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Abstract

Takano [2] have studied decomposition of curvature tensor in a recurrent
space. Sinha and Singh [3] have been studied and defined decomposition of
recurrent curvature tensor field in a Finsler space. Singh and Negi studied
decomposition of recurrent curvature tensor field in a Kachlerian space. Negi and
Rawat [6] have studied decomposition of recurrent curvature tensor field in
Kaehlerian space. Rawat and Silswal [11] studied and defined decomposition of
recurrent curvature tensor fields in a Tachibana space. In the present paper, we have

studied the decomposition of curvature tensor fields ng in terms of two non-zero

vectors and a tensor field in a Kaehlerian recurrent space of first order and several
theorems have been established and proved. The relation between projective

curvature tensor P?ik and Riemannian curvature tensor Rli;k is established therein.

Keywords : Kichlerian recurrent space, curvature tensor, projective curvature
tensor. ‘
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1. Introduction
When in a 2n-dimensional real space X,, of class C' (r 2 2), there is given a

; h.
mixed tensor field Fii R Qo= 1.2,3, .2 Satisfying

FIF)=— Al (1.0
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We say that the space admits an almost complex structure and we call such a space
an almost complex space. If an almost complex space has a positive definite
Riemannian metric ds® = 8 d&! d&' which satisfies

/ k =
F Fy gy = g ‘ (1.2)
then the space is called an Almost-Hermitian space.

def L
In this case the tensor F;, = F‘: gy, is anti symmetric (or skew-symmetric) in i

and h. If an almost-Hermitian space satisfies

V,Fy+ Y, Fyt vy B = 0, (1.3) -

where V denotes the operator of covariant differentiation with respect to the metric
tensor g;; of the Riemannian space then it is called an almost-Kaehlerian space and
if it satisfies

V'j F, +V, th =0, . (1.4)
then it is called a K-space.

In an almost-Hermitian space, if

Vj F, =0, or ViFih,j =0. (1.5)
Then it is called a Kaehlerian space.

The Riemannian curvature tensor field is defined by

h 5 hl_4/h hi [1] _Jh| [/
acallsl BB oo
where 9, = -5% and {xi} denotes real local coordinates.

The Ricci tensor and the scalar curvature are given by

Ry = Rzij and R=R; g respectively.

it is well known that these tensors satisfy the following identities
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R?;k,a = Ry Ry (1.7)
R;=2R} (1.8)
F?Raj=—RiaF;, (1.9)
and F? Rl =R® B . (1.10)

The holomorphically projective curvature tensor is defined by

h _ph ! b h h h h
Pl R+ oy RueBf -~ Ry 81+ S, P -5y FRaz sy B, (L
where Sij =F'R "
The Bianchi identities in K" are given by
h h h _
Rijk T Ry ¥ Ry = 0, (1.12)
and
h h h .
RE  +RL +RE =0, I3

The commulative formulae for the curvature tensor fields are given as follows

i i _ ranpi
T = Ty = T Rl (1.14)
h h _~aph hpa

and T~ Tim = TP R, —TIRE . (1.15)

A kaehlerian space Kn is said to be Kaehlerian recurrent space of first order if its
curvature tensor field satisfies the condition

h _ h
V, RE =, RY
e Rl =3 RB (1.16)
T ijk,a a ik )

where X, is a non-zero vector and is known as recurrent vector field. The space is
said to be Ricci-recurrent space of first order, if is satisfies the condition
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R. =& R.. (1.17)

ba al

Multiplying the above equation by gij, we have
R =AR (1.18)
2.  Decomposition of Curvature Tensor Field Rﬂk

We consider the decomposition of curvature tensor field ng in the following

form

ng =W X, by @.1)
where two vectors VY, X, and the tensor field ¢jk are such that

A V=1 2.2)

Theorem 2.1. Under the decomposition (2.1), the Biancﬁi identities for ng takes

the forms .
X, By + X, b Xy =0, (2.3)
and la ¢jk + )‘j ¢ka o+ Kk ¢aj =0. (2.4)

Proof. From equation (1.12) and (2.1), we have

h -
s VX X by + X, 0 1=0.

Ince v #
X; by + X by + X, 4= 0. (2.5)

From equations (1.13), (1.16) and (2.1}, we have
h =
v X [A, ¢jk -+ A.j Oy T Ay ¢aj] =0, (2.6)
Multiplying (2.6) by A, and using (2.2), we get

| X; [y By T 25 0 * P 01 =0
Since Xi #0

Ay ¢jk+kj Ppa T A ¢aj=0. 2.7
Theorem 2.2. Under the decomposition (2.1), the tensor fields Rg}k, Rij and ¢jk

satisfy the relations
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My RE = ARy = A Ry =X, 4y 2.8)

Proof. With the help of equations (1.7), (1.16) and (1.17), we have

A RE =A Ry —A Ry, @9

Multiplying (2.1} by JL and using relation (2.2), we have

h
My Rije = X 4y

or Ay RE =X 0y (2.10)

From equation (2.9) and (2.10), we get the required relations (2.8).

Theorem 2.3. Under the decomposition (2.1), the quantities ?\.a and V" behave as
recurrence vector and contravariant vector respectively. The recurrent form of these
quantities are given by

A (2.11)

am_ Hm *a

and vf}n =—p v, (2.12)

Proof. Differentiating (2.9) covariantly with respect to x™ and using (2.1), we get
a =
am V" X 037 A R = Ay Ry (2.13)
Multiplying (2.13) by ?La and using (2.2) and (2.8), we hav;

MRy — AR =2, 0, ~A Ry (2.14)

ik i,m _|k 7.m

Now, multiplying (2.14) by A, on both sides, we get

by m Ry =Ry ) My =M (B =2 Ry (2.15)

Lm Jk
Since, the expression on the right hand side of (2.15) is symmetric in a and h,
therefore

A, A=A A (2.16)

a,m h h,m™a

provided A, Rik - ;Li Ry #0.



16 K. 8. Rawat and Kunwar Singh

The vector field A, being non-zero, we can have a proportional veetor p
such that

Ay =R A @.17)

a,m

Further, differentiating (2.2), w. r. to x™ covariantly and using relation (2.17), we
have

h h _
Z’hv,m+v l’me’h_o’

or v,hm + v p, =0, [since A, # 0]
ie. vf‘m =—p v (2.18)

This proves the theorem.

Theorem 2.4. Under the decomposition (2.1), the vector X, and the tensor ¢jk
satisfies the relation

o ¥ Bod X 85 X O+ O Xy (2.19)

Proof. Differentiating (2.1) covariantly w. r. to x™ and using (1.16), (2.1) and
(2.12), we get the required result (2.19).

Theorem 2.5. Under the decomposition (2.1), the curvature tensor and holomor-
phically projective curvature tensor are equal if

h h { h { zh fzh _
By (0%, B = X, 81 + X, (FL P~ F[ ] )} +2X, ¢, F{Ff =0 (220)

Proof. The equation (1.11) may be written in the form

h _ph h
Ph =RR +D}, 2.21)
ho__ 1 h h h h h
where Dijk = 0+2) Ry ESJ. - Rjk 5 + Siij - Sjk Fi+2 Sij F), (2.22)

contracting indices h and k in (2.1), we have

_ ok
Ry =V X, 4y, - (2.23)
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In view of (2.23), we get

;= Fl v X, b (2.24)

Making use of relations (2.23) and (2.24) in (2.22), we have

ho__ 1 m I h /eh  of oh -
Dijk—(n”) V™ Gy (X 8 = X, 8+ X, (FYF) —F FD)b+ 2™ X, b FIFE .
(2.25)

From (2.22), it is clear that

h _ph : h _
Py =R, if D =0,

which in view of (2.25) becomes
m h h ! zh [ =h m { ph —
VI by (O 8] = X, ) + X, (F{Ff —Fi DI+ 2v™ X, ¢y FiFE=0. (2226)
Multiplying (2.26) by A, and using relation (2.2), we get the required condition
(2.20)

Theorem 2.6. Under the decomposition (2.1), the scalar curvature R, satisfy the
relation

=R =
MR R,k g X d’_ik'
Proof. Contracting indices h and k in (2.1), we have
K .
Ry =V X, by - (2.27)
Multiplying (2.27) by g both sides, we have
R=glvFXx, by (2.28)

Multiplying (2.28) by A, and using (2.2}, we have

= gl
M R=g" X, q;_ik.
or, R, =g} X, by, [oy using (L.18)]
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