T(TM). We discuss totally geodesicness
under following cases:
1. IfX,,Y, €T (kerE),i.e, X, =U; andY; =V,, then (VE)(U,,V;) = 0, this implies that kerF, is totally geodesic.
2. IfX; eT(kerF,)andY; € I'(kerF)',i.e.,, X; = U; and Y’ =Y, then (VE)(U,,Y) = 0, which implies that (kerF,)*
is totally geodesic.
3. IfXy,Y, €T(kerF)*,ie, X, =XandY, =Y, then (VE)(X,Y) =0, VFyEY — E.(V¥Y) =0
Using ¢ structure of Sasakian manifold, we get
PVExPEY —n(VEXEY)E + E(VYY) = 0.
With the help of (3.1), above equation gives
VY x (@ EY + 0,FY) + gy (VEXEY,§)E + E(VHY) = 0.
Using 2.7 and 2.9 in above equation, we get
¢((VE)(X, "F.w;EY) = E(V¥*F.w;EY)) + ¢(=Sw,ryFX
+Vitw, BY) + g((VE)(X,Y),§)¢ + E(VYY) = 0
Using Clairaut condition in above equation, we get
gn (X, "F.wiFY)(BVf + CVf) + @, (E.(V¥"Fw, EY)) — E(V¥Y)
+@1(Su,ryFX) + 03 (Su,nyFX) — BOVE w,FY) — C(V5w,EY)
—gn(EX,EY)E(F)E + w,(E(VY FEw FY)) = 0
This completes the proof.
Theorem 3.4. Let F: (M™, gy) = (N", gy, ¢, &,m) be a Clairaut semi-invariant Riemannian map from a Riemannian

manifold to a Sasakian space form N(c). Then F is biharmonic if and only if
~rgn(BOT* 9,0, E.GT™))Vg + rgy (Few nF (VA Fon E.(a™)) ) 7V

+rC (V" g) (gN (F*ei. F. (VZ*Ewlﬂ(u""F*)» + gn (VHe Pt w@(u"“’”")))
—Tw,k, (Vﬂ”i*ﬂwlﬂ(u"”")) (9)F.(e)) — Vi w,F, (vg*awla(uker&))
—1w, F.(u*")(9) (—gn(F.e;, w1 F.e)VV g + VEL w, Fe;) — (m — )2V g||>VV g
~rgy (Few B (Vi (k™)) ) Vg = rUEEC (V5w  FGher™)

c+3
—rgn(Fey, E(u*™))§(g)VEHE + (m — r)VEIVEVN g + — ((m— )2V g)
—régn(F.e;, F.(uke™™)) (gN(VﬁfVNg, &) +gn(Vg, Viﬁf))

-1§.$(f) (gN (E(V’Q{.ei), F*(u’“’”*)) + gn (Ekei,a(vfg’iyker&)»
(c—-1)

+ (37'9N (w1Eej; E«(Iikerp*)) wzﬂej + rgN(wlF;ej): Eej) wzﬂ(#keﬂ*)

—(m—7)*n(V"g)¢§ +3(m — r)gN(sz;ej: VNg)a)ZP;e]-)
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and
rB(VVg) <.9N (F*ei, F, (V%*Ewlﬂ(ukem))) + gy (Vﬁeiﬂei, wlF*(Mk”F*)))

+F (W EBYG))) ~ rE (V4 Faos . (V2 Foy . Geer®))

—rw,F, (V¥ .o, F.(W*™) ) (9)F.(e;) — gn(F.e0, F.(u*"™))E(9)¢ (9)Fee;
—rw, B, (™) (g) (F.(Vel Fw, F.e;) + w,Fe(g)F.e;)

—rF, (V4B (VEr,F.(u5™)) ) = rC (VERw, . (u ™) ) (g)Fe

(c+3

+3(m — r)F;el-gN(VgiJ'VNg, VNQ) + ) {_TQN(E(HRWF*); Eej)ﬂej
-1
+1(m = DE @)} + = {3rgy (01 Fe E (™) (01 Fey)

+rgN(a)1F;ej, Ekej)(wlp;(#kerp*)) +3(m — r)gN(wZEkej' VNg)(wlF*ej)

Proof. Let {e, ..., e,} be a orthonormal basis of kerF, and {e,,,,.., ey} be an orthonormal basis of (kerF)* at

p € M. Here, we calculate Laplacian of tension field as follows.

AT(F) = — z VE VE 2(F).

i=r+1

Using the Lemma 2.2 and the condition of Clairaut Riemannian map in above equation, we get

Me(F) == ) VE{VE (TR = (m - 1) Vg))
i=r+1
With the help of Sasakian structure and (2.9), we get
m
Me(F)= = D VE{roVR dF. (a5 = gy (Vo FL(1*7), )€ }#(3.35)
i=r+1

m
—m -7 Z VY., (Sow Fre = VEAV"g) #(3:35)

i=r+1
Using (3.1), in above equation, we get
8t(F) = =VE {1 (The,01 F.(W5"") 4+ VY o 0, F. (") )}
Making use of 2.7, 2.9 and metric compatibility in above equation, we get
ae(F) = =5, {rop ((VF) (e, “Faon Eu ™) + . (VA Fo, E ™) ) )
-V {rqb (—swzp*(#kerp*ﬂei + vgjmza(yk”&))}
+7gn (T e P (W), §) (=S¢ Fee; + VEFE)
—ré g (Few (™)) (gn (Ve 97 9,€) + g (V9. Vi §))
—1&€.E(f) (gN (E(V’Xiei), F;('ukerF*)) + gy (Eei’ﬂ(vlg#kerF*)))

Using (3.2), (3.1) and (2.9) in above equation, we get
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At(F) = _V%ei{_rgzv(ﬂei' w1E(ﬂkerF*))(B(VNg) + C(VNQ))}
_Vg*ei {Twﬂi (vle\/li*ﬂwla(#kerﬂ)) + rw,F, (Vg/li*ﬂwll;;(#ker&))}
—rg (@, F.(u""), 7 g) (VA . (. Foe; + @ Feey)
~r(VE) (e0” E.B (Vi @, Euker™))) = rF. (V2" E.B (V. (uker™) ))

+rs ( Fe;—1VEic (Vgilwzﬂ(‘uker&))

(08w ukere)
+7gn (V¥ e F(u* ), €)(—Se Foe; + VELE)
—r&gy(F.e;, F.(uker™)) ( (VEe, Vg, 8) +g(VVg,V *elf))
—1¢.£() (9w (E.(V¥e) E ™) + gy (Feey, E(v2iker™))
Making use of Clairaut condition in above equation, we get
At(F) = —rgn(B(VV g), 0, E.(u*™))VV g + r(B(VVg) + C (V" g))
(gN (Rew k. (7 Ron FGkr™))) + gy (T e wlﬂ(u"””)))
+7gn (F.er, 01 E.(u 7)) (C(VV g)(g)F.; + VEHC (VW)
+E (VA EB@"9))) + rgu (Few onF. (Vi Fo, E @) 7
—rF, (vg*ﬁ;wla (vg*awla(u""ﬂ))) — 7, F, (VM F.a,
F.(u*"))(9)F.(e;) — rVEta, F, (VM*F w,F, (MkerF*))

—1w F.(u*")(9) (—gn (F.e, w1 Fe)VN g
+E (Ve F.wiF.e;) + wyF.ei(g)F.e; + Vi w,Fe;)

~rgu (Few B (VL0 F.(uk™)) ) W g — rE, (VA E.B

(W waF(eer™)) ) = rC (VELwaF (057)) (9)Fee

—rVELC (VE uF(u 7)) = rgu (Feen F.(u""™))E() (E(E.e
+V55E) = rE gy (Fe E(u™)) (gw(VEEVY 9,€) + gu (799, VE1E) )

—18.8(f) (gN (F.(Vher), F.(u*e™)) + gy (Few, F.(Vin kera)))
—(m—1)2|IVVglI>VN g + 3(m — r)F.e;gy(VELVN g, VN g)

From (2.6), we get

RY(F.e;, 7(F))F.e; =R" (F.ej, —=rE.(u**"™)) F.e;

Using Lemma 2.2 in above equation, we obtain

c+3
RV(F.e;,T(F))F.e; = %{—rgN(F*(uk"F*), F.ej)F.ej+r(m—r)
c—1
FL(ueT™) 4 (m = 12V g} + (= gn (@F.(u™)
,F.e;)pF.e; + rgy(pF.e, Fe;)pF.(u ™) + 2rgy(¢pF.e;
JE(u*eTR))pFe; — (m — 1) (VN g)§ — (m — 1) gn(9VVg,
Iﬂej)q')liej + (m— r)gN(q,')F*ej, F*ej)VNg +2(m—71)
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After simplification, we obtain

(c+3)
RY(F.e;1(F))F.¢; = T{—rgzv(ﬂ(#kw*), F.ej)F.ej +r(m — r)F,(u*")

+m —r)20g) + T (Brgu sy, (a7 (wsFe,
+w2Eej) + TgN(wlF*ejv F*ej)(w15(#kera) + wzﬂ(#kerF*))
—(m —1)’n(V"g)¢ + 3(m - T)gN(a)zP;ej,VNg)((ulP;ej
From Definition 2.5, 3.39 and (3.42), and taking vertical and horizontal components, we obtain the required result.

4. Some basic inequalities
In this section, we obtain some inequalities which involve Ricci and sectional curvature of horizontal and vertical
distributions of the Clairaut semi-invariant Riemannian map and discuss the equality case.

Let ( M™, g, ) be a Riemannian manifold and ( N™(c), gy, ¢,é,m ) be a Sasakian space form. Consider
F:(M™,gy) = (N", gy, 0, &) be a Clairaut semi-invariant Riemannian map. For a point g€ N, let

FXy, o, EXin 1, Zy, o, Zy iy be an orthonormal basis of T, (N(k)) such that range F.p = Span{F.X;, ..., E.X,_,} and

1
( range *p) = Span{Z,, ..., Z,,_m+r} fOr any tangent vector of N.

Riemannian curvature tensor(denoted by R ) and sectional curvature(denoted by K ) of M is given by

c+3
R (ker F)L (X1,X2,X3,X4)= = {gn(FX5, FEX3) gy (F.X1, EX,)

—gn(FXy, EX3)gn(FEX2, FX4)}

—gn (W1 FXy, EX3) gy (w1 FXp, FXy)
—2gy(w1F.Xy, FEXp) gy (0 FX3, F.X,)}
—gn(FX1, EX3)gn(FX,, FX)|VV g|?
+9n(F.X,, FX3) gy (F.X1, EX)IVV g|?)

c+3
K(X1,X;) = T{gzzv(EX1. EX3) — [IEX | 2 EXo 1%} — [IEX4 | 2 X 17

Vgl + %{_gﬁ(ﬂxzfﬁbﬂxﬂ — gn(w1 F.Xy, F.X)
In(W1EX, EXp) — 2gn (w1 FXy, EXo)gn (o E Xy, FX5)}
where X;, X,, X3, X, € ['(kerF,)*.
Hence, we obtain the following result.
Theorem 4.1. Let F: (M™, g)) = (N™(k), gn, ¢, &,m) be a Clairaut semi-invariant Riemannian map from a Riemannian
manifold to a Sasakian space form. Then, we have

-1
(e 4 ){QN(¢EX1:EX2)9N(¢EXj,F;Xj)#(‘l'-g)

—3gn(PFEX;, F.X;) gn (PF. Xy, F.X;) }#(4.3)
and

. 1
RickerF)™ (X, X,) <

c+3 5 )
K(X1,X>) ST{QN(E«XLF;Xz) — IEX, [P IIEX 117}
In(W1EX, E X)) — 2gn (w1 FXy, EXo)gn (o E Xy, FX5)}

For both Ricci curvature and sectional curvature, equality holds if F is a totally geodesic map.

Example 4.1. Let M = (x4, x,, X3, X4, X5) € R® be a Riemannian manifold with Riemannian metric
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33000
[35000}
gw=l0 010 0
lo 0 0 1 of

0 0 0 O 1J
and N = (y4, Y5, ¥3, Vs, ¥s) € R® be a Sasakian manifold with Sasakian structure (¢, ¢&,n, gy) where 7 is the 1 -
form defined by n(E) = gy (E, &) forall E € T(TN) and ¢ is the (1,1) tensor field defined by

0 01 0 0
[o 0 0 0 o}
p=|-1 0 0 0 O
|lo 000—1J|
0 0 0 1 0
fzaiyzand
[’ 1
|2ooooI
_lo 8 2 0 ol
IN=lo 2 1 0 ol
|looo1oJ|
000 0 1

Let F: (M, gy) = (N, @, &,m, gy) be a smooth map defined as
X1 + X
2

F(x1, X2, X3, X4, X5) = ( ,0, x5, X4, 0)

Clearly, one can check

kerF, = span {e1 ; i , e3}

e, t+e
(kerF)* = Span{ - 5 2, eq 95}

rangeF, = spanfej, e3, e;}

and
1 !
(range )" = span{e}, el}
We can show that
guX,X) = gy(F.X,FX) VX € (kerF)*.

Consider D; = spanf{ej,e;} and D, =span{e;} Here, ¢e; = —e; € D;,pe5 = e €D; and ¢e, =el €
(range *)l. Therefore F is semi-invariant Riemannian map. In order to show that the defined map is a Clairaut Riemannian
map, we find a smooth function g satisfying equation (VE,)(X,X) = —gn (X, X)V" g. Here, it can be seen that (VE,)(X,X) =

0 hence taking g as a constant function, we can say that given map is a Clairaut semi-invariant Riemannian map.
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