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Abstract

In this paper conharmonically flat, pseudo projectively flat, pseudo quasi
conformally flat, projectively flat, quasi conformally flat and conformally flat
trans-Sasakian manifold satisfying ¢(grad o) = (2n —1) grad P with vector &
belonging to k-nullity distribution have been studied.
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1. Introduction

The notation of locally ¢-symmeiric Sasakian manifold was introduced by T.
Takahashi [16] in 1977. ¢-recurrent Sasakian manifold and pseudo projective
curvature tensor on a Riemannian manifold were studied by the author [4] and [11]
respectively. '

Also J. A. Oubina in 1985 introduced a new class of almost contact metric
structures which was a generalization of Sasakian [1], a-Sasakian [6], Kenmotsu
(6], B-Kenmotsu [6] and cosymplectic [1] manifolds, which was called trans-
Sasakian manifold [10]. In [18], it is proved that trans-Sasakian structures are
generalized quasi-Sasakian. Many authors [3], [9], [8], [7], [13], [15], [14], have
studied various type of properties in trans-Sasakian manifold.
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2. Preliminaries

Let M be an almost contact metric manifold [1] with an almost contact
structure (¢, &, 1, g), where ¢ is a (1, 1) tensor field, £ is a vector field, n is a
|-form and g is a compatible Riemannian metric such that,

PP=—1+n®E nE=1,  #E=0, TMo¢=0 (2.1)
g (6%, §Y) = g(X, Y) = 10O n(Y) 2.2)
g (X, 0Y)=—g@X, V). g(X, &)=n(X) (2.3)

forail X, Y € TM.

An almost contact structure (§, &, 1, ), on M is called trans-Sasakian
structure [10] if (M x R, J, G) belongs to the class W, [5], where J is the almost
complex structure on M x R defined by

X, fd/dt) = (¢ X — &, n(X) d/dt)

for all vector fields X on M and smooth functions f on M x R, and G is the product
metric on M x R. This may be expressed by the condition [15]

(Y O Y =0 (gX, V) E - ()X} + Be@X,. ) E-n(Y) $X)  (24)
for some smooth functions a and B on M. From (2.4) it follows that

Vb =—a ¢ X+BX-nX)&) (2.5)

(VMY = - g(¢X, Y) + B g(¢X, ¢Y). (2.6)

In [15], U. C. De and M. M. Tripathi obtained some results which shall be
useful for next sections. They are

R(X, Y) & = (0 = B2M(Y) X =n(X) Y) + 2aBn(Y)X —n(X) ¢ Y)

+ (Yo §X — (Xat) Y + (YB) ¢°X — (XP) Y 2.7)
RE X)E=( - B ~EP (X E-X) (2.8)
2aB+&a=0 (2.9}

S(X. £)=(2n (a2 - B - EB) n(X) — (2n ~1) XB - ($X) @ (2.10)
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Qt =(2n(a - P —-EPE —(@n-1)grad B + pgrad 2.11)

where R is the curvature tensor, S is the Ricci-tensor and r is the scalar curvature.
Also
gQX, Y)=8(X.Y) (2.12)

Q being the symmetric endomorphism of the tangent space at each point corre-
sponding to the Ricci-tensor S.

When _
¢ (grad o) ="(g'n —1) grad B, (2.13)

then (2.10) and (2.11) reduces to
S(X, &) =2n (¢ ~ A n(X), (2.14)
Qt =m(eP-fHE @.15)

The k-nullity distribution [17] of a Riemannian manifold (M, g), for a real
number k, is a distribution

NG :p >N () =[Z e TM: R, Y) Z=k{g(¥, X - g(X, )V)}] (2.16)

for all X, Y € T M. Hence if the characteristic vector field & of the contact metric
manifold M?" *1 belongs to the k-nullity distribution then we have

R(X, Y) £=k{n(Y) X -n(X) Y}, 2.17)
S(X, &) = 2nkn(X). (2.18)
We can define k-nullity distribution in e;trans-Sasakian manifold by
N@W) :p >N () =[Z € T,M:R(X, Y) Z=k[(0® ~ B)(g(Y, 2)X ~ g(X, 2)Y)
+ 20 (g(Y, Z) 6X — g(X, Z) $¥) + (Yor) $X — (Xo) $Y
+(YR)PX — (XB) Y1), (2.19)
So when £, Z e N(k), we have

NRX,Y)Z) =k (o - BH{(e(Y, Z)n(X) - g(X, Z) n(Y)},  (220)
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S(X, Z) = (2nk (02 — B) - £B) g(X, Z) - 2n -1) XB - (¢X) @ @.21)

whenever Z € Np(k). PuttingZ=& € Np(k), we obtain

S(X, &)= (2nk (o - B2 —EB) n(X) — 20 -1) XB - (9X) @ (2.22)
Now from (2.13), we get &
S(X, &) = 2nk (& ~ B?) n(X) (2.23)
and
Qt=20k(c*—PBHE, when fe N, (k). (2.24)

A conharmonic curvature tensor in a Riemannian manifold is defined as [2]

H(X, Y)Z=R(X,Y)Z - 211—1_1* [SCY, 2) X - S(X, Z2)Y
+g(Y, Z) QX - g(X, Z) QY] (2.25)
Q is defined in (2.12).
A pseudo projective curvature tensor given by [14]

P(X, Y) Z=oR(X, Y) Z + b[S(Y, Z) X — S(X, Z)Y]
- [—a— + b} Y, )X -eX2)Y]  (2.26)

- 2n+1{2n

where a, b are constants such that a, b # 0, R is the curvature tensor, S is the
Ricci-tensor and r is the scalar curvature.

Recently the first two authors of [12] introduced the notion of pseudo

quasi-conformal curvature tensor T of type (0, 4) on a Riemannian manifold of
dimension greater than three which includes the projective, quasi conformal,
conformal and concircular curvature tensor as special cases and defined as

T Z, W) =(p+dRX, YV, Z W)+ [q - n—iﬂ [SCY, Z) g(X, W)

- S(X, 2) g(Y, W)+ q[S(X, W) g(Y, 2) - (Y, W) g(X, 2)]

T
nn-1)

[p+2(n-Dal [&(Y, Z) g(X, W) - a(X, 2} g(Y, W)] (227
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where R is the curvature tensor of type (0, 4), S is the Ricci-tensor of type (0, 2), r
is the scalar curvature of the manifold and p, q, d are the arbitrary constants
non-zero simultaneously. In particular, if (i) p=q=0,d=1; (i) p# 0, q# 0 and

d=0; (i) p=l,q=—t,d=0&nd(iv) p=1,q=d=0,thenT‘ reduces to

the projective curvature tensor, quasi conformal curvature tensor, conformal curva-
ture tensor and concircular curvature tensor respectively.

The above results will be useful in the next sections.

3.  Conharmonically flat trans-Sasakian manifold with E,eN(k) satisfy-
ing ¢ (grad o) =(2n - 1) grad B

Let us consider H(X, Y) Z = 0, then from (2.25), we have
RX,Y)Z= r‘_l‘ [S(Y, Z) X - S(X, Z)Y + (Y, Z) QX - (X, Z) QY].  (3.1)

(3.1) can be written as

RO, Y, Z, W)=~ [S(Y, 2) (X, W) - S(X, 2) g(Y, W)
+8(Y,Z) 8(QX, W) - &(X, Z) g(QY, W)]. (3.2)
where g(R(X,Y)Z, W)="R(X, Y, Z, W).

Using (2.12) in (3.2), we have

REY, Z, W)= Elrl— [S(Y, Z) g(X, W) - S(X, Z) g(Y, W)
+g(Y, Z) S(X, W) - g(X, Z) S(Y, W)]. (3.3)
Putting W = & and using (2.3), (2.20), (2.23) in (3.3), we have
S(Y, Z) n(X) ~ S(X, Z) n(Y) + k(o ~ B2){g(Y, Z) n(X) - g(X, Z) n(Y)} = 0
Again putting X = £ and using (2.1), (2.3), (2.23) in (3.4), we get oo
S(Y, Z) = - k(a” - B (Y, Z) + (2n 1) k(o - B2 (Y) n(Z)

i.e. the manifold is an n-Einstein manifold.
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Thus we can state the following theorem :

Theorem 3.1. In a conharmonically flat trans-Sasakian manifold with & e N(k)
satisfying ¢ (grad o) =(2n— 1) grad B, is an n-Einstein manifold.

4.  Pseudo projectively ﬂat‘tranSQSasakian manifold with £ e N(k) satis-
fying ¢ (grad o) =(2n -1) grad p
Let us consider f"(X, Y) Z =0, then from (2.26), we have

R(X,Y)Z= —1[] ][g(Y Z)X - g(X, Z) Y]—E[S(Y, 7) X — S(X, Z)Y]

2n
(4.1)
where a, b are constants such that a, b = 0, R is the curvature tensor, S is the Ricci-
tensor and r is the scalar curvature. (4.1) can be written as

R, Y, Z, W)-——][;n b} [8(Y. Z) 6(X.W) - 8(X, 2) g, W)]

- ; [SCY, 2) g(X, W) - (X, Z)g(Y, W)] (4.2

where 2R, Y)Z, Wy="R(X, Y, Z, W).

Putting W = £ and using (2.3), (2.20) in (4.2), we have

k(@ - B (e(Y, Z) m(X) - 80X, 2) n(¥)} = [;n }[gw Z)n(x)

2n+1
- 806, 2) (V)] ~2 [S(Y, 2) n00 - $(X, ) () I. (43)

Again putting X =& and using (2.1), (2.3), (2.23) in (4.3), we get

2nkb

S0 27§ G 5+ 5| ke - P a0r 2+ P )

G Rt b ]Jnmn@)

i.e. the manifold is an n-Einstein manifold.

Thus we can state ;
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Theorem 4.1. In a pseudo projectively flat trans-Sasakian manifold with & e N(k)
satisfying ¢ (grad &) = (2n — 1) grad B, is an -Einstein manifold.

5.  Pseudo quasi conformally flat trans-Sasakian manifold with £Ee
N(k) satisfying ¢ (grad o) = (2n ~1) grad p

Let us consider T (X,Y, Z, W) =0, then from (2.27), we have

r
nn-1)

— 8(X, Z) &(Y, W)] - (q - BS_J [S(Y, Z) (X, W)

(P+dRX Y, Z, W)= [p+2 (n-1)q] [g(Y, Z) g(X, W)

- S(X, Z) g(Y, W)] —.q[S(X, W) g(Y, Z) - S(Y, W) g(X, Z)]
(5.1

where R is the curvature tensor of type (0, 4), S is the Ricci-tensor of type (0, 2), r
is the scalar curvature of the manifold and p, q, d are the arbitrary constants
non-zero simultaneously.

Putting W = £ and using (2.3), (2.20), (2.23) in (5.1), we have

r
nn—1)

{k(p + d)(@* - %) + 2nkq (o® ~ B?) - [p +2(n -1)q] [g(Y, Z) n(X)

50620 = (125 -4 180%.2)m00 - 50, 200
62
Again putting X =¢ and using (2.1), (2.3), (2.23) in (5.2), we get
S(Y 2)=a, &Y, 2)+ b, 1Y) (@)

where al = _d__—l— {k(p + C])(a2 _ BZ) + 2]]1((] ((}.2 - BZ) - n(n l; 5

[p+2(n~-1)q]

by=——— L (onk (o2 - ) (}{ﬂ_; - ‘1} —k(p +d)(a® ~ B%) -
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— 2nkq (o2 - B2) + ﬁ [p +2(n ~1)q]}

i.e. the manifold is an n-Einstein manifold.
Thus we can state the following theorem :

Theorem 5.1. In a pseudo quasi conformally flat trans-Sasakian manifold with &
& N(k) satisfying ¢ (grad o) = (2n — 1) grad B, is an n-Einstein manifold.

We have the following corollaries :

Corollary 5.1. in a projectively flat trans-Sasakian manifold with £ € N(k)
satisfying ¢ (grad o) =(2n— 1} grad 3, is an Einstein manifold.

Corollary 5.2. In a quasi conformally flat trans-Sasakian manifold with & € N(k)
satisfying ¢ (grad o) = (2n— 1) grad 3, is an 1-Einstein manifold.

Corollary 5.3. In a conformally flat frans-Sasakian manifold with £ € N(k)
satisfying ¢ (grad o) = (2n — 1) grad B, is an n-Einstein manifold.
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