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1. Introduction\

Contact structures, even contact structures, and Engel structures are geometric structures on differentiable manifolds, mainly
studied in the field of differential geometry especially in the study of dynamical systems and control theory. They all involve
the study of distributions of tangent spaces and their behavior. All these structures are defined by non-integrable distributions,
meaning that they describe systems where the tangent planes “twist” in a non-trivial way and cannot be integrated into
submanifolds.

Contact structures are defined in odd-dimensional geometry, arising in classical mechanics and dynamical systems. Although
even contact structures extend these ideas to even-dimensional manifolds, bridging contact and symplectic geometry. Contact
and even contact structures have a well-defined Reeb vector field that is transverse to the distribution and is integrable in the sens
of Frobenuis as a distribution spanned by a one vector field. Engel structures are uniquely defined on 4-dimensional manifolds
and are important in the study of nonholonomic systems and control theory. It is characterized by a rank-2 distribution D of
the tangent bundle that satisfies a certain maximal non-integrability conditions. Engel structures derive sometimes from Cartan
prolongations of contact 3-manifold and have a hierarchly of derived distributions crucial in understanding the structure’s
dynamics. The distribution D is part of a flag of distributions: D < £ € TM , where D is arank-2 distribution, and £ = [D, D]
is a rank-3 distribution, which is an even contact structure, that is a hyperplane field defined as the kernel of a 1 -form « such
that @ A (da)" never vanishes on a 2n -dimensional manifold, in this case we have [5,5 ] =TM.

We can introduce so-called Engel defining forms « and S, which were first studied in [1] and used as a technical tool in
[11,[15,16]. With any choice of Engel defining forms, it is possible to associate a rank- 2 distribution R =span(7,R), where
T and R are vector fields. The distribution R is tranverse to D (TM =D& R) , which is not usually integrable as in the case
of Reeb field of contact or even contact structure. Futhermore in [13], a necessary and sufficient condition for the integrability
of R is proven by N. Pia. The aim of this paper is to prove the following two Theorems:

Theorem 1.1. Let (M,®) be a (2m+2)-dimensional oriented even contact manifold admitting an orientable characteristic
foliation £ = ker(mwA(dw)") with volume-preserving holonomy, such that M is foliated by closed hypersurfaces transverses to
L . Then for any nonvanishing closed 1-form 7 on M , the following are equivalents.
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1. The family of 1-forms (77t )zzo defined by 7, =7 +tw in a linear deformation of 7 is a family of even contact structures
forany ¢t >0.
2. pa(dw)" =0.

Theorem 1.2. Let M be a closed and oriented 4-manifold endowed with a Engel structure D = ker(a)1 A a)z) with Engel
defining forms @, and @, and Reeb distributionv R = (Z;, Zs) = ker (dwa + ¢z, z,w1 A wa). Suppose there exist a pair of closed
non-singular 1-forms (77,,7,) satisfying

mndo =0
mAdop =0

then for all ¢ > 0, the pair (nf ,né) in a Engel deformation of (7,77, ) in the way of (@, @, ) are Engel defining forms if
and only if

{771(21)+772 (2,)=0
ANy, Zy NZy =0.

The paper is organized as follow, in section 2 we give some preliminaries about contact, even contact and Engel structures,
in section 3 we recall linear deformations and old results obtained by different authors. Lastly we prove in section 3 our
announced Theorems.

2. Preliminaries
Contact, even contact and Engel structures are geometric structures on differentiable manifolds, bringing together nonintegrability
conditions. Here’s an overview of each:

2.1. Contact and even contact structure

A contact structure is a specific type of hyperplane field on an odd-dimensional manifold. It is defined by a 1 -form that
satisfies a certain non-degeneracy condition, that captures the idea of non-integrable distributions. It provides a framework
for understanding various physical and geometric systems, especially those involving constraints, like in classical mechanics.
Definition 2.1. Let M be a smooth manifold of dimension 2n+1. A contact structure on M is a maximally non-integrable
hyperplane distribution & < TM , locally given as the kernel of a 1-form « (called the contact form), such that the non-
degeneracy condition holds:

an(da)” is a volume form on M.

This means that « is «maximally non-integrable,» ensuring that the distribution of tangent spaces described by « does
not come from a foliation of the manifold by submanifolds.

The contact structure is determined by the kernel of the contact form, i.e., & = ker(a) . While the 1-form & is not unique
(it can be scaled by a non-vanishing smooth function), the structure it induces is the same. Moreover we have :

Proposition 2.2 Let M be a (2n + 1) -dimensional manifold, equipped with a I-form « . Then the followings are equivalents.
1. The distribution & =ker(a) is a contact structure on M .

2. (da)j does not vanish anywhere.
3. dag is nondegenerate.
Proof. 1 = 2 : By definition we have a A(da)" #0,s0 Vp e M , we have o, #0. Indeed if there exists p € M such that

a,=0,then Yv,...,v,,,, €T, M, we have:

2n+1

((a/\(da)n )p)(vl,...,v2n+l)= z

D'a,(v,)(da), (vl,...,v,-,...,vz,Mj =0.
i=l
This is a contradiction since is a contact form. Therefore &, :T,M — R is surjective, the dimension of &, = ker(ap) is
2n and that imply £ c TM is subbundle of rank 27 . Since

T,M =Vec(E,.uy.....u,)
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with the condition a, (Ep);tO and a, (1;,)=0, i=1,...,2n , we have

+Z(—1)iap (ui)((da)” )p (Ep,ul,...,d[...,uz,,)

i=l1

Then for all p e M and for the frame {ul,...,...,uzn} of f,‘p we have

Then we have ((da)” )\g is zero.

2=3: If (da); is degenerate in &, then there exists V' € & such that iyda =0 that imply iy, (da)" =0 and this is a
contradiction with 2 .

3=1 Let X,Y €& be two vector field such that da(X,Y)# 0 thatis a([X,Y])=0.So [X,Y]e & which is equivalent
to the non integrability maximal of &£. Then & is a contact structure.

It’s well know tha given a contact form « on M , there exists a uniquely determined global vector field R, on M ,
associated to « , called the Reeb vector field of « , such that:

ip a=landip da =0.

This vector field is crucial in the study of contact dynamics, as it generates flows that preserve the contact structure.

Example 2.3.
1. Standard Contact Structure on R*"*! : In R*"*! with coordinates (xl,...,xn, Viseoos yn,z) , the standard contact form is
given by:

a=dz— iyidxi
i=l

2. The 3 -sphere S can be given a contact structure by considering it as the unit sphere in 2.
The standard contact form on S is :

1
a :E(xld)ﬁ = yydx; + x,dy, _Y2dx2)

where (x;,;,%,,¥, ) are coordinates on R*.

One of the key properties of contact structures is Darboux’s theorem, which states that all contact structures are locally
equivalent. Specifically, any contact structure in a neighborhood around a point can be transformed into the standard contact
structure on R*"*! . This implies that, unlike symplectic structures, there are no local invariants for contact structures, making
them locally “trivial”. Namely we have the following well know Theorem :

Theorem 2.4 (Darboux’s theorem). About each point p of a contact manifold ( M 2"”,0{) there exists local coordinates
(xl S X Vit Vn ,z) around p such that the 1 -forms can be expressed as follows:

n
a=dz— Zyl-dxi.
i=1

Even contact structure is a generalization of contact structures to even-dimensional manifolds. Like contact structures,
even contact structures describe non-integrable distributions, but they exist on even-dimensional manifolds and exhibit certain
symplectic-like properties when restricted to subspaces of the tangent bundle.

Definition 2.5. Let M bea (2n + 2) -dimensional manifold and £ a codimension one distribution of M . The distribution &£
is an even contact structure on M if for every local 1-form 77, with £ =kern , the (2n + 1) -form nAdn" #0.

The pair (M ,77) is called an even contact manifold and the above 1-form is called an even contact form or even contact

structure.
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To each even contact structure one can associate a line field £ < &, called its isotropic foliation or kernel foliation, which
is the kernel of da restricted to £. When n =2, the even contact condition is equivalent to [8,5 ] =TM .

Proposition 2.6. Let M be a 21+ 2 -dimensional manifold, and let & be a 1-form. Define a distribution £ as &€ = ker(a).
The followings are equivalent.

1. The distribution £ is an even contact structure.

2. A 2n-form (da)z onadistribution £ does not vanish anywhere.

3. Therank of a linearmap £ —> £, X  da (X,.), is 2n.

Proof. Same as Proposition 2.2 .

We note that £ has dimension 2n +1, then the rank of d7 is 2n . Hence dre hasakernel Z that belongsto £ . Furthermore
forany f €C”, kerd(fn), =kerf(dn), thus the linefiels W defined by the kernel of (2n + 1) -forms 77 A (dn)" do not depend
on the choice of a local defining form 7 for £ . Hence, we have the following definition inspired in [?].

Definition 2.7. [16] The line field W is the characteristic line field for £ . The foliation
F = ker(n ~dn" ) = (W)

induced by this line field is called the characteristic foliation.
For an explicit construction, we refer the reader to see ([4]).

Proposition 2.8. [10] Let (Mz””z,é':kern)) be an even contact structure with orientable characteristic foliation
F= ker(n NCING ) , then the following are equivalent:

1. F has volume-preserving holonomy;

2. F isthe kernel of a closed (Zn + l) -form;

3. 7 canbe chosen so that d 7 has constant rank 2m ;

4. there exists a vector field Z eI (M) transverse to € whose flow preserves € .

Proposition 2.9. [14] If £ is an even contact structure in M and if H is a hypersurface in M transverse to &, then the

plane field ¢ given by ¢ =TH N & is a contact structure on H .

Example 2.10. Let (N,() be a contact manifold and ¢ the coordinate on [0,1] . The hyperplane field £=¢4 @ R(6¢ + Z) in
N x [0,1] is then an even contact structure whose isotropic foliation is spanned by os+Z if and only if Z is a contact vector
field (Reeb vector field) in (N,¢).

Example 2.11. Let Z be a contact vector field in the contact manifold ( N,¢ = X, X, ). For a sufficiently big positive integer
n, consider the plane field D spanned by

W=0,+Z and X, = cos(ng) X, +sin(ng) X,

The distribution £ given by
5n = [Dn ’ Dn ]

is an even contact structure on N x [0,1] . In particular, the isotropic foliation is spanned by W .

2.2. Engel manifolds
Definition 2.12. Let M be a 4-dimensional manifold. A distribution of rank 2 or a 2-plane field D on M is a distribution of
2-dimensional tangent planes D, c T,M forany peM .

It is considered as a rank 2 sub bundle of the tangent bundle TM . We can think D of as a locally free sheaf of smooth
vector fields on M . Let [D,D] denote the sheaf generated by all Lie brackets [ X,Y ] of vector fields X,Y on M , which

are cross sections of D. We set
D’ =D+[D,D] and D’ =D’ +| D*, D [#(2.1)

The Engel structure is defined as follows.
Definition 2.13. A distribution D of rank 2 on a 4 -dimensional manifold M is called an Engel structure if it satisfies,

; 2 3
dimD; = 3 and dimD, = 4 #(2.2)

atany point p € M . The pair (M,D) is called Engel manifold.
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Example 2.14. Consider R* with coordinates (@, x,y,z) and the following distribution D givent by
D = (0, wd+20.+0,) = (X,Y) where X = d, and YV = wd,+ 20, +d,.

Using 2.1 one can get easily
D? = (X,Y,8,), and D = (X|V,0,,8.).

D is an Engel structure. It is the standard Engel distribution on R*.
The following definition gives a link between Engel structre and Even contact structure.
Definition 2.15. [5] An Engel structure D is a smooth plane field on a 4-manifold M such that [D, D] = ¢ is an even contact

structure.
Let (M s D) be an Engel manifold. By the definition and the equation in 2.1, we see that, the distribution £ = D? isaneven

contact structure on M . See [16] for more details.
Notice that if an even contact structure £ is induced by an Engel structure, that is [D,D] =¢&,then L istangentto D.

Thus, an Engel structure D induces a flag of distributions

LcDcEcCTM.

Moreover, if £ comes from an Engel structure, then it is canonically oriented, and an orientation of 7M induces an
orientation of £ and vice versa. If we assume that both D and M areoriented, then this shows that D induces a framing of
TM which is well defined up to homotopy. In particular, two Engel structures cannot be homotopic through Engel structures
if the associated framings are not homotopic.

The fact that there is a line field associated to an even contact structure/Engel structure means that Gray’s stability theorem
cannot hold for these distributions: a varying family of even contact structures or Engel structures will induce a varying family
of isotropic foliations. Hence, the even contact structures/Engel structures in the family are not diffeomorphic to each other
since dynamical properties of the isotropic foliation can change. See for details [5].

2.3. Engel defining forms and Reeb distribution
Definition 2.16. [16] Two non-singular 1-forms «,  are called Engel defining forms if they verify the following properties:

anda+0
anpBada=0#(2.5)
anpardp+0

The distribution D = ker(a Ap ) is an Engel distribution on M .

The condition o A da # 0 ensures that £ = kera is an even contact structure; denote with £ = ker(a Ad a) its characteristic
foliation. The condition @ A S Ad 3 # 0 implies that ker £ is an even contact structure, and it ensures that its characteristic
foliation is transverse to £ . Finally the equation o A S Ad S =0 implies that £ < kerf . Namely we have :

Proposition 2.17. Let M be a 4-manifold and (a, p ) be a pair of Engel form. Then we have:

a) £ =ker(a) is an even contact structure with characteristic foliation £ =ker(a Anda).
b) &' = ker( p ) is an even contact structure with caracteristic foliation £'. £ < £ and £’ transverse to & .

Proof. The first part of a) is trivial by (2.3). Additionnaly we have
L= ker[é’ 5> v da(v,.)}

If XoeL then iy (anda)=a(X,)da-aniyda or X,e& etiyda=0then

iy, (anda)=0= X, cker(anda)

Conversely if iy (a nda)=0 for X, €& . Then we have iy, dana=0 thatis iy da is a multiple of & . There exists

h:M — R such that iy da = ha . Therefore
VX e&iyda(X)=0= X, eL.
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b) since (2.5) we have fAdf=0.1f L':ker(ﬂ/\dﬂ) then for W € L', we have

iy (@ nBAdB)#0, byS) =a(W)BrdB—aniy(BrdB)+0
= a(W)(BrdB)=0
=a(W)=0
=>Wek.

So L' doesn’t intersect £ . We use the same proof by the condition of (2.5) for showing that £L < &'

Definition 2.18. Let (M ,D= ker((ol A @,y )) be an Engel manifold. The Reeb distribution associated to the forms @, and o,
is R =Z, and Z, satisfies the following conditions:

ip (o ndwy)=0, @,(Z,)=1, ®(Z,)=0
. #(2.7)
iy (0, nd@y) =0, @,(2,)=0, o(Z)=1

The two following propositions will link some propreties between Engel structures and Engel defining forms.
Proposition 2.19. [14], [15] Let M * bea parallelizable smooth manifold and @;,®, two 1-forms.

If o, and w, are Engel defining forms then the plane field D = kerw, A , is an orientable Engel structure. Conversely if
D is an orientable Engel structure there exist Engel defining forms 7 and @ such that D = ker(a)1 A a)z) .
Proposition 2.20. [13] Let (M, D =kera, A ®, ) be a4-manifold with Engel structure D = kera; A @, of Engel defining forms
@, and @, whose Reeb distribution R = (Z;.Zs). Then the Reeb distribution R is given by

R=ker{da, +Cy o neoy} WithC, ;= d, (Z,,2,)#(238)

and it is integrable if and only if
d(Cy p ) ne, =0#(29)

For more details about Even contact structure and Engel structure, see ([11], [13],[15],[15]).

3. Old results about Linear deformations
In this section, we recall the notion of deformation of codimension 1 foliation into contact structure.
Definition 3.1. Let M be a smooth manifold. A foliation F of codimension 1 on M is deformable into contact structures if
there exist a one parameter family { F }QO of hyperplane fields satisfying F, = F and F, is a contact distribution, forall > 0.
Now, suppose F is defined by a closed 1-form ¢, . Following [7], we say that a deformation F, of F is linear if there is
a 1-parameter family of I-forms of the form: &, = o +a, where « is afixed 1-form on M with F, =ker (e, ). We will say
that o, is a linear deformation of ¢, via o .
The following result was proven by Dathe and Rukimbira in [7.]
Theorem 3.2. 77 Let M be a closed (2n+1)-dimensional manifold, let ¢ be a closed 1 -form and & a 1 -formon M .
Then, the following conditions are equivalent.
(i) The linear deformation «, = ¢, +ta of ¢ is a contact 1-form for all #>0.
(ii) The 1 -form « is contactand ¢, (Z,)=0, where Z, is the Reeb vector field of « .
Now let us given the notion of contact pair structure in the sens of Hadjar and Bande in sens of G. Bande and A. Hadjar
as defined in [2].
Definition 3.3. [2] Let M be an even-dimensional manifold. A pair (&, f) of 1-forms is called contact pair on M of type

(k,l) if a /\(da)k /\ﬂ/\(dﬂ)[ is a volum form on M and
(da)k-H — (dﬂ)l-H — O

For any contact pair forms (a, p ) on M , it corresponds a pair (Z wZ ﬂ) of commuting vector fiels uniquely determined
by the relations

a(Za):ﬂ(Zﬂ):l and a(Zﬂ):ﬂ(Za)zo
iy da=i; dff =0 and izﬂda:izﬁdﬂzo

#(3.1)
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Following H. Dathe and P. Rukimbira in [7], we have the following definition in [12].
Definition 3.4. Let ¢, and f, be two closed 1-forms on M that are linearly independent at every point m € M . A linear
deformation of (ao, ﬂo) is a pair (at, ﬁt) of 1-forms of the type:

a,=ay+ta and B, = By +1 Vi=0#(3.2)

for some o and feQ'(M).

The following result is proved by the authors of ([12]).
Theorem 3.5. [12] Let M be a closed and oriented even-dimensional manifold and let /4 and F, be two foliations in M
defined by two linearly independent closed 1-forms ¢, and f,, respectively. Consider the linear deformation (at , B, ) given by:

oy = agtta and By = [fop+t8 Vi =0.4#(3.2)

for some o and feQ' (M) . Then the couple (at,[)’t) is a contact pair of type (k,l) for ¢ >0 whose associated pair of
1.1 . . . .
Reeb vector fields has the form [;X ,;Yj (where X and Y are vector fields on M) if and only if (a, p ) is a contact pair of

type (k, / ) whose pair of Reeb vector fields (Za ,Z ﬁ.) satisfies the compatibility conditions
Q (Za ) =0 (Z/i’) =B (Za ) =f (Zﬂ)#(3'3)

4. Main results

4.1. Linear deformations of closed 1-forms into even contact forms

Definition 4.1. Let M bea (2m + 2) -dimensional smooth manifold endowed with a non-singular closed 1-form 7. A linear
deformation of 7 into an even contact structure is given by a one parameter family 7, of the type

m=n+tw Vit>=0, wherew isan even contact form on M #(4.1)

and for all ¢ > 0,7, is an Even contact structure on M .
We will say that 77 is a linear deformable into even contact structure via @ .
Theorem 4.2. Let (M ,a)) bea (2m + 2) -dimensional oriented even contact manifold admitting an orientable characteristic

foliation £ =ker(Q A (dQ)" ) with volume-preserving holonomy, such that M is foliated by closed hypersurfaces transverses
to L . Then for any nonvanishing closed 1 -form 7 on M , the following are equivalents.

1. The family of 1-forms (nt )zzo defined by 7, =7 +tw in a linear deformation of 7 is a family of even contact structures
forany >0.
2. na(dw)" =0.

Proof. Under the assumptions of Theorem 4.2 we have

e A (dg)™ =t A (dw)™ + tw A (dw)™] #(4.2)

If 7 A(dw)™ =0 then for all 7> 0,7, is an even contact structure on M .

Conversely suppose, suppose for all #> 0,7, is an even contact structure on M (77t ndn, # 0). Then 7, is a contact
structure on any closed oriented transverse hypersurface H to the characteristic foliation F . Therefore 7, /\(dn, )"["1 >0
and this implies that [77 Ad)" +to A (do)" ]‘H
of n if ny (Z ) =0 where Z is the Reeb vector field of @, moreover 7 A(dw)j; =0 on every such hypersurface H . Since

> 0. Hence, from Dathe and Rukimbira (see [7] ), 77, is a linear deformation

these hypersurfaces foliated M , then 7 A (dw)” =0 on M .
Let us given an application of Theorem 4.2.
Example 4.3. Consider the 6-dimensional Lie algebra néz given by

[X1, X¢] = A, (X1, X5] = Xy and  [Xo, X3] = Xy #(4.3)
From the equation (4.3), the structural equations are given by:

dds = MAXg, dhg = AMAXs = MaAXs, dh\ = dhg = dhg = dhg = 0.#(44)
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By easy cumputation, we see that the pair (14, /16) defines a contact pair structure of type (2, O) and in this case 4, is an
even contact structure on né2 since A, AdJ; #0 and the characteristic foliation is given by F = X, 6-
The 1-forms 4,4, and A; define the foliations 7, ,F; and F, respectively and morever

M AdAy =2 ndAy =25 ndAy =0 and & (X)) =2 (X)) =2 (Xs)=0.

Hence each foliations F; , 7, and F) islinearly deformable into even contact structures via 4, and these characteristic

foliation spanned by <%Xg> vt > 0.

4.2. Linear deformations of pair of closed non-singular 1-forms into Engel defining forms
Definition 4.4. Let M be a 4-dimensional smooth manifold endowed with an Engel distribution D = ker (a)l NN ) with Engel
defining form @, and w, . A linear deformation of a pair of codimension 1 foliations (.7-" ,.7-"2) defining by a pair (771 ,772) of

non-singular closed 1-forms is a pair of 1-parameter family {(n{,nﬁ )} . of the type:
t>

n =m +to, andny =1, +tw, #(4.5)

and for all z > 0,(771’ ,775) is couple of Engel defining forms.

We will say that the pair of foliations (.7-" ,.7:2) defined by the pair of integrable 1-forms (771,772) is linear deformable via

the pair of Engel defining forms (a)l R an) .
Using the notations of the Definition 4.4 and we get, by simple calculations, the following equalities:

n ~dn =t[n rdo +toy Aday |#(4.6)
N /\dﬂf:t[nl Ay Aoy +t (o Amy Adoy+ o, ATy Aday)+ o Ao, /\da)lJ#(4.7)
N /\di]f:t[n] Ay Ada, (@ Ay Adoy + @y Ay Adoy )+ o) Ao, /\da)z]#(4.8)

For simplifying these expressions, we need the following three lemmas.
Lemma 4.5. By the above notations and assumptions we have:

ipdw, ==C, , o andiydw, =C, , @, withC, , =dw,(Z,,Z,)#(4.9)
Proof. From the Definition 2.18, we have i, (o Adw,)=0= o Ai,dw,=0. Hence we have

iz (a)l Nig do, ) =0=>i;do, -wdo, (Z,,Z,) =0 then i, dw, =—C, ; o .Bythesameway weshowthat i; dw, =C; ; ,.
Lemma 4.6. Let (M 4 ker(a)1 NN )) be an Engel manifold with a pair ((ol , (0, ) of defining Engel forms and Reeb distribution

R = (Z1.Z2), then for any 1-forms & € Q' (M) we have:

Sroyndwy =-6(Z,)Q andS Aw, Adw, =6(Z,)Q withQ = o A, Adw, #(4.10)

Proof. The technique is to take the interior produit of a 5-forms by the vector field Z;, or Z, and using the equations in
the Definition (2.18).
Let 5 Q' (M ) . The pair of Engel forms satisfies the equations (2.3), (2.4) and (2.5). We have 6 AQQ=0.
0=iz (5AQ} =(iz6)Q=0 iy Q
=8(2)Q=5rnw, ndoy +S noy Aig (0, Aday,)
=5(2)Q-6rw, ndw,
)

0=i, (G0} =(i,,0)Q=5nif,Q
=6(Z,)Q-5rnw ndwy +S Ay iy (@0 Adwy)
=5(2,)

(Z,)Q+6rnay ndw, 2
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Then we get the result.
Proposition 4.7. With assumption of Lemma 4.6, we have:

a)2/\771/\da)2+771/\a)2/\da)2=(771(Zl)+772(22))§2 Ha1)
M ATy Ndy =10 A1y, Zy A2y Q+Cy 7 iy Ay Ay Ay

Proof. The first point of the above system follows from the first equation of Lemma 4.6, 6 =1, then 6 =7, .

For the second one, observe that @, Am; A, Adw, =0 and then by contracting with Z;, we have:

iz, (o Aty Amy Adoy) =0
By developping ang using the Lemma 4.5, one has the following equation:
wi (Z1)m Am2 A dws —m1 (Z1) wi Ama A dwatne (Z1) wi Ay A dws
+CZL.ZQ'?}'1 AmpAw Awsy =0. #(412)

Using the equations of Lemma 4.6, the equation (4.12) becomes

A Ado, —1 (21)772 (Zz)Q+’72 (21)771 (Zz)Q‘Czl.z/h NI NN Oy = 0#(4-13)
Hence it follows that

M AT Ad@y =1 A1y, Zy A2 Q+Cy oy T AT A O A @, #(4.14)

Corollary 4.8. Let (M D= (o Ay )) be an Engel manifold with Engel defining forms @, @, and Reeb distribution
R =Z,,Z,. Then any pair of closed 1-formes (7,,77,) on M , and for all ¢ >0, the lincar deformation (771’,775) of (m,1m,)

via (@, ®,) satisfies the following system:
n ~dn =t(m Ado, +to, nday)
m any ndnl =t[m any nday+t(oy Any nday +o, Ay Adeoy) [#(4.15)
NN t[(g+t(h+t))Q+CZI'22771 AT Ay /\a)zJ

with g = (m A2, Z1 A Zo) =m (Z1) 12 (Z2) —m (Z2) n2 (Z1) end h =11 (Z1) + 2 (Z2) .
If we fix the generic condition
mAday =0
mndo =0
then system 4.15 becomes:
o Adpt = thwr Adw
o AnbAdnl =0 “#(4.16)
WA Adg, = t[(g+t(h+1)Q+Cz o zom Ana Aw Aws)
with g = (m Ame, Z1 A Za) = m (Z1) m2(Z2) —m (Z2) 2 (Z1) and h =1 (Z1) + 112 (Z2) .
Therefore, we get the following theorem.

Theorem 4.9. Let M be a closed and oriented 4-manifold endowed with an Engel structure D = ker (@, A ®,) with Engel
defining forms @, ®, and Reeb distribution R = (Z1, Z2) = ker (dwa + ¢z, z7,w1 A wy). Suppose there exists a pair of closed

mnrdo =0
mAdoy =0

non-singular 1-form (771,7]2) satisfying
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then for all ¢#> 0, the pair (77{ ,775) in an Engel deformation of (7,7, ) in the way of (@, @, ) are Engel defining forms

if and only if
{m (Z1) +m2(Z2) 20

(m A, Zy N Zz) = 0.
Proof. Let us remark that, for the 4-form 7, A77, A @ A @, isavolum formon M , then there exists a function K € C* (M)

suth that @ A@y Am AT ) =Koy Aoy, ndo, .
M A AN NDy (2,25, 20,2y )= Ay Ay N0y (2,25, 2,5, Z,)
=Koy nwy "dwy(Z,,2,,2,,Z,) -y Ay "dan (Z,,Z,,7,,7,)

=n (Zl )772 (Zz)_771 (Zz )772 (Zl) = K[da’z (ZnZz)_da’z (Zzazl )] =2KCy 4,
Hence, we obtain KCy, 7, = % (m A m2, Z1 A\ Zs) and therefore the system 4.16 becomes

ntAdpt = t2w; A dwy
n AR Adyt = 0
ntAREAdny = t[3 (m Am, ZiAZa) +t(m (Z1) + o (Z2)) + 2] Q. #(4.17)

m(Z,)+n,(2,)20

It suffises to prove that 7{ Anb Adn >0 < {
M AN, ZyNZy =0.

If we suppose that 77{ A5 Adnh >0 then for all ¢ >0, one has

b | Lo

(M Ao, Zy A Zo) +t (1 (Z1) + 2 (Z2)) + 12 > 0 #(4.18)

and when ¢ goes to 0, we have by continuity also that (1 A1, Z1 A Z2) > 0. Furthermore n A, Adw, =

(m Amg, Zy N Zy) Q =d(n Amg Aws). By Stock’s theorem, since M is closed we have
/ mAT}z/\de:/ (nl/\ﬁz,ZI/\Zz)Q:/d(?h/\ﬂg/\wg):/ m AN Aws =0,
M J S Jom

Itfollows that (11 A m2, Z1 A Z3) = (). Returning in the equation 4.18, we have forall ¢ >0, t(nl (Z))+1,(2, ))+12 >0

which implies that 7, (Z,)+1, (Z, )+t >0 and when again ¢ goes to zero, we finally obtain 7, (Z; )+, (Z,) > 0 . The converse
is trivial.

Corollary 4.10. Let M be a closed and orientable 4-manifold endowed with a Engel structure D = ker(@ A @,) with Engel
defining forms @; and @, and Reeb distribution

R = <Zl,Zg) = ker(dw2+Czlzgw1/\wg)

Suppose there exists a pair of closed non-singular 1-forms (771,772) such that

mAadoy=0 and 7, Ade, =0

If i, and 5, are proportionals, then for all ¢ >0, the pair (771’ ,775) is a pair of Engel defining forms if and only if
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m(Z,)+m(Zy)>0.

Proof. If the assumptions of the Corollary 4.10 is true then the 4 -form 7, A7, A @, A @, vanish and therefore the system
(4.16) becomes:

moAdn =Coy ndaoy
m Amy Adn =0

oAy ndiy =2 (1 (Z))+ 1, (Z,)+1) Q]

So, it suffises to prove that 7 An5 Adny >0< n,(Z)+n,(Z,)>0.

Suppose that 77{ A5 Adn5 >0 then forall t > 0, (g, (Z,) + n2 (Z3) +t) > 0 and when ¢ goes to 0, we have by continuity

that 7, (Z,)+mn,(Z,)=0. The converse is trivial.
Corollary 4.11. Let M be a closed and orientable 4-manifold endowed with a Engel structure D = ker(a)1 A a)z) with Engel
defining forms @; and @, and Reeb distribution R = (7, Z,). Suppose there exist a pair of closed non-singular 1 -forms
(.7, ) such that

mAadop =i, ndo =0

Then we obtain the following properties.

1. Ifthe Reeb distribution is given by R = ker(m A 772) the pair of 1 -forms (771 ,772) is deformable to the pair ( 7{,75 )
of Engel defining forms in the way of Definition 4.4

2. Iffor i, je {1,2},77i (Zj): 0, then for all ¢ >0, the pair of 1 -forms (771,772) is deformable to the pair (771’,775) of
Engel defining forms in the way of Definition 4.4 and the Reeb distribution associted to 77{ and 773 is given by
R' = (121.12)

Proof. 1. For the first part, let us remark that if M is a closed and orientable 4-manifold endowed with an Engel structure

D =ker (@, A w,) with Engel defining forms @, , and Reeb distribution R = (Z1, Z2) = ker (dwy + Cz, z,w1 A wy) then:
wy Awa A {dwz + Cyz 7,1 A wz) = .

In that case, if the Reeb distribution is given by R = ke:r(ry1 A 772) , where 7,7, are two closed non-singular 1-forms on

M, then
MmN =dw,+Cy; o A0,.

Therefore Cz, 7, = 5 (m An2, Z1 A Zs) =0 and m (Z1) + 12 (Z2) = 0.

For the second part, by setting Z{ = 1Z; and Z{ = 1Z,, we obtain:
1 1
n(2)=0md o (z) =120 (2) =1 (12| ~1ai(2) -1
1
0 (22)=0wd o (2,) =0 1} (23) =i 1 2

772(Z])=0anda)z(Z])=O:>77§(Z]’)=77§
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By this method, we also get
. t t . t t
Iy (771 /\d772) =0 and Iy (772 ~dr, ) =0.
For illustrate the results of the Theorem 4.9, let us study the following examples.
Example 4.12. On R*, the following forms

a=dz—ydx and S =dy—wdx
are Engel forms with are the local prototype of Engel structures. The Reeb distribution associated is guiven by

R = < %, %> Consider the following pair of foliations (]—' ,.7-"2) defined the pair of 1-forms (?71,772) with 77, =m, =dx .

mnada=n,AdfB=0

Since <7 9 =n 9 =0 thenfor >0,
"oy) "oz

[l

the pair of 1-forms (771’ ,775) as defined in Definition 4.4 define a pair of Engel forms.

Example 4.13. On R* with coordinates (x, y, z, ?) the 1 -forms given by
o = dz—cos(2zt)dx—sin(27t)dy and @, =—sin(2xt)dx+cos(27t)dy
define an Engel struture on R* with associated Reeb distribution

7] 7} d
—_ £ 5 — —gj 2 —_— 3 P )
Z1 P and Z» sin(2mt) 57 cos(2mt) 3y

Consider the following pair of foliations (.7-" , fz) defined the pair of 1-forms (771,772)

mAdey =m, nday =0
with 7, =7, =dt. Since 1 (21):’71(22):0 then for >0,

772(Zl)=772(22)=0'

the pair of 1-forms (771’ ,775) as defined in Definition (4.4) defined a pair of Engel forms.
Example 4.14. Conside the four dimensional Lie algebra nil* given by
[X,,X,]=X; and [X,X;]=X,
Then the structures equations are given by
d\y = d\y = 0, dhy = M A Mg dds = M AN #(4.21)
Using the equation (4.21), we have
Ao AdAy = Ao A X A A3 £ 0

A AA3AdAy = o Ads AN AN FD;
A AN AdA = o AX3 AN AN =0.
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Then the couple ( 4,,4; ) is a pair of Engel defining forms on the Lie algebra nil* with the associated Reeb distribution

R = (X2, X3).

Since d4, =d4, =0, the couple (4,4,) defines a pair of codimension one foliations ( FoFa )

A AdAy = AA AJy =0 ] A (X,)=2(X;5)=0

Since an
MANdly =3 ANy A2, =0 /14(X2)=l4(X3)=0

Then from the Theorem 4.9, the couple (]'—11 i, ) is linear deformable into Engel structure ( 43,43 ) via (/12,/13) in the

sens of definition 4.4 and of Reeb distribution given by
‘ 1 1 )
R = ?XQ., ?Xg for all ¢ > 0.

5. Conclusion

We have investigated the linear deformations of closed non-singular one forms into even and engel defining froms. For both
we gave a necessary and sufficient condition of deformability. We have provided many examples for each deformation. In
some approaches to canonical quantum gravity, the prequantization of the phase space involves an even contact structure. The
hypersurfaces transverse to the characteristic foliation correspond to quantization levels, possibly relevant for the emergence
of spacetime in quantum gravity. Even contact or Engel structures appear in geometric quantization, relevant for quantum
gravity and loop quantum cosmology.
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