
J. T. S. ISSN : 0974-5428

Vol. 4 (2010), pp.1-8

Hypersurface of Para Sasakian Manifold

Amarnath and Aditya Kumar Chauhan

Department of Mathematics
College of Engineering Roorkee, Roorkee, U. K., India

e-mail : aditya coer@rediffmail.com
(Received : December 24, 2008, Revised : September 30, 2009)

Abstract

In this paper, we have studied Hypersurface of Para Sasakian Manifold.
Basic informations are given in the first section. Hypersurface immersed in an
almost paracontact Riemannian manifold is investigated in the second section.
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1. Introduction

Let M be an m−dimensional differentiable manifold endowed with a tensor
field F of type (1, 1), a vector field T and a 1−form A such that

(1.1)(a) F 2X = X −A(X)T ,

(b) A(T ) = 1,

(c) FT = 0,

(d) AoF = 0,

(e) rank F = m− 1,

then M is said to have an almost paracontact structure. [7], [8].

If there exists a Riemannian metric G such that

(1.2)(a) A(X) = G(X, T ),

(b) G(FX, FY ) = G(X,Y )−A(X)A(Y ).

Then M is said to have an almost paracontact metric structure.[1]

We say that the almost paracontact structure is normal if

(1.3) [F, F ]− T ⊗ dA = 0.
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where [F, F ] is the Nijenhuis tensor of F. [4], [6].

An almost paracontact metric structure is said to be para-Sasakian if

(1.4) (DXF )(Y ) = A(Y )X − 2A(X)A(Y )T + g(X, Y )T,

where D denotes the Riemannian connexion of G. [5], [9]

An almost paracontact metric manifold is said to be a closed almost para-
contact metric manifold, if A is closed.

(1.5) DXT = −FX.

Let M be an almost paracontact manifold and M be an orientable Hyper-
surface of M . If there exists in M , a tensor field φ of type (1, 1), a vector field
ξ and a 1−form η satisfying

(1.6)(a) η(ξ) = 1,

(b) φ2X = X − η(X)ξ.

Then M is said to have an almost paracontact structure (φ, η, ξ) and M is
called an almost parcontact manifold. [1], [8]

In an almost paracontact manifold, there exists a positive definite Riemann-
ian metric ‘g’ such that

(1.7)(a) η(X) = g(ξ,X),

(b) g(fX, fY ) = g(X, Y )− η(X)η(Y ),

for all X,Y ∈ M . The set {f, ξ, η, g} is called an almost metric Riemannian
structure.

In an almost paracontact Riemannian manifold, the following relations also
hold good. [2]

(1.8)(a) g(φX, Y ) = g(X,φY ),

(b) φ(ξ) = 0, ηoφ = 0, rank (φ) = n− 1.

Let B be the differential of immersion b of M into M , and X,Y, Z be the
tangents to M . Consider C be a unit normal vector. Then we have

(1.9) FBX = BφX + η(X)C,

where φ is a (1, 1) tensor field and η is a 1−form on M .
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If η 6= 0, then M is called a non-invariant Hypersurface of M and if η is
identically zero, then M is said to be an invariant Hypersurface, i.e., the tangent
space of M is invariant under F .

The metric ‘G’ of an almost paracontact metric manifold induces a Rie-
mannian metric g on the submanifold M given by [3]

(1.10) g(X, Y ) = G(BX, BY ).

Further the symmetric affine connexion D on M induces a symmetric affine
connexion D on submanifold M such that

(1.11) DBXBY = B(DXY ) + h(X, Y )C,

where h is a symmetric tensor of type (0, 2) called the second fundamental form
of the sub-manifold M . We also have

(1.12) DBX C = −BHX + W (X) C,

where W is a 1−form on M defining a normal bundle and H is (1, 1) tensor
field on M such that,

g(HX, Y ) = h(X,Y ).

2. Hypersurface immersed in an almost paracontact Riemannian
manifold

Let M be an m−dimensional almost paracontact Riemannian manifold
with structure (F, T, A, G) and M be a hypersurface imbedded in M by the
imbedding b : M → M and B be the Jacobian of b, i.e. p ∈ M ⇒ b(p) ∈ M .
B : Tb(M) → Tb(p)(M), which yields X ∈ Tb(M) ⇒ BX ∈ Tb(p)(M).

Operating F to BX and to the unit normal vector C of M respectively, we
obtain vector fields FBX and FC which can be written in the form.

(2.1) FBX = BφX + η(X)C.

(2.2) FC = Bξ + λC.

where φ, ξ, η and λ define respectively a linear transformation field, a vector
field, 1−form and a scalar function λ on M .

Let g be induced Riemannian metric on M , [3]

(2.3) g(X, Y ) = G(BX, BY ).
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Operating F on both sides in (2.1), we get,

F 2BX = FBφX + Fη(X)C.

(2.4) BX −A(BX)T = Bφ2X + η(φX) C + η(X)FC.

Using (2.2), we get

(2.5) BX −A(BX)T = Bφ2X + η(φX)C + η(X){Bξ + λC}.

Let us put A(BX) = B(η′X), where η′ is 1−form on M and T = Bξ′, then
(2.5) can be written as

B{X − η′(X)ξ′} = B{φ2X + η(X)ξ}+ {η(φX) + λη(X)}C.

Which yields

(2.6) φ2X = X − η(X)ξ − η′(X) ξ′.

(2.7) η(φX) = −λη(X).

Operating F on both sides of (2.2), we obtain

F 2C = F (Bξ) + F (λC),

C −A(C)T = Bφξ + η(ξ)C + λ{Bξ + λC}.
(2.8) C −A(C)T = B{φξ + λξ}+ (η(ξ) + λ2)C.

From which we obtain

(2.9) η(ξ) = 1− λ2.

(2.10) φ(ξ) = −λξ.

From (1.2)(b)

G(FX ′, FY ′) = G(X ′, Y ′)−A(X ′) A(Y ′),

where X ′, Y ′ stand for vector fields on M .

Now G(FBX, FBY ) = G(BX,BY )−A(BX)A(BY ), using (2.1), we get

G{BφX + η(X)C,BΦY + η(Y )C} = g(X, Y )− η′(X)η′(Y ),

G{BφX, BφY }+ η(X)η(Y )G(C, C) = g(X,Y )− η′(X)η′(Y ).

(2.11) g(φX, φY ) = g(X,Y )− η(X)η(Y )− η′(X)η′(Y ).
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Replacing X by φX in (2.7), we find

η(φ2X) = −λη(φX) = −λ{−λη(X)}.

(2.12) η(φ2X) = λ2η(X).

From (2.6), we get

η(Φ2X) = η(X)− η(X)η(ξ)− η′(X)η(ξ′).

Using (2.12) and (2.9), we get

λ2η(X) = η(X)− η(X)(1− λ2)− η′(X)η(ξ′),

which gives

(2.13) η(ξ′) = 0.

From (1.1)(c), FT = 0, using (T = Bξ′) then we get, F (Bξ′) = 0, and
using (2.1), B(φξ′) + η(ξ′)C = 0. Using (2.13), we get

(2.14) (φξ′) = 0.

Again using (2.6) and replacing X by ξ

φ2ξ = ξ − η(ξ)ξ − η′(ξ)ξ′

λ2ξ = ξ − (1− λ2)ξ − η′(ξ)ξ′,

we get

(2.15) η′(ξ) = 0.

Again replacing X and Y by ξ′ in (2.11)

g(φξ′, φξ′) = g(ξ′, ξ′)− η(ξ′)η(ξ′)− η′(ξ′)η′(ξ′),

Using (2.13) and (2.14), we get

(2.16) η′(ξ′) = 1, (sinceη′(X) = A(BX) ≥ 0).

Summing up, we have

(2.17)(i) φ2X = X − η(X)ξ − η′(X) ξ′,

(ii) η(φX) = − η(X)λ,

(iii) η(ξ) = 1− λ2,

(iv) η(ξ′) = 0,
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(v) η′(ξ) = 0,

(vi) η′(ξ′) = 1,

(vii) φ(ξ) = −λξ,

(viii) φ(ξ′) = 0,

(ix) g(φX, φY ) = g(X, Y )− η(X)η(Y )− η′(X)η′(Y ).

Using (2.17)(ix) and replacing X and Y by ξ, we get

g(φξ, φξ) = g(ξ, ξ)− η(ξ)η(ξ)− η′(ξ)η′(ξ)

g(−λξ,−λξ) = 1− (1− λ2)2 − 0

λ2 = 1− (1 + λ4 − 2λ2),

on solving

λ = 0, 1,− 1.

Theorem (2.1) If a hypersurface is immersed in an almost paracontact metric
structure manifold then in the hypersurface structure {Φ, η, ξ, η′, ξ′, g} is induced
which is given by (2.17)(i) to (ix), where scalar function λ becomes either 0 or
1 or −1.

Case I. If λ = 0, then (2.17) becomes

(2.18)(i) φ2X = X − η(X) ξ − η′(X)ξ′,

(ii) η(φX) = 0,

(iii) η(ξ) = 0,

(iv) η(ξ′) = 0,

(v) η′(ξ) = 0,

(vi) η′(ξ′) = 1,

(vii) φ(ξ) = 0,

(viii) φ(ξ′) = 0,

(ix) g(φX, φY ) = g(X,Y )− η(X) η(Y )− η′(X)η′(Y ).

Operating φ on both sides of (2.18)(i), we get

(2.19) φ3X = φX − η(X)φ(ξ)− η′(X)φξ′.
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Using (2.18)(vii), (viii) becomes

φ3X = φX (2.20)

i.e.
φ3 − φ = 0.

Case II. If λ = ±1, then (2.17), we get

(2.21)(i) φ2X = X − η(X) ξ − η′(X) ξ′,

(ii) η(φX) = ∓η(X),

(iii) η(ξ) = 0,

(iv) η(ξ′) = 0,

(v) η′(ξ) = 0,

(vi) η′(ξ′) = 1,

(vii) φ(ξ) = ∓ξ,

(viii) φ(ξ′) = 0,

(ix) g(φX, φY ) = g(X, Y )− η(X)η(Y )− η′(X)η′(Y ).

Operating φ on both sides of (2.21)(i), we get

φ3X = φX − η(X)φ(ξ)− η′(X)φ(ξ′).

Using (2.21)(vii), (viii), we get

φ3X = φX ± η(X) ξ. (2.22)
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Abstract
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1. Introduction

The notions of weakly symmetric and weakly Ricci-symmetric Riemannian
manifolds were introduced by L. Tamassy and T. Q. Binh in 1992 and 1993 (see
[9], [8]). In 2000, U. C. De, T. Q. Binh and A. A. Shaikh gave necessary condi-
tions for the compatibility of several k-contact structures with weak symmetry
and weak Ricci-symmetry [4]. In 2002, C. Özgür studied on weak symmetries of
Lorentzian para-Sasakian manifolds [10] and also the author considered weakly
symmetric Kenmotsu manifolds in [11]. Then N. Aktan and A. Görgülü studied
in 2007 on weak symmetries of almost r-para contact Riemannian manifold of P-
Sasakian type [1]. Here we study weakly symmetric and weakly Ricci-symmetric
almost r-para contact manifolds of LP-Sasakian type and Kenmotsu type.
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2. Preliminaries

A non-flat differentiable manifold (Mn, g) (n > 2) is called weakly sym-
metric if there exist 1-forms α, β, γ, δ and σ on M such that

(∇XŔ)(Y,Z, U, V ) = α(X)Ŕ(Y, Z, U, V ) + β(Y )Ŕ(X, Z, U, V )

+ γ(Z)Ŕ(Y,X, U, V ) + δ(U)Ŕ(Y, Z, X, V )

+σ(V )Ŕ(Y, Z, U,X) (2.1)

holds for vector fields X, Y, Z, U, V on M ;

where Ŕ(X,Y, Z, U) = g(R(X, Y )Z, U).

A differentiable manifold (Mn, g) (n > 2) is called weakly Ricci symmetric
if there exist 1-forms ρ, µ, ν such that

(∇XS)(Y, Z) = ρ(X)S(Y, Z) + µ(Y )S(X, Z) + ν(Z)S(X, Y ) (2.2)

holds for all vector fields X, Y, Z; where S(X, Y ) = g(QX,Y ),

Q be the symmetric endomorphism of the tangent space of M .

If M is weakly symmetric, then from (2.1), we obtain (see [8], [9])

(∇XS)(Z, U) = α(X)S(Z, U) + β(Z)S(X, U) + δ(U)S(Z,X)

+β(R(X, Z)U) + δ(R(X, U)Z) (2.3)

An n-dimensional differentiable manifold M is called a Lorentzian Para-
Sasakian (briefly LP-Sasakian) manifold ([6], [7]) if it admits a (1,1) tensor field
φ, a contravariant vector field ξ, a covariant vector field η and a Lorentzian
metric g which satisfy

η(ξ) = −1, (2.4)

φ2 = I + η(X)ξ, (2.5)

g(φX, φY ) = g(X,Y ) + η(X)η(Y ), (2.6)

g(X, ξ) = η(X),∇Xξ = φX, (2.7)

(∇Xφ)(Y ) = [g(X, Y ) + η(X)η(Y )]ξ + [X + η(X)ξ]η(Y ), (2.8)

where ∇ denotes the operator of covariant differentiation with respect to the
Lorentzian metric g.

In a LP-Sasakian manifold , the following relations hold

φξ = 0, η(φX) = 0 (2.9)

rankφ = n− 1. (2.10)
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Let (M, φ, ξ, η, g) be an n-dimensional almost contact Riemannian mani-
fold, where φ is a (1,1) tensor field, ξ is the structure vector field, η is a 1-form
and g is a Riemannian metric. It is well known (φ, ξ, η, g) satisfy the following
[2]:

η(ξ) = 1, (2.11)

g(X, ξ) = η(X), (2.12)

φ2X = −X + η(X)ξ, (2.13)

g(φX, φY ) = g(X,Y )− η(X)η(Y ), (2.14)

φ(ξ) = 0, (2.15)

η(φX) = 0, (2.16)

∀ vector fields X, Y on M .

If moreover,

(∇Xφ)Y = −g(X, φY )ξ − η(Y )φ(X), (2.17)

where ∇ denotes the Riemannian connection, then (M, φ, ξ, η, g) is called a
Kenmotsu manifold [5]. In a Kenmotsu manifold, the following property holds

∇Xξ = X − η(X)ξ. (2.18)

A differentiable manifold (M, g) of dimension (n + r) with tangent space
T (M) is said to be an almost r-para contact Riemannian manifold (by [3]) if
there exist a tensor field φ of type (1, 1) and r global vector fields ξ1, . . . , ξr

(called structure vector fields) such that

i) if η1, . . . , ηr are dual 1-forms of ξ1, . . . ξr; then

ηi(ξj) = δi
j ;

g(ξi, X) = ηi(X);

φ2 = I −
r∑

i=1

ξi ⊗ ηi (2.19)

ii) g(φ X, φ Y ) = g(X,Y )−
r∑

i=1
ηi(X)ηi(Y ), (2.20)

for X,Y ∈ T (M).

We define an almost r-para contact manifold of LP-Sasakian type as follows:
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Definition (2.1) : An almost r-para contact manifold M is said to be of LP-
Sasakian type if

∇Xξi = φ X (2.21)

(∇Xφ)(Y ) =
r∑

i=1

[g(X, Y ) + ηi(X)ηi(Y )]ξi +
r∑

i=1

[X + ηi(X)ξi]ηi(Y ), (2.22)

∀X, Y ∈ T (M).

In an almost r-para contact manifold of LP-Sasakian type M , the following
relations hold

S(ξi, X) = (n− 1)
r∑

i=1

ηi(X) (2.23)

R(ξi, X)ξi = X +
r∑

i=1

ηi(X)ξi (2.24)

g(R(ξi, X)Y, ξi) =
r∑

i=1

[g(X, Y )ηi(ξi)− g(ξi, Y )ηi(X)] (2.25)

for vector fields X,Y ∈ T (M).

Again we define an almost r-para contact Riemannian manifold of Ken-
motsu type as follows:

Definition (2.2) : An almost r-para contact Riemannian manifold M is said
to be of Kenmotsu type if

∇Xξi = X −
r∑

i=1

ηi(X)ξi (2.26)

(∇Xφ)(Y ) =
r∑

i=1

[−g(X,φ Y )ξi − ηi(Y )φ(X)], (2.27)

∀X, Y ∈ T (M).

In an almost r-para contact Riemannian manifold of Kenmotsu type M , the
following relations hold

S(ξi, X) = −(n− 1)
r∑

i=1

ηi(X) (2.28)

R(ξi, X)ξi = X −
r∑

i=1

ηi(X)ξi (2.29)
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g(R(ξi, X)Y, ξi) = −g(X, Y ) +
r∑

i=1

ηi(X)ηi(Y ) (2.30)

for vector fields X,Y ∈ T (M).

Since φ is skew symmetric and the Ricci operator Q is symmetric in an almost
r-para contact manifold of LP-Sasakian type (or Kenmotsu type), Q φ+φ Q = 0
and thus the Lie derivative of S vanishes i.e.,

LξiS = 0. (2.31)

for any i = 1, . . . , r.

3. Weakly symmetric almost r-para contact manifold of LP-Sasakian
type

In this section we suppose that the considered weakly symmetric manifold
is almost r-para contact manifold of LP-Sasakian type. Then we obtain

Theorem 3.1 : Any weakly symmetric almost r-para contact manifold of
LP-Sasakian type M , satisfies α + β + δ = 0.

Proof : Since the manifold is weakly symmetric, by putting X = ξi in (2.3), we
have

(∇ξiS)(Z, U) = α(ξi)S(Z,U) + β(Z)S(ξi, U) + δ(U)S(Z, ξi)

+β(R(ξi, Z)U) + δ(R(ξi, U)Z) (3.1)

By virtue of (2.21) and (2.31) we obtain

(∇ξiS)(Z, U) = 0 (3.2)

From (3.1) and (3.2), we have

α(ξi)S(Z, U) + β(Z)S(ξi, U) + δ(U)S(Z, ξi)

+β(R(ξi, Z)U) + δ(R(ξi, U)Z) = 0 (3.3)

Putting Z = U = ξi in (3.3) and using (2.24), we get

[α(ξi) + β(ξi) + δ(ξi)]S(ξi, ξi) = 0 (3.4)

which gives
α(ξi) + β(ξi) + δ(ξi) = 0. (3.5)

This shows that α + β + δ = 0 over the vector field ξi on M .

Now we will show that α + β + δ = 0 holds for all vector fields on M .
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Taking X = Z = ξi in (2.3), we obtain

(∇ξiS)(ξi, U) = α(ξi)S(ξi, U) + β(ξi)S(ξi, U) + δ(U)S(ξi, ξi)

+β(R(ξi, ξi)U) + δ(R(ξi, U)ξi) (3.6)

Replacing U by X in (3.6), we get

α(ξi)S(ξi, X) + β(ξi)S(ξi, X) + δ(X)S(ξi, ξi)

+β(R(ξi, ξi)X) + δ(R(ξi, X)ξi) = 0 (3.7)

In (2.3), taking X = U = ξi, we have

(∇ξiS)(Z, ξi) = α(ξi)S(Z, ξi) + β(Z)S(ξi, ξi) + δ(ξi)S(Z, ξi)

+β(R(ξi, Z)ξi) + δ(R(ξi, ξi)Z) (3.8)

Using (3.2) in (3.8) and replacing Z by X, we obtain

α(ξi)S(X, ξi) + β(X)S(ξi, ξi) + δ(ξi)S(X, ξi)

+β(R(ξi, X)ξi) + δ(R(ξi, ξi)X) = 0 (3.9)

In (2.3), taking Z = U = ξi, we have

(∇XS)(ξi, ξi) = α(X)S(ξi, ξi) + β(ξi)S(X, ξi) + δ(ξi)S(ξi, X)

+β(R(X, ξi)ξi) + δ(R(X, ξi)ξi) (3.10)

Here also we have
(∇XS)(ξi, ξi) = 0 (3.11)

Using (3.11) in (3.10), we obtain

α(X)S(ξi, ξi) + β(ξi)S(X, ξi) + δ(ξi)S(ξi, X)

+β(R(X, ξi)ξi) + δ(R(X, ξi)ξi) = 0 (3.12)

adding (3.7), (3.9) and (3.12) and then using (3.5), we get

[α(X) + β(X) + δ(X)]S(ξi, ξi) = 0 (3.13)

Hence from (3.13), we obtain

α(X) + β(X) + δ(X) = 0, ∀X.

Thus
α + β + δ = 0.

Hence the theorem is proved.
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4. Weakly Ricci-symmetric almost r-para contact manifold of LP-
Sasakian type

In this section we suppose that the weakly Ricci-symmetric manifold is
almost r-para contact manifold of LP-Sasakian type. Then we have

Theorem 4.1 : Any weakly Ricci-symmetric almost r-para contact manifold
of LP-Sasakian type M satisfies ρ + µ + ν = 0.

Proof. Since M is weakly Ricci-symmetric almost r-para contact manifold of
LP-Sasakian type, then

by putting X = ξi in (2.2) we get

(∇ξiS)(Y, Z) = ρ(ξi)S(Y,Z) + µ(Y )S(ξi, Z) + ν(Z)S(ξi, Y ) (4.1)

Using (3.2) in (4.1), we have

ρ(ξi)S(Y, Z) + µ(Y )S(ξi, Z) + ν(Z)S(ξi, Y ) = 0 (4.2)

Replacing Y and Z by ξi in (4.2), we obtain

[ρ(ξi) + µ(ξi) + ν(ξi)]S(ξi, ξi) = 0 (4.3)

which gives
ρ(ξi) + µ(ξi) + ν(ξi) = 0 (4.4)

Taking X = Y = ξi in (2.2) and using (3.2), then putting Z = X, we get

ρ(ξi)S(ξi, X) + µ(ξi)S(ξi, X) + ν(X)S(ξi, ξi) = 0. (4.5)

In (2.2), taking X = Z = ξi and using (3.2), then replacing Y by X, we obtain

ρ(ξi)S(X, ξi) + µ(X)S(ξi, ξi) + ν(ξi)S(ξi, X) = 0 (4.6)

Putting Y = Z = ξi in (2.2) and using (3.11), we obtain

ρ(X)S(ξi, ξi) + µ(ξi)S(X, ξi) + ν(ξi)S(X, ξi) = 0 (4.7)

Adding (4.5), (4.6) and (4.7) and then using (4.4), we have

[ρ(X) + µ(X) + ν(X)]S(ξi, ξi) = 0 (4.8)

Now from (4.8), we have

ρ(X) + µ(X) + ν(X) = 0, ∀X.

Thus
ρ + µ + ν = 0.
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Hence the theorem is proved.

5. Weakly symmetric almost r-para contact Riemannian manifold of
Kenmotsu type

Here we assume that the weakly symmetric manifold is almost r-para con-
tact Riemannian manifold of Kenmotsu type. Then we have

Theorem 5.1 : Any weakly symmetric almost r-para contact Riemannian
manifold of Kenmotsu type M satisfies α + β + δ = 0.

Proof . Since M is weakly symmetric, by taking X = ξi in (2.3), we have

(∇ξiS)(Z, U) = α(ξi)S(Z,U) + β(Z)S(ξi, U) + δ(U)S(Z, ξi)

+β(R(ξi, Z)U) + δ(R(ξi, U)Z) (5.1)

By virtue of (2.26) and (2.31), we obtain

(∇ξiS)(Z, U) = 0 (5.2)

From (5.1) and (5.2), we have

α(ξi)S(Z, U) + β(Z)S(ξi, U) + δ(U)S(Z, ξi)

+β(R(ξi, Z)U) + δ(R(ξi, U)Z) = 0 (5.3)

Putting Z = U = ξi in (5.3) and using (2.29), we get

[α(ξi) + β(ξi) + δ(ξi)]S(ξi, ξi) = 0 (5.4)

which gives
α(ξi) + β(ξi) + δ(ξi) = 0. (5.5)

This shows that α + β + δ vanishes over the vector field ξi on M .

Now we will show that α + β + δ = 0 holds for all vector fields on M .

In (2.3), taking X = Z = ξi, we obtain

(∇ξiS)(ξi, U) = α(ξi)S(ξi, U) + β(ξi)S(ξi, U) + δ(U)S(ξi, ξi)

+β(R(ξi, ξi)U) + δ(R(ξi, U)ξi) (5.6)

By putting U = X in (5.6), we get

α(ξi)S(ξi, X) + β(ξi)S(ξi, X) + δ(X)S(ξi, ξi)

+β(R(ξi, ξi)X) + δ(R(ξi, X)ξi) = 0 (5.7)
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In (2.3), taking X = U = ξi, we get

(∇ξiS)(Z, ξi) = α(ξi)S(Z, ξi) + β(Z)S(ξi, ξi) + δ(ξi)S(Z, ξi)

+β(R(ξi, Z)ξi) + δ(R(ξi, ξi)Z) (5.8)

Using (5.2) in (5.8) and then replacing Z by X, we have

α(ξi)S(X, ξi) + β(X)S(ξi, ξi) + δ(ξi)S(X, ξi)

+β(R(ξi, X)ξi) + δ(R(ξi, ξi)X) = 0 (5.9)

Again in (2.3), taking Z = U = ξi, we get

(∇XS)(ξi, ξi) = α(X)S(ξi, ξi) + β(ξi)S(X, ξi) + δ(ξi)S(ξi, X)

+β(R(X, ξi)ξi) + δ(R(X, ξi)ξi) (5.10)

Here also we have
(∇XS)(ξi, ξi) = 0 (5.11)

Using (5.11) in (5.10), we obtain

α(X)S(ξi, ξi) + β(ξi)S(X, ξi) + δ(ξi)S(ξi, X)

+β(R(X, ξi)ξi) + δ(R(X, ξi)ξi) = 0 (5.12)

adding (5.7), (5.9) and (5.12) and then using (5.5), we get

[α(X) + β(X) + δ(X)]S(ξi, ξi) = 0 (5.13)

Hence from (5.13), we obtain

α(X) + β(X) + δ(X) = 0, ∀X.

Thus
α + β + δ = 0.

Hence the theorem is proved.

6. Weakly Ricci-symmetric almost r-para contact Riemannian man-
ifold of Kenmotsu type

We suppose that the weakly Ricci-symmetric manifold is almost r-para
contact Riemannian manifold of Kenmotsu type. Then we have

Theorem 6.1 : Any weakly Ricci-symmetric almost r-para contact Riemann-
ian manifold of Kenmotsu type M satisfies ρ + µ + ν = 0.
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Proof . Since M is weakly Ricci-symmetric almost r-para contact Riemannian
manifold of Kenmotsu type,

Putting X = ξi in (2.2) we get

(∇ξi
S)(Y, Z) = ρ(ξi)S(Y,Z) + µ(Y )S(ξi, Z) + ν(Z)S(ξi, Y ) (6.1)

Using (5.2) in (6.1), we have

ρ(ξi)S(Y, Z) + µ(Y )S(ξi, Z) + ν(Z)S(ξi, Y ) = 0 (6.2)

Replacing Y and Z by ξi in (6.2), we obtain

[ρ(ξi) + µ(ξi) + ν(ξi)]S(ξi, ξi) = 0 (6.3)

which gives
ρ(ξi) + µ(ξi) + ν(ξi) = 0 (6.4)

Taking X = Y = ξi in (2.2) and using (5.2), then replacing Z by X, we obtain

ρ(ξi)S(ξi, X) + µ(ξi)S(ξi, X) + ν(X)S(ξi, ξi) = 0 (6.5)

In (2.2), taking X = Z = ξi and using (5.2), we get

ρ(ξi)S(Y, ξi) + µ(Y )S(ξi, ξi) + ν(ξi)S(ξi, Y ) = 0 (6.6)

Replacing Y by X in (6.6), we have

ρ(ξi)S(X, ξi) + µ(X)S(ξi, ξi) + ν(ξi)S(ξi, X) = 0 (6.7)

Putting Y = Z = ξi in (2.2) and using (5.11), we obtain

ρ(X)S(ξi, ξi) + µ(ξi)S(X, ξi) + ν(ξi)S(X, ξi) = 0 (6.8)

Adding (6.5), (6.7) and (6.8) and then using (6.4), we have

[ρ(X) + µ(X) + ν(X)]S(ξi, ξi) = 0 (6.9)

Now from (6.9), we have

ρ(X) + µ(X) + ν(X) = 0, ∀X.

Thus
ρ + µ + ν = 0.

Hence the theorem is proved.



On Weakly Symmetric and Weakly Ricci-Symmetric Almost r-Para Contact Manifolds... 19

References

1. Aktan, N. and Görgülü, A. : On weak symmetries of almost r-para contact Rie-
mannian manifold of P-Sasakian type, Differ. Geom. Dyn. Syst., 9 (2007),1-8.

2. Blair, D. E. : Contact manifolds in Riemannian Geometry, Lecture Notes in
Mathematics, 509, Springer Verlag, Berlin, (1976).

3. Bucki, A. : Representation of the Lie group of automorphisms of an almost
r-para contact Riemannian manifold of P-Sasakian type, Differential Geom.
and Applications, Proceedings of the 6th international conference, Brno, Czech
Republic, August 28 - September 1, (1995). Brno: Masaryk University, (1996),
19-28.

4. De, U. C., Binh, T. Q. and Shaikh, A. A. : On weakly symmetric and weakly
Ricci-symmetric k-contact manifolds, Acta Acadeiae Paedagogicae Nýıregyhá-
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11. Özgür, C. : On weakly symmetric Kenmotsu manifolds, Differ. Geom. Dyn.
Syst. 8 (2006), 204-209.





J. T. S. ISSN : 0974-5428

Vol. 4 (2010), pp.21-31

On Four Dimensional Finsler Space Satisfying T-Conditions

B. N. Prasad∗, T. N. Pandey and Manoj Kumar Singh∗∗

Department of Mathematics & Statistics
DDU Gorakhpur University,Gorakhpur, India

∗C-10, Suraj Kund Coloney, Gorakhpur-273015, India
∗∗Bhabha Institute of Technology, Kanpur Dehat, India

(Received: May 12, 2009)
Abstract

The purpose of the present paper is to consider the four dimensional Finsler
spaces with Thijk = 0 and generalize the idea of Landsberg angle to four dimen-
sional Finsler spaces. The properties of a Finsler space satisfying T−condition
has been studied in a three dimensional Finsler space by various authors ([2],
[3], [4], [8], [10]). But from the relativistic point of view the importance of four
dimensional Finsler space is not negligible. In relativity the fourth coordinate is
taken as time, from this point of view we discuss the properties of four dimen-
sional Finsler space satisfying T−condition. The results which are reducible to
the three dimensional case also.

1. Introduction

H. Kawaguchi and M. Matsumoto have introduced the T-tensor in a Finsler
space independently ([6], [5]). It is indicatrised tensor and studied by several
authors ([1], [2], [3], [4], [8]). The vanishing of T−tensor is called T−condition.
Hashiguchi [1] noticed the importance of T−tensor from the stand point of
Landsberg spaces. It has been proved by him that a necessary and sufficient
condition for a Landsberg space to be conformally invariant is that it satisfy
T−condition.

The Landsberg angle θ was introduced by Landsberg in 1908. The coordi-
nate system (L, θ) in a tangent plane Mx is regarded as a generalization of the
polar coordinate system (r, θ) of a Euclidean plane. M. Matsumoto [9] gave the
idea of Landsberg angle in two and three dimensional Finsler space.

In this paper we have considered four dimensional Finsler space with Thijk =
0, and generalized the idea of Landsberg angle to four dimensional Finsler spaces.
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Let M4 be four dimensional Finsler space endowed with a fundamental
function L = L(x, y), where x = (xi) is a point and y = (yi) is a supporting
element of M4. The metric tensor gij and (h) hv-torsion tensor Cijk of M4 is
given by

(1.1) gij =
1
2

∂2L2

∂yi∂yj
, Cijk =

1
2

∂3L2

∂yi∂yj∂yk
.

If [gij ] denote the inverse matrix of [gij ] then, we have gijg
jk = δk

i . The T−tensor
Tijkl is defined as

(1.2) Thijk = LChij |k + lhCijk + liChjk + ljChik + lkChij ,

where li = L−1 giry
r and ‘|’ denotes the v−covariant derivative with respect

to Cartan connection CΓ of M4. For instance the v−covariant derivative of a
tensor field T i

j (x, y) is defined by

(1.3) T i
j

∣∣∣k = ∂̇kT
i
j + T r

j Ci
rk − T i

rC
r
jk ,

where ∂̇k = ∂
∂yi , ∂k = ∂

∂xk .

2. Scalar components in Miron frame

Let M4 be a four dimensional Finsler space with the fundamental function
L(x, y). The frame {ei

α)}, α = 1, 2, 3, 4 is called the Miron’s frame of M4, where
ei
1) = li = yi/L is the normalized supporting element, ei

2) = mi = Ci/C is the

normalized torsion vector, ei
3) = ni, ei

4) = pi are constructed by gije
i
α)e

j
β) = δαβ.

Here C is the length of torsion vector Ci = Cijkg
jk. The Greek letters α, β, γ, δ

varies from 1 to 4. Summation convention is applied for both the Greek and
Latin indices.

In Miron’s frame an arbitrary tensor field can be expressed by scalar com-
ponents along the unit vectors ei

α), α = 1, 2, 3, 4. For instance, let T i
j be a

tensor field of type (1, 1), then the scalar components Tαβ of T i
j are defined by

Tαβ = T i
jeα)ie

j
β)

and the components T i
j are expressed as T i

j = Tαβei
α)eβ)j . From

the equation gije
i
α) ej

β) = δαβ , we have

(2.1) gij = lilj + mimj + ninj + pipj .
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The C-tensor Cijk = 1
2

∂gjk

∂yi satisfies Cijkl
k = 0 and is symmetric in i, j, k there-

fore if Cαβγ be the scalar components of LCijk, i.e. if

(2.2) LCijk = Cαβγe
α)ieβ)jeγ)k,

then, we have [10]

(2.3) LCijk = C222mimjmk + C333ninjnk + C444pipjpk + C233π(ijk)(minjnk)

+C244π(ijk)(mipjpk) + C344π(ijk)(nipjpk) + C322π(ijk)(mimjnk)

+C433π(ijk)(ninjpk) + C422π(ijk)(mimjpk) + C234π(ijk){mi(njpk + nkpj)},
where π(ijk) denote the cyclic permutation of indices i, j, k and summation. For
instance

π(ijk)(AiBjCk) = AiBjCk + BiCjAk + CiAjBk.

Contracting (2.2) with gjk, we get LCmi = Cαββeα)i. Thus if we put

(2.4) C222 = H, C233 = I, C244 = K, C333 = J,

C344 = J ′, C444 = H ′, C433 = I ′, C234 = K ′,

then we have

(2.5) H + I + K = LC, C322 = − (J + J ′), C422 = − (H ′ + I ′).

The eight scalars H, I, J,K, H ′, I ′, J ′,K ′ are called the main scalars of a four
dimensional Finsler space.

The v−covariant derivative of the frame field e
α)i is given by

(2.6) Le
α)i |j = Vα)βγe

β)i
e

γ)j
,

where Vα)βγ , γ being fixed are given by

(2.7) Vα)βγ =




0 δ2γ δ3γ δ4γ

δ2γ 0 uγ vγ

δ3γ −uγ 0 wγ

δ4γ −vγ −wγ 0


 and

V2)3γ = −V3)2γ = uγ

V2)4γ = −V4)2γ = vγ

V3)4γ = −V4)3γ = wγ

Thus, in a four dimensional Finsler space there exists three v−connection vectors
ui, vi, wi whose scalar components with respect to the frame {ei

α)} are u, v, w,
i.e.

(2.8) ui = ueγ)i, vi = veγ)i wi = weγ)i.
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In view of equations (2.8), the equation (2.6) may be explicitly written as

(2.9)
Lli|j = mimj + ninj + pipj Lmi|j = − limj + niuj + pivj ,

Lni|j = −linj −miuj + piwj , Lpi|j = − lipj −mivj − niwj .

Since mi, ni, pi are homogeneous functions of degree zero in yi, we have

Lmi|jlj = Lni|jlj = Lpi|jlj = 0,

which in view of equations (2.8) and (2.9) gives u1 = 0, v1 = 0, w1 = 0. There-
fore

Lemma (2.1). The first scalar components u1, v1, w1 of the v−connection
vectors ui, vi, wi vanishes identically, that is ui, vi, wi are orthogonal to li.

3. Four-dimensional Finsler space satisfying the T-condition

The scalar derivative of the adopted components Tαβ of T i
j is defined as [9]

(3.1) Tαβ;γ = L(∂k Tαβ)eγ)
k + TµβVµ)αγ + TαµVµ)βγ ,

Thus Tαβ;γ are adopted components of LT i
j |k , i.e.

(3.2) LT i
j |k = T ; ei

α)eβ)jeγ)k.

If the tensor field T i
j is positively homogeneous of degree zero in yi, Tαβ is also

positively homogeneous of degree zero in yi, so equation (3.1) gives

Tαβ;1 = TµβVµ)α1 + TαµVµ)β1,

which in view of (2.7) and lemma (2.1) gives Tαβ;1 = 0. Therefore we have the
following:

Proposition (3.1). If the tensor field T i
j is positively homogeneous of degree

zero in yi, then Tαβ;1 = 0.

Now, let T i
j be positively homogenous of degree r in yi and Tαβ be the scalar

components of L−rT i
j , then L(L−rT i

j ) |k = Tαβ;γei
α)eβ)jeγ)k = L−r+1T i

j |k − rL−r

T i
je1)k, which implies

(3.3) L−r+1T i
j |k = (Tαβ;γ + rTαβδ1γ)ei

α)eβ)jeγ)k.

Hence we have
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Proposition (3.2). If the tensor field T i
j is positively homogeneous of degree

r in yi and Tαβ be the scalar components of L−rT i
j , then the scalar components

of L−r+1T i
j |k are given by Tαβ;γ + rTαβδ1γ .

Definition (3.1). The Finsler space M4 is said to satisfy the T-condition if
the T−tensor Thijk of M4 vanishes identically.

The C-tensor Cijk is positively homogeneous of degree −1 in yi, therefore
from proposition (3.2) the scalar components of L2Cijk |h are given by

(3.4) L2Cijk |h = (Cαβγ;δ − Cαβγδ1δ)eα)ieβ)jeγ)keδ)h,

And the scalar components Tαβγδ of LThijk are given by

(3.5) Tαβγδ = Cαβγ;δ + Cβγδδ1α + Cαγδδ1β + Cαβδδ1γ + Cαβγδ1δ.

We know that the T−tensor is indicatrized tensor and is symmetric in all indices,
therefore Thijk lk = 0 i.e. Tαβγ1 = 0. Therefore, the surviving scalar components
of LThijk are given by

(3.6) Tαβγδ = Cαβγ;δ α, β, γ, δ = 2, 3, 4.

Since Chij |k = Chik |j , from (3.4) we have

(3.7) Cαβγ;δ − Cαβγδ1δ = Cαβδ;γ − Cαβδδ1γ .

In case of (γ, δ) = (1, 2), (1, 3) and (1, 4) the above relation is trivial and when
(γ, δ) = (2, 3), (2, 4), (3, 4), we get

(3.8) Cαβ3;2 = Cαβ2;3, Cαβ4;2 = Cαβ2;4, Cαβ4;3 = Cαβ3;4.

These equations are trivial for α, β = 1. Consequently, we put (α, β) = (2, 2),
(2, 3), (2, 4), (3, 3), (3.4), (4, 4) in equation (3.8). For instance C223;2 = C222;3

etc. In view of (2.4) and (2.7), this equation is explicitly written as

(∂̇iC223)ei
2) + 2Cµ23Vµ)22 + Cµ22Vµ)32 = (∂̇iC222)ei

3) + 3Cµ22Vµ)23,

Or

(3.9)(a) − (J + J ′);2 + (H − 2I) u2 − 2K ′v2 + (H ′ + I ′) w2

= H;3 + 3(J + J ′)u3 + 3(H ′ + I ′) v3.

Similarly, from (2.4), (2.7) and (3.8), we get

(3.9)(b) I;2−(3J + 2J ′)u2 − I ′v2 − 2K ′w2
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= − (J + J ′);3 + (H − 2I) u3 − 2K ′v3 + (H ′ + I ′) w3,

(c) K ′;2−(H ′ + 2I ′) u2 − (J + 2J ′) v2 + (I −K) w2

= (H ′ + I ′);3−2K ′u3 + (H − 2K) v3 − (J + J ′) w3,

= (J + J ′);4 +(H − 2I) u4 − 2K ′ v4 + (H ′ + I ′) w4,

(d) J ;2 +3Iu2 − 3I ′w2 = I;3−(3J + 2J ′) u3 − I ′v3 − 2K ′w3,

(e) I ′;2 +2K ′u2 + Iv2 + (J − 2J ′)w2

= K ′;3−(H ′ + 2I ′)u3 − (J + 2J ′)v3 + (I −K)w3

= I;4−(3J + 2J ′)u4 − I ′v4 − 2K ′w4,

(f) J ′;2 +Ku2+2K ′v2+(2I ′−H ′)w2 = K;3−J ′u3−(3H ′+2I ′)v3+2K ′w3

= K ′;4−(H ′ + 2I ′)u4 − (J + 2J ′)v4 + (I −K)w4,

(g) − (H ′ + I ′);2−2K ′u2 + (H − 2K)v2 − (J + J ′)w2

= H;4 +3(J + J ′)u4 + 3(H ′ + I ′)v4,

(h) K;2−J ′u2 − (3H ′ + 2I ′)v2 + 2K ′w2

= − (H ′ + I ′);4−2K ′u4 + (H − 2K)v4 − (J + J ′)w4,

(i) H ′;2 +3Kv2 + 3J ′w2 = K;4−J ′u4 − (3H ′ + 2I ′)v4 + 2K ′w4,

(j) I ′;3 +2K ′u3 + Iv3 + (J − 2J ′)w3 = J ;4 +3Iu4 − 3I ′w4,

(k) J ′;3 +Ku3 +2K ′v3 +(2I ′−H ′)w3 = I ′;4 +2K ′u4 + Iv4 +(J − 2J ′)w4,

(l) H ′;3 +3Kv3 + 3J ′w3 = J ′;4 +Ku4 + 2K ′v4 + (2I ′ −H ′)w4.

Since Thijk is symmetric in all indices and T1βγδ = 0, β, γ, δ = 2, 3, 4,
therefore, the surviving independent components are fifteen and they are

T2222, T2223, T2224, T2234, T2244, T2233,

T2333, T2334, T2344, T2444, T3333, T3334,

T3344, T3444, T4444.

In view of (2.4), (2.7), (3.6) and (3.9) these scalar components are explicitly
written as

T2222 = H;2 +3(J + J ′)u2 + 3(H ′ + I ′)v2,

T2223 = H;3 +3(J + J ′)u3 + 3(H ′ + I ′)v3
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= − (J + J ′);2 +(H − 2I)u2 − 2K ′v2 + (H ′ + I ′)w2,

T2224 = H;4 +3(J + J ′)u4 + 3(H ′ + I ′)v4

= − (H ′ + I ′);2−2K ′u2 + (H − 2K)v2 − (J + J ′)w2,

T2234 = − (J + J ′);4 +(H − 2I)u4 − 2K ′v4 + (H ′ + I ′)w4

= − (H ′ + I ′);3−2K ′u3 + (H − 2K)v3 − (J + J ′)w3

= K ′;2−(H ′ + 2I ′)u2 − (J + 2J ′)v2 + (I −K)w2,

T2244 = − (H ′ + I ′);4−2K ′u4 + (H − 2K)v4 − (J + J ′)w4

= K;2−J ′u2 − (3H ′ + 2I ′)v2 + 2K ′w2,

T2233 = − (J + J ′);3 +(H − 2I)u3 − 2K ′v3 + (H ′ + I ′)w3

= I;2−(3J + 2J ′)u2 − I ′v2 − 2K ′w2,

T2333 = I;3−(3J + 2J ′)u3 − I ′v3 − 2K ′w3 = J ;2 +3Iu2 − 3I ′w2,

T2334 = I;4−(3J + 2J ′)u4 − I ′v4 − 2K ′w4

= K ′;3−(H ′ + 2I ′)u3 − (J + 2J ′)v3 + (I −K)w3

= I ′;2 +2K ′u2 + Iv2 + (J − 2J ′)w2,

T2344 = K ′;4−(H ′ + 2I ′)u4 − (J + 2J ′)v4 + (I −K)w4

= K;3−J ′u3 − (3H ′ + 2I ′)v3 + 2K ′w3

= J ′;2 +Ku2 + 2K ′v2 + (2I ′ −H ′)w2,

T2444 = K;4−J ′u4 − (3H ′ + 2I ′)v4 + 2K ′w4 = H ′;2 +3Kv2 + 3J ′w2,

T3333 = J ;3 +3Iu3 − 3I ′w3,

T3334 = J ;4 +3Iu4 − 3I ′w4 = I ′;3 +2K ′u3 + Iv3 + (J − 2J ′)w3,

T3344 = I ′;4 +2K ′u4+Iv4+(J−2J ′)w4 = J ′;3 +Ku3+2K ′v3+(2I ′−H ′)w3,

T3444 = J ′;4 +Ku4 + 2K ′v4 + (2I ′ −H ′)w4 = H ′;3 +3Kv3 + 3J ′w3,

T4444 = H ′;4 +3Kv4 + 3J ′w4.

Now, we consider four dimensional Finsler space with vanishing T−tensor,
then all the scalar components Tαβγδ = 0, α, β, γ, δ = 1, 2, 3, 4. Thus T2234 =
T3334 = T3444 = 0 gives

(3.10) − (J + J ′);4 +(H − 2I)u4 − 2K ′v4 + (H ′ + I ′)w4 = 0,
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(3.11) J ;4 +3Iu4 − 3I ′w4 = 0,

(3.12) J ′;4 +Ku4 + 2K ′v4 + (2I ′ −H ′)w4 = 0.

Adding (3.11), (3.12) and (3.10), we get

(3.13) (H + I + K)u4 = 0.

Using (2.5) in (3.13) we get LCu4 = 0. Since LC 6= 0, we have u4 = 0.

Similarly, from T2223 = T2233 = T2333 = T2344 = T3333 = T3344 = 0, we get
u3 = u4 = 0. Thus uα = 0 for α = 1, 2, 3, 4 which implies ui = 0.

Again T2244 = T3344 = T4444 = 0 gives

(3.14) − (H ′ + I ′);4−2K ′u4 + (H − 2K)v4 − (J + J ′)w4 = 0,

(3.15) I ′;4 +2K ′u4 + Iv4 + (J − 2J ′)w4 = 0,

(3.16) H ′;4 +3Kv4 + 3J ′w4 = 0.

Adding (3.14), (3.15) and (3.16) we get (H +I +K)v4 = 0 which implies v4 = 0.

Similarly, T2224 = T2234 = T2334 = T2444 = T3334 = T3444 = 0 give v2 =
0 = v3. Therefore vα = 0 for α = 1, 2, 3, 4 which implies vi = 0. Putting
u2 = 0, u3 = 0, v2 = 0, v3 = 0, u4 = 0, v4 = 0 in T2222 = 0, T2223 = 0 and
T2224 = 0 we get, H;2 = 0, H;3 = 0 and H;4 = 0. Thus H;α = 0, for α = 2, 3, 4.
Putting u2 = 0, v2 = 0 in T2234 = 0, u3 = 0, v3 = 0 in T2344 = 0 and u4 = 0,
v4 = 0 in T2444 = 0, we get

(3.17) K ′;2 +(I −K)w2 = 0, K ′;3 +(I −K)w3, K;4 +2K ′w4 = 0.

We consider two cases.

Case 1. If I 6= K and K ′;α = 0 for α = 2, 3, 4, then from (3..17) we get wα = 0
for α = 2, 3, 4 i.e. wi = 0. Hence Tαβγδ = 0 gives H;α = I;α = J ;α = K;α =
H ′;α = I ′;α = J ′;α = 0 for α = 2, 3, 4. Since the main scalars H, I, J,K, H ′, I ′, J ′

are positively homogeneous of degree one in yi, we have H;α = I;α = J ;α =
K;α = H ′;α = I ′;α = J ′;α = 0 for α = 1. Hence the main scalars H, I, J,K,

H ′, I ′, J ′ does not depend on yi. Therefore we have the following:

Theorem (3.1). If main scalar K ′ is independent of directional arguments
yi, and I 6= K, the T−condition for a non-Riemannian Finsler space of four
dimension is equivalent to the fact that the v−connection vectors ui, vi, and wi
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vanishes identically and the remaining seven main scalars H, I, J,K, H ′, I ′, J ′

are also functions of position alone.

Case 2. If I = K then equation (3.17) gives K ′;α = 0 for α = 2, 3, 4. Also
ui = 0, vi = 0 gives H;α = 0. Putting these values in T2233 = 0, T2244 = 0,
T2333 = 0, T2344 = 0, T2334 = 0, and T2444 = 0, we get

(3.17) I;2−2K ′w2 = 0, K;2 +2K ′w2 = 0

I;3−2K ′w3 = 0, K;3 +2K ′w3 = 0,

I;4−2K ′w4 = 0, K;4 +2K ′w4 = 0.

These equations gives I;α +K;α = 0 for α = 2, 3, 4. Since I = K, we have I;α
= K;α = 0 for α = 2, 3, 4. Putting these values in (3.17) we get w2 = w3 =
w4 = 0, provided K ′ 6= 0. This implies that wi = 0. Hence Tαβγδ = 0 gives
H;α = I;α = J ;α = K;α = H ′;α = I ′;α = J ′;α = 0 for α = 2, 3, 4. Since the main
scalars H, I, J,K, H ′, I ′, J ′ are positively homogeneous of degree one in yi, we
have H;α = I;α = J ;α = K;α = H ′;α = I ′;α = J ′;α = 0 for α = 1. Hence all
the eight main scalars H, I, J,K, H ′, I ′, J ′,K ′ are functions of position alone.
Therefore we have the following:

Theorem (3.2). If main scalars I and K are equal, and K ′ 6= 0, the T−condition
for a non-Riemannian Finsler space of four dimensions is equivalent to the fact
that the v−connection vectors ui, vi, and wi vanishes identically and all the
main scalars H, I, J,K, H ′, I ′, J ′,K ′ are functions of position alone.

Remark (3.1). It should be remarked here that the conditions I 6= K and
K ′;α = 0 in theorem (3.1) and I = K and K ′ 6= 0 in theorem (3.2) is only
necessary for a Finsler space satisfying T−condition to vanish v−connection
vectors and all the main scalars to be functions of position alone. On the other
hand if all the v−connection vectors vanish and all the main scalars are functions
of position alone, then a four dimensional Finsler space satisfies T−condition.

Theorem (3.3)[1]. The tensor Thijk vanishes if and only if the tensor P i
j kl be

invariant under any conformal transformation.

In view of theorems (3.2) and (3.3) we have the following:

Theorem (3.4). If v−connection vectors ui, vi, and wi of a four dimensional
Finsler space M4 vanishes, and all the main scalars are functions of position
alone, then (v) hv−curvature tensor P i

j kl of M4 is conformally invariant under
any conformal transformation.
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Theorem (3.5)[1]. A Landsberg space remains to be a Landsberg space by
any conformal transformation if and only if Thijk = 0.

In view of theorems (3.5) and (3.2) we have the following:

Theorem (3.6). If v−connection vectors ui, vi, and wi of a four dimensional
Finsler space M4 vanishes, and all the main scalars are functions of position
alone, then a Landsberg space remains to be a Landsberg space under any
conformal transformation.

4. Landsberg angle in four dimensional Finsler space

In this section we consider Landsberg angle in four dimensional Finsler
space M4. The Landsberg angle θ, φ of three dimensional Finsler space with
v−connection vector vi = 0 is given by [9]

(4.1) ∂̇iθ = L−1mi, ∂̇iφ = L−1ni.

The class of four dimensional Finsler spaces with v-connection vectors
ui = vi = wi = 0 is interested from the view point that we can generalize
the Landsberg angle θ, φ of three dimensional Finsler space to four dimensions
as follows:

We consider the differential equations

(4.2) ∂̇iθ = L−1mi, ∂̇iφ = L−1ni, ∂̇iψ = L−1pi,

Proposition (4.1). If the v−connection vectors ui, vi and wi of a four dimen-
sional Finsler space M4 vanish identically, there exist three scalar fields θ, φ and
ψ satisfying the differential equation (4.2).

These scalars θ, φ, ψ are defined up to additional functions of position
only and may be called the Landsberg angles of such a special four dimensional
Finsler space.

On account of (2.9) with ui = vi = wi = 0 it is easy to show that these
equations are completely integrable. The L, θ, φ and ψ are regarded as polar
coordinates of a kind of the tangent space and

(4.3)
∂yi

∂L
= li,

∂yi

∂θ
= Lmi,

∂yi

∂φ
= Lni,

∂yi

∂ψ
= Lpi,

are immediately derived.
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Let g be the determinant of the fundamental tensor gij then from ∂̇i =
2g Ci = 2g Cmi, it follows that

∂g

∂L
= 0,

∂g

∂θ
= 2(LC)g,

∂g

∂φ
= 0, and

∂g

∂ψ
= 0.

Proposition (4.2). The determinant g of the fundamental tensor gij of a four
dimensional non-Riemannian Finsler space with the vanishing v−connection
vectors ui, vi, wi is of the form g = te2θ(LC) where t and LC are the functions of
position alone. LC is the unified main scalar and θ is the first Landsberg angle.
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1. Introduction

In 2003 A. A. Shaikh [8] introduced the notion of Lorentzian concircu-
lar structure manifolds (briefly (LCS)n-manifolds) with an example. An n-
dimensional Lorentzian manifold M is a smooth connected paracompact Haus-
dorff manifold with a Lorentzian metric g of type (0, 2) such that for each point
p ∈ M , the tensor gp : TpM × TpM → R is a non-degenerate inner product of
signature (−, +, +, ...,+), where TpM denotes the tangent vector space of M at
p and R is the real number space. A non-zero vector v ∈ TpM is said to be
timelike (resp. non-spacelike, null, spacelike) if it satisfies gp(v, v) < 0 (resp.
≤ 0,= 0, > 0) [1, 4].

Recurrent spaces have been of great interest and were studied by a large
number of authors such as Ruse [7], Patterson [5], U. C. De and N. Guha [2],
Y. B. Maralabhavi and M. Rathnamma [3] etc. In this paper, I have studied
a special type of Lorentzian manifolds called (LCS)n-manifolds with general-
ized recurrent and generalized W2-recurrent (LCS)n-manifolds. The paper is
organized as follows: Section 2 is concerened about basic identities of (LCS)n-
manifolds. In section 3, we study generalized recurrent (LCS)n-manifolds. Here
it is proved that such a manifold is Einstein if and only if β = 2αρ. The last
section deals with generalized W2-recurrent (LCS)n-manifold and proved that
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if such a manifold is Einstein with r = n(n−1)(α2−ρ), then it reduces to a W2-
recurrent manifold. Finally, sufficient condition for a generalized W2-recurrent
manifold to be a generalized recurrent manifold is given.

2. (LCS)n-manifolds

Let Mn be a Lorentzian manifold admitting a unit timelike concircular
vector field ξ, called the characteristic vector field of the manifold. Then we
have

g(ξ, ξ) = −1. (1)

Since ξ is a unit concircular vector field, there exists a non-zero 1-form η such
that for

g(X, ξ) = η(X) (2)

the equation of the following form holds

(∇Xη)(Y ) = α{g(X,Y ) + η(X)η(Y )} (α 6= 0) (3)

for all vector fields X, Y where ∇ denotes the operator of covariant differentia-
tion with respect to the Lorentzian metric g and α is a non-zero scalar function
satisfies

∇Xα = (Xα) = α(X) = ρη(X), (4)

where ρ being a certain scalar function. By virtue of (2), (3) and (4), it follws
that

(Xρ) = dρ(X) = βη(X) (5)

where β = −(ξρ) is a scalar function. Next if we put

φX =
1
α
∇Xξ, (6)

then from (3) and (6) we have

φX = X + η(X)ξ, (7)

from which it follws that φ is symmetric (1, 1) tensor and is called the structure
tensor of the manifold. Thus the Lorentzian manifold M together with the
unit timelike concircular vector field ξ, its associated 1-form η and (1, 1) tensor
field φ is said to be a Lorentzian concircular structure manifold (briefy (LCS)n-
manifold) [8, 9]. In a (LCS)n-manifold, the following relations hold

(a) η(ξ) = −1, (b)φξ = 0, (c)η(φX) = 0, (8)
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g(φX, φY ) = g(X,Y ) + η(X)η(Y ), (9)

(∇Xφ)(Y ) = α[g(X, Y )ξ + η(Y )X + 2η(X)η(Y )ξ], (10)

η(R(X, Y )Z) = (ρ− α2)[g(Y, Z)X − g(X, Z)Y ], (11)

S(X, ξ) = (n− 1)(ρ− α2)η(X), (12)

R(X, Y )ξ = (ρ− α2)[η(Y )X − η(X)Y ], (13)

S(φX, φY ) = S(X,Y ) + (n− 1)(ρ− α2)η(X)η(Y ), (14)

for all vector fields X, Y , Z, where R, S denote respectively the curvature tensor
and the Ricci tensor of the manifold.

3. Generalized recurrent (LCS)n-manifolds

Definition 3.1 : A (LCS)n-manifold Mn is called generalized recurrrent if its
curvature tensor R satisfies the condition([2])

(∇XR)(Y, Z)U = A(X)R(Y,Z)U + B(X)[g(Z, U)Y − g(Y, U)Z] (15)

where, A and B are two 1-forms, B is non-zero and these are defined by

A(X) = g(X, ρ1), B(X) = g(X, ρ2), (16)

ρ1 and ρ2 are vector fields associated with 1-froms A and B, respectively. If the
1-form B vanishes, then the manifold reduces to recurrent manifold.

This section deals with generalized recurrent (LCS)n-manifolds.

Theorem 3.1 : A generalized recurrent (LCS)n-manifold is Einstein if and
only if β = 2αρ.

Let us consider a generalized recurrent (LCS)n-manifold. From (15) it follows
that

g((∇XR)(Y, Z)U, V ) = A(X)g(R(Y,Z)U, V )

+B(X)[g(Z,U)g(Y, V )− g(Y, U)g(Z, V )]. (17)

Let {ei}, i = 1, 2, ..., n be an orthonormal basis of the tangent space at each
point of the manifold. Then putting Y = V = ei, 1 ≤ i ≤ n, we get

(∇XS)(Z, U) = A(X)S(Z,U) + (n− 1)B(X)g(Z, U). (18)

Replacing U by ξ in (18) and using (12) we have

(∇XS)(Z, ξ) = (n− 1)[(ρ− α2)A(X) + B(X)]η(Z). (19)
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Now we have

(∇XS)(Z, ξ) = ∇XS(Z, ξ)− S(∇XZ, ξ)− S(Z,∇Xξ). (20)

which yields by virtue of (3), (4) and (12) that

(∇XS)(Z, ξ) = (n−1)[(2αρ−β)η(X)η(Z)+α(α2−ρ)g(X, Z)]−αS(X,Z). (21)

From (19) and (21), it follows that

αS(X, Z) = (n− 1)[(2αρ− β)η(X)η(Z) + α(α2 − ρ)g(X, Z)]

− (n− 1)[(α2 − ρ)A(X) + B(X)]η(Z). (22)

Hence setting Z = φZ in (22) and then using (8c) we have

S(X,Z) = (n− 1)(α2 − ρ)g(X, Z). (23)

If the manifold under consideration is Einstein, then (23) implies (α2 − ρ) =
constant and hence 2αρ−β = 0. Conversely, if 2αρ−β = 0, then∇X(α2−ρ) = 0.
Consequently (α2 − ρ) = constant. This result was proved by A.A. Shaikh [10]
for generalized Ricci-recurrent (LCS)n-manifolds.

Next, the nature of scalar curvature r in terms of contact forms η(ρ1) and
η(ρ2) is discussed.

Theorem 3.2 : The scalar curvature r of a generalized recurrent (LCS)n-
manifold is related in terms of contact forms η(ρ1) and η(ρ2) as given by

r = [(n− 1)/η(ρ1)][2(α2 − ρ)η(ρ1)− (n− 2)η(ρ2)]. (24)

Let us consider a generalized recurrent (LCS)n-manifold. In (15) changing X,
Y , Z; cyclically in and then adding the results, we obtain

(∇XR)(Y,Z)U + (∇Y R)(Z, X)U + (∇ZR)(X,Y )U
= A(X)R(Y, Z)U + B(X)[g(Z,U)Y − g(Y, U)Z]
+A(Y )R(Z,X)U + B(Y )[g(X, U)Z − g(Z, U)X]
+A(Z)R(X,Y )U + B(Z)[g(Y, U)X − g(X, U)Y ].

(25)

By virtue of second Bianchi identity, we have

A(X)g(R(Y, Z)U, V ) + B(X)[g(Z, U)g(Y, V )− g(Y, U)g(Z, V )]
+A(Y )g(R(Z,X)U, V ) + B(Y )[g(X, U)g(Z, V )− g(Z, U)g(X, V )]
+A(Z)g(R(X, Y )U, V ) + B(Z)[g(Y,U)g(X,V )− g(X, U)g(Y, V )] = 0.

(26)
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Contraction (26) with respect to Z and U , we get

A(X)S(Y, V ) + (n− 1)B(X)g(Y, V )
−A(Y )S(X, V )− (n− 1)B(Y )g(X,V )
−A(R(X,Y )V ) + B(Y )g(X, V )−B(X)g(Y, V ) = 0.

(27)

Again, by contraction (26) with respect to Y and V , we get

A(X)r + (n− 1)(n− 2)B(X)− 2S(X, ρ1) = 0. (28)

Taking X = ξ and then using (12) and (18), we have the required result.

4. Generalized W2-recurrent (LCS)n-manifolds

In 1970 G. P. Pokhariyal and R. S. Mishra [6] introduced the notion of a
new curvature tensor, denoted by W2 and studied its relativistic significance.
The W2-curvature tensor of type (0, 4) is defined by

W2(Y,Z, U, V ) = R(Y, Z, U, V )+
1

n− 1
[g(Y, U)S(Z, V )− g(Z,U)S(Y, V )] (29)

where S is the Ricci tensor of type (0, 2).

Definition 4.1 : A (LCS)n-manifold Mn is called generalized W2-recurrrent if
its curvature tensor W2 satisfies the condition

(∇XW2)(Y, Z)U = A(X)W2(Y, Z)U + B(X)[g(Z, U)Y − g(Y,U)Z] (30)

where A and B are as defined as in (16).

Theorem 4.1 : A generalized W2-recurrent (LCS)n-manifold is Einstein if and
only if β = 2αρ.

Let us consider a generalized W2-recurrent (LCS)n-manifolds. From (30) it
follows that

g((∇XW2)(Y, Z)U, V ) = A(X)g(W2(Y, Z)U, V )

+B(X)[g(Z,U)g(Y, V )− g(Y, U)g(Z, V )]. (31)

Let {ei}, i = 1, 2, ..., n be an orthonormal basis of the tangent space at each
point of the manifold. Then putting Y = V = ei, 1 ≤ i ≤ n, we get

(∇XS)(Z,U)
= A(X)S(Z,U) + 1

n−1 [S(Z, U)− rg(Z, U)]A(X) + (n− 1)B(X)g(Z,U).
(32)



38 D.G. Prakasha

Replacing U by ξ in (32) and using (12) we have

(∇XS)(Z, ξ) =
[{

n(α2 − ρ)− r

n− 1

}
A(X) + (n− 1)B(X)

]
η(Z). (33)

From (33) and (21), it follows that

αS(X, Z) = (n− 1)[(α2 − ρ)αg(X, Z) + (2αρ− β)η(X)η(Z)]

+
[{

r

n− 1
− n(α2 − ρ)

}
A(X) + (n− 1)B(X)

]
η(Z). (34)

Hence setting Z = φZ in (22) and then using (8c) we have

S(X, φZ) = (n− 1)(α2 − ρ)g(X, φZ). (35)

If the manifold under consideration is Einstein, then (35) implies (α2 − ρ)=
constant and hence 2αρ−β = 0. Conversely, if 2αρ−β = 0, then∇X(α2−ρ) = 0.
Consequently (α2 − ρ) = constant.

Theorem 4.2 : An Einstein generalized W2-recurrent (LCS)n-manifold with
r = n(n− 1)(α2 − ρ) is a W2-recurrent (LCS)n− manifold.

If generalized W2-recurrent (LCS)n-manifold is Einstein, then α2−ρ is constant
and hence 2αρ− β = 0. Consequently, from (34) we have

αS(X, Z) = (n− 1)(α2 − ρ)αg(X, Z)

+
[{

r

n− 1
− n(α2 − ρ)

}
A(X) + (n− 1)B(X)

]
η(Z). (36)

By putting Z = ξ in (36), we obtain

B(X) = − 1
n− 1

[
r

n− 1
− n(α2 − ρ)

]
A(X). (37)

If r = n(n − 1)(α2 − ρ), then from (37) we get B(X) = 0. Hence, generalized
W2-recurrent (LCS)n−manifold reduces to W2−recurrent (LCS)n− manifold.

Sufficient condition for a generalized W2−recurrent manifold to be a
generalized recurrent manifold

Theorem 4.3 : An Einstein generalized W2−recurrent manifold with vanishing
scalar curvature is a generalized recurrent manifold.

If a generalized W2−recurrent manifold is Einstein. So we have

S(X, Y ) =
r

n
g(X, Y ) (38)
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From which it follows that

dr(X) = 0 and (∇ZS)(X,Y ) = 0 for all X,Y, Z. (39)

Using (38) and (39) in (29), we have

(∇XW2)(Y, Z, U, V ) = (∇XR)(Y, Z, U, V ). (40)

In view of (30), the relation (40) takes the form

(∇XR)(Y, Z, U, V )

= A(X)
{

R(Y, Z, U, V ) + 1
n−1 [g(Y,U)S(Z, V )− g(Z,U)S(Y, V )]

}

+B(X)[g(Z,U)g(Y, V )− g(Y, U)g(Z, V )].
(41)

Again, in an Einstein generalized W2−recurrent (LCS)n−manifold if r = 0,
then we have S(X, Y ) = 0 for all X, Y and hence (41) yields (15). This shows
that the manifold if generalized recurrent.
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Abstract

In 1933 E.Cartan [1] introduced a new space known as Cartan space. It is
considered as dual of Finsler space. H.Rund [4] , F.Brickell [2] and others stud-
ied the relation between these two spaces. The theory of Hamilton spaces was
introduced and studied by R. Miron ([6] , [7]). T.Igrashi ([10] , [11]) introduced
the notion of (α, β )-metric in Cartan spaces and obtained the metric tensor and
the invariants ρ and σ which characterize the special classes of Cartan spaces
with (α, β )-metric. Later on H.G.Nagaraja [3] studied Cartan spaces with (α, β

)-metric in 2007. This paper deals with a study of Cartan spaces with General-
ized (α, β )-metric admitting h-metrical d-connection. The conditions for these
spaces to be locally Minkowaski and conformally flat have been obtained.

Keywords and Phrases : Cartan spaces, Generalized(α, β)-metric, h-metrical
d-connection, locally Minkowaski and conformally flat spaces.
2000 AMS Subject Classification : 53C60, 53B40.

1. Introduction

In 1978, M.Matsumoto and H.Shimada [5] introduced the concept of 1-form
metric L(βλ) , where L(βλ) is positively homogeneous function of degree one
in n-arguments βλ(x, y), where βλ(x, y) = b(λ)i(x)yi, 1 ≤ λ ≤ n, are n-linearly
independent 1-forms. In this paper we consider a Cartan metric

(1.1) K = K(α, β(1), β(2), ..., β(λ)), 1 ≤ λ ≤ n,

where (1.1) is a p-homogeneous function with respect to α, β(1), β(2), ..., β(λ)

and α(x, p) =
(
aijpipj

) 1
2 together with β(r)(x, p) = b(r)i(x)pi, r = 1, ..., λ, which
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are λ− linearly independent 1-forms. For λ = 1 this metric is nothing but
(α, β)-metric.

Let M be a real smooth manifold and (T M, π, M) its cotangent bun-
dle. Let Cn = (M, K(x, p)), where K : T ∗M −→ R is a scalar function which
is differentiable on T∗M=TM-{0} and is homogeneous on fibres of T∗M. The
hessian of K2 i.e., gij(x, p) = 1

2∂·i∂·jK2, where ∂·i = ∂
∂pi , is positively homoge-

neous on T ∗M . Here Cn is called the Cartan space and the functions K(x, p)
and gij(x, p) are called, respectively, the fundamental function and the metric
tensor of the Cartan space Cn. The reciprocal gij(x, p) of gij(x, p) is given
by gij(x, p)gik(x, p) = δk

j , where gij(x, p) and gij(x, p) are both symmetric and
homogeneous of order 0 in pj .

A Cartan space Cn = (M, K(x, p)) is said to be with generalized (α, β )-

metric if K(x, p) is a function of the variables α(x, p) =
(
aijpipj

) 1
2 , β(r)(x, p) =

b(r)i(x)pi, r = 1, ..., λ, where aij(x) is a Riemannian metric and b(r)i(x) is a vector
field depending only on x. Clearly, K must satisfy the conditions imposed to
the fundamental functions of a Caratn space.

2. Generalized (α, β)-metric

Definition (2.1). A Cartan metric K = K(α, β(1), β(2), ..., β(λ)) is called
Generalized (α, β)-metric.

In this paper we consider the Cartan spaces with generalized (α, β)-metric
admitting h-metrical d-connection and their conformal change. To find the
angular metric tensor gij of Cn = (M,K(x, p)) we use the following results:

(2.1) ∂·iα =
pi

α
, ∂·iβ(r) = b(r)i, ∂·iK = li, ∂·jli =

1
K

hij ,

where

∂·i =
∂

∂pi
, hij = gij − lilj = K

∂2K

∂pi∂pj
and pi = aijpj .

The successive differentiation of (1.1) with respect to pi and pj gives

(2.2) li = Kα
pi

α
+

λ∑

r=1

Kβ(r)b(r)i

(2.3) hij =
KKααpipj

α2
+

λ∑

r=1

KKαβ(r)

α

(
b(r)ipj + b(r)jpi

)
+

KKα

α
aij
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−KKα

α3
pipj +

λ∑

r=1

λ∑

s=1

KKβ(r)β(s)b(r)ib(s)j ,

where

Kα =
∂K

∂α
, Kβ(r) =

∂K

∂β(r)
, Kαα =

∂2K

∂α2
, Kαβ(r) =

∂2K

∂α∂β(r)
,

Kβ(r)β(s) =
∂2K

∂β(r) ∂β(s)
.

From (2.2) and (2.3) , we get the metric tensor of Cn, given by

(2.4) gij = ρaij +
λ∑

r=1

λ∑

s=1

ρrsb(r)ib(s)j +
λ∑

r=1

ρr
(
b(r)ipj + b(r)jpi

)
+ σpipj ,

where ρrs, ρr and σ are functions of α and β(r), given by

(2.5) ρ =
KKα

α
, ρrs = KKβ(r)β(s) + Kβ(r)Kβ(s) , ρr =

KKαβ(r) + KαKβ(r)

α

and

σ =
KKαα − α−1KKα + K2

α

α2
.

The homogeneity of K in α and β(1), β(2), ..., β(λ) gives the identity

(2.6)
λ∑

r=1

ρrsβ(r) + ρsα2 = KKβ(s) .

Let γi
jk denote the christoffel symbol constructed from aij and Fγ = {γi

jk, γ
i
0j

= pkγi
kj , 0} be the linear Finsler connection of the space Cn, induced from the

Riemannian connection γ = (γi
jk (x)) of the associated Riemannian space (Mn, α

). We denote ‘:’ the covariant differentiation with respect to Fγ .Then aij:k = 0,
aij

:k = 0, pi
:k = 0. Since pi= aijp

j , it follows that pi:k = 0. Also, α2 = aij(x)pipj

gives α:k = 0. Now, if we assume that b
(r)i
:k = 0 for r = 1, ..., λ, then β(r) = b(r)ipi

gives β
(r)
:k = 0 for r = 1,...,λ. Consequently, (1.1) gives

K:k = Kαα:k +
λ∑

r=1

Lβ(r)β
(r)
:k = 0.

Since Kα is a function of α, β(1), β(2), ..., β(λ), we have (Kα):k = 0. Similarly,
Kαβ(r):k = 0,Kβ(r)β(s):k = 0, which in view of (2.5) give ρ:k = 0, ρrs

:k = 0, ρr
:k = 0

and σ:k = 0. Therefore, from (2.4) it follows that gij
:k = 0.
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Further, Fγ has vanishing (h) h-torsion tensor T, deflection tensor D and
(h) hv-torsion tensor C. Therefore, by the definition of Rund connection, we
have

Proposition (2.1). If b
(r)i
:k = 0, r = 1, ..., λ, is satisfied in a Cartan space Cn

with generalized (α, β)− metric then the linear Cartan connection Fγ is nothing
but the Rund’s connection RΓ of Cn.

It is remarked that the h-covariant derivative with respect to RΓ coincides
with that with respect to the Cartan connection CΓ.

Using the Christoffel symbols Γi
jk (p) = 1

2 gir (∂jgrk + ∂kgjr − ∂rgjk) con-
structed from gij (x, p), we can define canonical N-connection

(2.7) Nij = Γk
ijρk − 1

2
Γk

hrρkρ
r∂·hgij .

We consider the canonical d-connection

(2.8) DΓ =
(
Njk,H

i
jk, C

jk
i

)
,

where

(2.9) H i
jk =

1
2
gir (∂jgrk + ∂kgjr − ∂rgjk) .

The d-tensor field Cjk
i of type (2, 1) is given by

(2.10) Cjk
i = − 1

2
gir∂

·rgjk = girC
rjk.

Let pk denote the h-covariant derivative with respect to DΓ, then we have

Definition (2.2). A d-connection DΓ of a Cartan space Cn with general-
ized (α, β)−metric is called h-metrical d-connection if it satisfies the following
conditions:

(i) h-deflection tensor Dij = (pipj) = 0,

(ii) aij
pk = 0,

(iii) gij
pk = 0.

3. Cartan Spaces with generalized (α, β)- metric admitting h-metrical
d-connection

From the condition (i) of definition (2.2), we get Dij = pipj = 0, therefore,
the equation K2 = gijpipj and condition (iii) of definition (2.2) give Kpk = 0.
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Again, by the condition (i) and (ii), on the basis of the equation pi = aij(x)pj

and α2 = aij(x) pipj , we get

(3.1) αpk = 0, pi
pk = 0.

Since K = K(α, β(1), β(2), ..., β(λ)), 1 ≤ λ ≤ n, on the basis of (3.1), we get

Kpk =
λ∑

r=1

Kβ(r)β
(r)
pk = 0.

Therefore, β
(r)
pk = 0 for r = 1, ..., λ and Kβ(r) are linearly independent. Since,

β(r) (x, p) = b(r)i (x)pi, r = 1, ..., λ, on the basis of condition (i) of definition(2.3),
we get

(3.2) β
(r)
pk = b

(r)i
pk (x)pi = 0, r = 1, ..., λ.

Since, Kpk = 0, αpk = 0, β
(r)i
pk = 0 for r = 1, ..., λ and Kα, Kαα,Kαβ(r) ,Kβ(r)β(s)

are functions of α, β(1), β(2), ..., β(λ), therefore, ρpk = 0, ρr
pk = 0, ρrs

pk = 0, σpk = 0.

Hence, h-covariant derivative of (2.4), on the basis of the conditions(ii) and (iii)
of definition (2.2) gives

gij
pk = 0 =

λ∑

r=1

b
(r)i
pk

(
λ∑

s=1

ρrsb(r)j + ρspj

)
+

λ∑

s=1

b
(s)i
pk

(
λ∑

r=1

ρrsb(r)i + ρspi

)
.

Contracting by pj and using the identity (2.6) and equation (3.2), we get

λ∑

r=1

Kβ(r)b
(r)i
pk = 0.

Since Kβ(r) are linearly independent, we have

(3.3) b
(r)i
pk = 0, r = 1, ..., λ.

Now from aij
pk = 0, we get H i

jk = γi
jk. Hence, we have

(3.4) b
(r)i
:k = 0, r = 1, ..., λ.

Also, the curvature tensor Di
hjk of DΓ coincides with the curvature tensor

Ri
hjk of Riemannian connection RΓ =

(
γi

jk, γ
i
jkpi, 0

)
. If Ri

hjk = 0, then Di
hjk =

0. Thus, we have the following proposition:
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Proposition (3.1). A Cartan space Cn with generalized (α, β)− metric ad-
mitting h-metrical d-connection is locally flat if and only if the associated Rie-
mannian space is locally flat.

If the connection DΓ is h-metrical, then gij
ph = 0, αph = 0, aij

ph = 0, b
(r)k
ph =

0, pk
ph = 0. From (2.1), (2.4) and (2.5) it follows that Cijk = − 1

2∂·kgij can be
determined in terms of aij , pi, b(r)i,K and its partial derivatives of first, second
and third orders with respect to α and β(r), (r = 1, ..., λ). Since the h-covariant
derivative of all these quantities vanishes, we have Cijk

ph = 0. Hence, in view of
(2.10) and condition (iii) of definition (2.2), it follows that

(3.5) Cij
kph = 0.

Definition (3.1). A Cartan space Cn is a Berwald space if and only if Cij
kph

= 0.

Hence, from (3.5), we have the following proposition:

Proposition (3.2). A Cartan space Cn with generalized (α, β)−metric ad-
mitting h-metrical d-connection is a Berwald space.

As we know [9] a locally Minkowaski space is a Berwald space in which
the curvature tensor vanishes. Hence, from the propositions (3.1) and (3.2), we
have the following theorem:

Theorem (3.1). A Cartan space Cn with generalized (α, β)− metric admit-
ting h-metrical d-connection is locally Minkowaski if and only if the associated
Riemannian space is locally flat.

4. Conformal change of Cartan space

Let Cn = (M, K(x, p)) be an n-dimensional Cartan space with generalized
(α, β)−metric K = K(α, β(1), β(2), ..., β(λ)), 1 ≤ λ ≤ n, by a conformal change
η : K −→ K such that K

(
α, β

(1)
, β

(2)
, ..., β

(λ)
)

= eηK(α, β(1), β(2), ..., β(λ)),

1 ≤ λ ≤ n, we have another Cartan space C
n =

(
M, K

(
α, β

(1)
, ..., β

(λ)
))

,

where α = eηα and
(
β

(1)
, β

(2)
, ..., β

(λ)
)

= eη
(
β(1), β(2), ..., β(λ)

)
. Putting α(x, p)

=
(
aijpipj

) 1
2 and β(r)(x, p) = b(r)i(x)pi, r = 1, ..., λ, we get aij = e2ηaij and

b
(r)i = eηb(r)i. Then the Christoffel symbol γi

jk constructed from aij is written
as

(4.1) γi
jk = γi

jk + Bi
jk,
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where

Bi
jk = δi

jηk + δi
kηj − ηiajk, ηi = ηja

ij .

Taking covariant derivative of b
(r)i with respect to γi

jk, we get

b
(r)i
:k = eη

λ∑

r=1

(
b
(r)i
:k + 2ηkb

(r)i + b(r)jηjδ
i
k − ηiajkb

(r)j
)

.

Transvecting by b
(r)k and putting

(4.2) M i =
1

B2

λ∑

r=1

(
b(r)kb

(r)i
:k − 1

n + 4
b
(r)j
:j b(r)i

)
,

we have

ηi = M
i −M i, from which we get, σi = M i −Mi.

Substituting this in (4.1) and putting Di
hj = γi

hj + δi
hMj −M iahj , we have

(4.3) D
i
hj = Di

hj

Di
hj is a symmetric conformally invariant linear connection on M. Thus we

have the following proposition:

Proposition (4.1). In a Cartan space with generalized (α, β)− metric there
exists a conformally invariant symmetric linear connection Di

hj .

If we denote by Di
hjk, the curvature tensor of Di

hj , we have from (4.3)

(4.4) D
i
hjk = Di

hjk

Since b
(r)i
:k = 0, we have M i = 0. Hence, Di

jk = γi
jk and Di

hjk = Ri
hjk.

Thus, we have the next proposition:

Proposition (4.2). In a Cartan space with generalized (α, β)− metric admit-
ting h-metrical d-connection M i = 0 and there exists a conformally invariant
symmetric linear connection Di

jk such that Di
jk = γi

jk and Di
hjk = Ri

hjk.

If the associated Riemannian space (M, α) is locally flat
(
Ri

hjk = 0
)
, then

from (4.4) and proposition (4.2), we have D
i
hjk = 0, i.e., the space Cn is confor-

mally flat. Thus we conclude that
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Theorem (4.1). A Cartan space Cn with generalized (α, β)− metric admit-
ting h-metrical d-connection is conformally flat if and only if the associated
Riemannian space (M,α) is locally flat

(
Ri

hjk = 0
)

.
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Abstract

In this paper, we have discussed on a special type of curvature tensor in
a smooth Riemannian manifold and have studied its cyclic and differentiable
properties. We have also studied the 2-recurrence properties of the tensor S, T, F

and H in Riemannian manifold as well as in an Einstein manifold.

1. Introduction

Special curvature tensor has been introdued and studied by Singh and Khan
[6]. Let Mn be an n−dimensional smooth Riemannian manifold and X,Y, Z and
W be differentiable vector field on Mn. A special curvature tensor H(X, Y, Z)
of type (1, 3) has been defined as [6] :

H(X,Y, Z) = R(X,Y, Z) + R(X,Z, Y ), (1.1)

< H(X,Y, Z), W > =< R(X,Y, Z),W > + < R(X,Z, Y ),W >, (1.2)

or
′H(X, Y, Z, W ) = ′R(X, Y, Z, W ) + ′R(X, Z, Y, W ). (1.3)

It is obvious that
H(X, Y, Z) = H(X, Z, Y ),

which shows that it is symmetric in last two slots. Sinha [5] has defined and
studied certain tensors of type (1, 3) in a smooth Riemannian manifold. They
are

S(X, Y, Z) = Ric(Y, Z) X + Ric(Z,X) Y + Ric(X, Y ) Z, (1.4)

T (X, Y, Z) = < Y,Z > X+ < Z,X > Y + < X, Y > Z, (1.5)

F (X, Y, Z) = < Y, Z > K(X)+ < Z, X > K(Y )+ < X, Y > K(Z), (1.6)

which are symmetric in X,Y, Z.
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A special curvature tensor H(X, Y, Z) has cyclic property [4].

H(X,Y, Z) + H(Y, Z,X) + H(Z, X, Y ) = 0. (1.7)

In 1972 A. K. Roy generalized the notion of 2-recurrent manifold. A Rie-
mannian manifold (Mn, g) is called generalized 2-recurrent, if the Riemannian
curvature tensor satisfies the condition

(DV DUR)(X, Y )Z = A(V )(DUR)(X, Y, Z) + B(U, V )R(X,Y, Z) (1.8)

where A is non-zero 1-form and B is non-zero 2-form tensor. D denote the
covariant differentiation with respect to metric tensor.

In a recent paper, De and Bandyopadhyay [2] introduced and studied gen-
eralized Ricci 2-recurrent Riemannian manifold which are defined as : A non-flat
Riemannian manifold is called generalized Ricci 2-recurrent Riemannian mani-
fold if the Ricci tensor is non-zero and satisfies the condition

(DV DURic)(X, Y )Z = A(V )(DURic)(X, Y ) + B(U, V )Ric(X, Y ) (1.9)

where A and B are stated earlier. If the 2-form B(U, V ) becomes zero, then the
space reduces to Ricci recurrent space.

An n−dimensional smooth Riemannian manifold Mn is called an Einstein
manifold, if for all X, Y ∈ χ(Mn)

Ric(X,Y ) = k < X, Y >, (1.10)

where k : Mn → R real is a valued function.

In this paper, we have studied some theorems about special curvature ten-
sor H(X,Y, Z). In section two of this paper, we have studied the 2-recurrent
properties of the tensors S, T, F and H in a smooth Riemannian manifold as
well as in an Einstein manifold. In section third of this paper, we have studied
its cyclic and bi-covariant differentiation properties in generalized 2-recurrent
smooth Riemannian manifold.

2. Recurrence Properties of (1, 3) type Tensors in a Generalized
2-recurrent Smooth Riemannian Manifold

Let Mn be an n−dimensional smooth Riemannian manifold. Then, Mn is
called generalized 2-recurrent smooth Riemannian manifold with respect to the
tensor H(X,Y, Z), if

(DV DUH)(X, Y, Z) = A(V )(DUH)(X, Y, Z) + B(U, V )H(X,Y, Z), (2.1)
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where A is 1−form and B is 2−form known as recurrence parameter. A smooth
Riemannian manifold Mn is called 2−recurrent with respect to tensor S(X, Y, Z),
T (X, Y, Z) and F (X, Y, Z) defined by equations (1.4), (1.5) and (1.6) respec-
tively, if

(DV DUQ)(X,Y, Z) = A(V )(DUQ)(X,Y, Z) + B(U, V )Q(X, Y, Z), (2.2)

where A and B are stated earlier and Q stands for S, T and F , respectively. We
now prove the following :

Theorem (2.1). An n−dimensional smooth Riemannian manifold Mn is gen-
eralized 2−recurrent with respect to the tensor H(X,Y, Z), if it is a generalized
2-recurrent smooth Riemannian manifold with the same recurrence parameter.

Proof. Taking bi-covariant derivative of equation (1.1) with respect to ‘U ’ and
‘V ’, we get

(DV DUH)(X, Y, Z) = (DV DUR)(X, Y, Z) + (DV DUR)(X, Z, Y ). (2.3)

On using equation (1.8) in equation (2.3), we get

(DV DUH)(X, Y, Z) = A(V )(DUR)(X,Y, Z) + B(U, V )R(X, Y, Z)

+A(V )(DUR)(X, Z, Y ) + B(U, V )R(X, Z, Y ). (2.4)

On using equation (1.1) in equation (2.4), we get

(DV DUH)(X, Y, Z) = A(V )(DUH)(X, Y, Z) + B(U, V )H(X,Y, Z). (2.5)

That is, Mn is generalized 2−recurrent with respect to tensor H(X, Y, Z).

Theorem (2.2). If a smooth Riemannian manifold Mn is generalized 2−
recurrent with respect to the special tensor H(X,Y, Z), then

A(V )(DUH)(X,Y, Z) + B(U, V )H(X, Y, Z) = (DUDV R)(X,Y, Z)

+(DUDV R)(X, Z, Y ). (2.6)

Proof. Let Mn be 2-recurrent Riemannian manifold with respect to the tensor
H(X,Y, Z), then from equation (2.1), we have

A(V ){(DUR)(X,Y, Z) + (DUR)(X, Z, Y ) + B(U, V ){R(X, Y, Z) + R(X, Z, Y )}
= (DUDV R)(X, Y, Z) + (DUDV R)(X,Z, Y ), (2.7)

(DUDV R)(X, Y, Z)−A(V )(DUR)(X,Y, Z)−B(U, V )R(X,Y, Z)

+(DUDV R)(X, Z, Y ) = −A(V )(DUR)(X,Z, Y )−B(U, V )R(X,Z, Y ) = 0.
(2.8)
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Since Mn is generalized 2-recurrent with respect to tensor H(X,Y, Z). There-
fore, on using equations (1.8) and (1.1) in equation (2.8), we get the required
result.

Theorem (2.3). An Einstein manifold Mn is generalized 2−recurrent with
respect to the tensor T (X,Y, Z), if it is generalized Ricci 2-recurrent for the
same recurrence 2-form.

Proof. On using equation (1.5) in equation (2.8), we get

T (X, Y, Z) =
1
k

[Ric (Y, Z)X + Ric(Z, X)Y + Ric(X,Y )Z]. (2.9)

Taking bi-covariant derivative of equation (2.9), with respect to ‘U ’ and ‘V ’, we
get

(DUDV T )(X, Y, Z) =
1
k

[(DUDV Ric) (Y,Z)X + (DUDV Ric)(Z, X)Y

+(DUDV Ric)(X, Y )Z]. (2.10)

Now, let Mn be a generalized Ricci 2-recurrent Riemannian manifold, then
using equation (1.9) in equation (2.10), we get

(DUDV T )(X,Y, Z) =
1
k

[A(V )(DURic) (Y, Z)X + B(U, V )Ric(Y, Z)X

+A(V )(DURic) (Z,X)Y + B(U, V )Ric(Z, X)Y

+A(V )(DURic) (X,Y )Z + B(U, V )Ric(X, Y )Z]. (2.11)

On using equation (2.9) in equation (2.11), we get

(DUDV T )(X, Y, Z) = [A(V )(DUT ) (X, Y, Z) + B(U, V )T (X, Y, Z)]. (2.12)

That is, Mn is 2-recurrent with respect to tensor T (X, Y, Z).

Theorem (2.4). If an Einstein manifold Mn is generalized 2−recurrent with
respect to the tensor T (X,Y, Z), then

{(DUDV Ric)(Y,Z)−A(V )(DURic)(Y, Z)−B(U, V )Ric(Y, Z)}X
+ {(DUDV Ric)(Z,X)−A(V )(DURic)(Z, X)−B(U, V )Ric(Z, X)}Y

+ {(DUDV Ric)(X, Y )−A(V )(DURic)(X, Y )−B(U, V )Ric(X, Y )}Z = 0.

(2.13)

Proof. Let Mn be generalized 2-recurrent with respect to the tensor T (X,Y, Z),
then from equations (2.2) and (2.9), we have

A(V )(DUT )(X,Y, Z) + B(U, V )T (X,Y, Z) =
1
k
[(DUDV Ric)(Y, Z)X+
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(DUDV Ric)(Z,X)Y + (DUDV Ric)(X, Y )Z]. (2.14)

On using equation (1.9) in equation (2.14), we get the required result.

Theorem (2.5). An Einstein smooth Riemannian manifold Mn is generalized
2−recurrent with respect to the tensor T (X,Y, Z), if and only if Mn is recurrent
with respect to the tensor S(X,Y, Z) for the same recurrence parameter.

Proof. From equations (2.8) and (1.4), we have

S(X, Y, Z) = kT (X,Y, Z). (2.15)

Taking bi-covariant derivative of equation (2.15) with respect to ‘U ’ and ‘V ’, we
get

(DUDV S)(X, Y, Z) = k(DUDV T )(X, Y, Z). (2.16)

From equation (2.16), it is evident that, if Mn is 2-recurrent with respect to
the tensor S(X, Y, Z), then Mn is also 2-recurrent with respect to the tensor
T (X, Y, Z) and vice-versa.

We now prove the following :

Theorem (2.6). An n−dimensional smooth Riemannian manifold is 2-recurrent
with respect to tensor S(X, Y, Z), if it is Ricci 2-recurrent with the same recur-
rence parameter.

Proof. Taking bi-covariant derivative of equation (1.4) with respect to ‘U ’ and
‘V ’, we get

(DUDV S)(X, Y, Z) = (DUDV Ric)(Y, Z)X + (DUDV Ric)(Z,X)Y

+(DUDV Ric)(X, Y )Z. (2.17)

Now, let Mn be Ricci 2-recurrent Riemannian manifold, then using equa-
tions (1.9) and (1.4) in equation (2.17), we get Mn as 2-recurrent Riemannian
manifold with respect to the tensor S(X,Y, Z).

Theorem (2.7). If a smooth Riemannian manifold Mn is 2-recurrent with
respect to tensor S(X, Y, Z), then

{(DUDV Ric)(Y,Z)−A(V )(DURic)(Y, Z)−B(U, V )Ric(Y, Z)}X
+ {(DUDV Ric)(Z,X)−A(V )(DURic)(Z, X)−B(U, V )Ric(Z, X)}Y

+ {(DUDV Ric)(X, Y )−A(V )(DURic)(X, Y )−B(U, V )Ric(X, Y )}Z = 0.
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Proof. Let Mn be 2-recurrent with respect to the tensor S(X,Y, Z), then using
equation (2.2) in equation (2.17), we have

A(V )(DUS)(X, Y, Z) + B(U, V )S(X,Y, Z) = (DUDV Ric)(Y,Z)X

+(DUDV Ric)(Z,X)Y + (DUDV Ric)(X,Y )Z. (2.18)

On using equation (1.4) in equation (2.18), we get the required results.

Corollary (2.1). An Einstein manifold Mn is 2-recurrent with respect to the
tensor T (X, Y, Z) if and only if Mn is 2-recurrent with respect to the tensor
F (X, Y, Z) for the same recurrence parameter.

3. Some Properties of Special Curvature Tensor H(X, Y, Z) in Gen-
eralized 2-recurrent Smooth Riemannian Manifold

Theorem (3.1). In an n−dimensional smooth Riemannian manifold Mn, the
special curvature tensor H(X,Y, Z) has the following properties :

(i) If special curvature tensor H(X,Y, Z) has cyclic property defined by
equation (1.7), then it also has

{(DUH) (X, Y, Z) + (DUH)(Y,Z, X) + (DUH)(Z, Y,X)} = 0,

and

(ii) (DUDXH) (Y,Z, W ) + (DUDY H)(Z, X, W ) + (DUDZH)(X, Y,W )

= (DUDXR) (Y, Z,W ) + (DUDY R)(Z,W,X) + (DUDZR)(X, W, Y ).

Proof.(i). Taking bi-covariant derivative of equation (1.7) with respect to ‘U ’
and ‘V ’, we get

(DUDV H) (X, Y, Z) + (DUDV H)(Y,Z, X) + (DUDV H)(Z, X, Y ) = 0 (3.1)

On using equations (2.1) and (1.7) in equation (3.1), we get the required result.

(ii) We have

H(Y,Z, W ) = R(Y, Z, W ) + R(Y,W,Z).

Taking bi-covariant derivative of the above equation with respect to ‘X’ and
‘U ’, we get

(DUDXH) (Y, Z,W ) = (DUDXR)(Y, Z,W ) + (DUDXR)(Y, W,Z). (3.2)
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Taking cyclic permutation of equation (3.2) in X, Y, Z; adding the three
equations and then using Bianchi’s second identity, we get the required result.
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Abstract

In this paper we have studied pseudo-slant submanifolds of a Generalised
almost contact metric structure manifold and established integrability condi-
tions of distributions and some interesting results on this submanifold.
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1. Introduction

The geometry of slant submanifolds was initiated by B. Y. Chen. He de-
fined slant immersions in the complex geometry as a natural generalization of
both holomorphic and totally real immersions [4]. A. Lotta introduced the no-
tion of slant immersions of a Riemannian manifold into an almost contact metric
manifold [5]. In [2], J. L. Cabererizo et. all studied and characterised slant sub-
manifolds of K-contact and Sasakian manifolds with several examples. Recently
Khan and Khan studied Pseudo-slant submanifolds of a Sasakian manifold [5].

The purpose of this paper is to study pseudo-slant submanifolds of Gener-
alised almost contact metric structure manifold. In section 3 we defined slant
immersions and slant distributions on Generalised almost contact metric struc-
ture manifold and Hyperbolic Hermite manifold and proved some character-
isation theorem. In section 4 we defined pseudo-slant submanifolds of these
manifolds and established a relation between them. We also worked out inte-
grability conditions of distributions on pseudo-slant submanifolds of Generalised
almost contact metric structure manifold.
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2. Preliminaries

First we define a Generalised almost contact metric structure manifold.

Definition (2.1) [8]. An odd dimensional Riemannian manifold (M, g) is said
to be a Generalised almost contact metric structure manifold if, there exits a
tensor φ of the type (1, 1) and a global vector field ξ and a 1-form η satisfying
the following equations:

φ2X = a2X + η(X)ξ (1)

η(φX) = 0 (2)

η(ξ) = −a2 (3)

φ(ξ) = 0 (4)

η(X) = g(X, ξ) (5)

g(φX, φY ) = −a2g(X,Y )− η(X)η(Y ), (6)

where X, Y ∈ T M , a be a complex number and g be the metric of M .

From above definition it is clear that almost contact metric manifold is a
particular case of a Generalised almost contact metric structure manifold for
a2 = −1.

If ′Φ is a 2-form defined on M as
′Φ(X, Y ) = g(φX, Y ),

then ′Φ is alternating i.e.
′Φ(Y,X) = −′Φ(X, Y )

or
g(φX, Y ) = −g(φY, X). (7)

Now let M be a submanifold immersed in M and we denote by the same symbol
g the induced metric on M . let TM be the Lie algebra of the vector fields in
M and T⊥M denote the set of all vector fields normal to M . Then, the Gauss
and Weingarten equations are given by

∇XY = ∇XY + h(X,Y ) (8)

∇XV = −AV X +∇⊥XV, (9)

for all X, Y ∈ TM , V ∈ T⊥M .
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Where ∇, ∇ are respectively the Levi-Civita connexions on M and M and ∇⊥
is induced connexion in normal bundle of M i.e. T⊥M , h is symmetric bilinear
vector valued function called second fundamental form and AV is the shape
operator associated with V . The second fundamental form h and the shape
operator A are related by

g(AV X,Y ) = g(h(X,Y ), V ). (10)

For anyX ∈ TM , we write,

φX = TX + NX, (11)

where TX is the tangential component of φX and NX is the normal component
of φX. Similarly for any V in T⊥M , we write

φV = tV + nV, (12)

where tV (resp. nV ) denotes the tangential (resp. normal) component of φV .

The submanifold M is said to be an invariant submanifold if N is identically
zero i.e. φX = TX for any X ∈ TM . On the other hand the submanifold M is
called anti-invariant submanifold in T is identically zero i.e. φX = NX.

The covariant derivatives of T and N are defined as

(∇XT )Y = ∇X(TY )− T (∇XY ) (13)

and

(∇XN)Y = ∇⊥X(NY )−N(∇XY ). (14)

The distribution spanned by the structure vector ? is denoted by < ξ >.

3. Slant distributions and slant immersions

Let M be a Riemannian manifold, isometrically immersed in a Generalised
almost contact metric structure manifold (M,φ, g, a, η, ξ). Suppose that the
structure vector ξ is tangent to M . if we denote by D the orthogonal distribution
to ξ in TM . Then

TM = D⊕ < ξ > .

For each nonzero vector X tangent to M at x, such that X is not proportional
to ξx, we denote by θ(X) the angle between φX and TxM . Since φ(ξ) = 0, thus
θ(X) is the angle between φX and Dx.
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Definition (3.1) : M is said to be slant if the angle θ(X) is constant, i.e.
which is independent of the choice of x ∈ M and X ∈ TM− < ξx >. The angle
θ of a slant immersion is called the slant angle of the immersion.

From this definition, it is evident that invariant and anti-invariant immer-
sions slant immersions with slant angle θ = 0 and θ = π/2 respectively. A slant
immersion, which is neither invariant nor anti-invariant, is called proper slant
immersion.

A useful characterization of slant submanifolds in Generalised almost con-
tact metric structure manifold is given by the following theorem.

Theorem (3.1) : Let M be a submanifold isometrically immersed in a Gen-
eralised almost contact metric structure manifold (M, φ, g, a, η, ξ) such that
ξ ∈ TM , then M is slant if and only if there exists a constant λ ∈ [0, 1] such
that

T 2 = a2λI + λη ⊗ ξ. (15)

Furthermore, in this case, if θ is slant angle of M , then λ = cos2θ.

Proof : Let X,Y ∈ TM , then for any slant submanifold, we have

g(TX, TY ) = cos2θ.g(φX, φY )
⇔ g(TX, TY ) = cos2θ.[−a2g(X,Y )− η(X)η(Y )] from (6)
⇔ −g(T 2X,Y ) = −cos2θ.[a2g(X, Y ) + η(X)η(Y )] Θ g(TX, Y ) = −g(X,TY )
⇔ g(T 2X, Y ) = cos2θ.[a2g(X,Y ) + η(X)η(Y )] ∀ Y ∈ TM

⇔ T 2X = cos2θ.[a2X + η(X)ξ] ∀ X ∈ TM

⇔ T 2 = cos2θ.[a2I + η ⊗ ξ]
⇔ T 2 = a2λI + λη ⊗ ξ

where λ = cos2θ, θ is the slant angle.

Hence the theorem.

Now we define slant distributions.

Definition (3.2) : A differentiable distribution ν on M is said to be a slant
distribution if for each x ∈ M and each nonzero vector X ∈ νx, the angle θν(X)
between φX and the vector space νx is constant, i.e. which is independent of
the choice ofx ∈ M and X ∈ νx. In this case the constant angle θν is called the
slant angle of the distribution ν.
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Thus we see that if a submanifold is slant, then there exists a slant distribution
on M .

The following theorem provides a useful characterization for the existence of
a slant distribution on a Generalised almost contact metric structure manifold.

Theorem (3.2) : Let ν be a distribution on M , orthogonal to ξ. Then ν is
slant if and only if there exists a constant λ ∈ [0, 1] such that (PT )2X = a2λX,
for any X ∈ ν.

Furthermore, in this case, if θ is slant angle of M , then λ = cos2θ.

Proof : The proof is straightforward and may be obtained from theorem (3.1).

Now we define slant distributions on a submanifold of Hyperbolic Hermite
manifold.

Definition (3.2) : Given a submanifold S, isometrically immersed in a Hy-
perbolic Hermite manifold (S, J, g1), a differentiable distribution D on S is said
to be a slant distribution if for any nonzero vector X ∈ Dx, x ∈ S, the angle
between JX and the vector space Dx is constant, i.e. which is independent of
the choice of x ∈ S and X ∈ Dx. In this case the constant angle is called the
slant angle of the distribution D (compare with the definition (3.2)).

4. Pseudo-slant submanifolds of Generalised almost contact metric
structure manifold

We first define pseudo-slant submanifolds of Hyperbolic Hermite manifold.

Definition (4.1) : A submanifold S of a Hyperbolic Hermite manifold (S, J, g1)
is called a pseudo-slant submanifold, if there exists on S, two differentiable
orthogonal distributions D1 and D2 such that TM = D1 ⊕ D2, where D1 is
totally real distribution i.e. JD1 ⊂ T⊥S and D2 is slant distribution with slant
angle θ 6= π/2, in particular if dim D1 = 0 and θ ∈ (0, π/2), then S is proper
slant submanifold of (S, J, g1).

In the following paragraph we show that there is a relationship between
slant submanifold of Generalised almost contact metric structure manifold and
pseudo-slant submanifolds of Hyperbolic Hermite manifold.

Let (M,φ, g, a, η, ξ) be a Generalised almost contact metric structure man-
ifold. Then we consider the manifold M × R. We denote by

(
X, f d

dt

)
a vector
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field on M × R, where X is tangent to M , t is the coordinate of R and f is a
differentiable function on M ×R.

If we define a tensor J of type (1, 1) on M ×R defined by

J

(
X, f

d

dt

)
=

1
a

(
φX − fξ, η(X)

d

dt

)
(16)

Then we have, J2
(
X, f d

dt

)
= 1

aJ
(
φX − fξ, η(X) d

dt

)
from (16)

= 1
a . 1a

(
φ(φX − fξ)− η(X)ξ, η(φX − fξ) d

dt

)
= 1

a2

(
φ2X − fφξ − η(X)ξ, (η(φX)− fη(ξ)) d

dt

)
= 1

a2

(
a2X, (a2f) d

dt

)
, from (1), (2), (3) and (4)

=
(
X, f d

dt

)

i.e.

J2

(
X, f

d

dt

)
=

(
X, f

d

dt

)
. (17)

Now we define the metric g1 on M ×R as

g1

[(
X, f

d

dt

)
,

(
Y, h

d

dt

)]
= g(X, Y ) + fh. (18)

Then we obtain

g1

[
J
(
X, f

d

dt

)
, J

(
Y, h

d

dt

)]
= g1

[1
a

(
φX − fξ, η(X)

d

dt

)
,
1
a

(
φY − hξ, η(Y )

d

dt

)]
,

by (16)

= 1
a2 g1

[(
φX − fξ, η(X) d

dt

)
,
(
φY − hξ, η(Y ) d

dt

)]
= 1

a2 [g (φX − fξ, φY − hξ) + η(X)η(Y )] by (18)
= 1

a2 [g(φX, φY )− g(φX, hξ)− g(fξ, φY ) + g(fξ, hξ) + η(X)η(Y )]
= 1

a2

[−a2g(X, Y )− η(X)η(Y )− a2fh + η(X)η(Y )
]
,

by (3), (4), (5), (6) and (7)
= − [g(X, Y ) + fh]
= −g1

[(
X, f d

dt

)
,
(
Y, h d

dt

)]
, by (18)

Therefore we have

g1

[
J

(
X, f

d

dt

)
, J

(
Y, h

d

dt

)]
= −g1

[(
X, f

d

dt

)
,

(
Y, h

d

dt

)]
, (19)

from (17) and (19), we see that (M×R, J, g1) is a Hyperbolic Hermite structure
manifold.
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Now we state the following theorem, which provides a method to obtain a
pseudo- slant submanifold of M ×R from slant submanifold of M .

Theorem (4.1) : Let M be a non anti-invariant slant submanifold of a Gen-
eralised almost contact metric structure manifold M with slant distribution D

and ξ is orthogonal to M . then M ×R is a pseudo-slant submanifold of the Hy-
perbolic Hermite manifold M × R with totally real distribution D1 =

{
(0. d

dt)
}

and slant distribution D2 = {(X, 0)|X ∈ D}.
Proof : Since we have,

g1

[
(X, 0) ,

(
0,

d

dt

)]
= g(X, 0) + 0 = 0.

and
(
X, f d

dt

)
= (X, 0) + f

(
0, d

dt

)
, ∀ (

X, f d
dt

) ∈ T (M ×R),

therefore T (M ×R) = D1 ⊕D2 is an orthogonal direct decomposition.

Also J
(
0, d

dt

)
= 1

a(−ξ, 0) ⊂ T⊥(M ×R) from (16)

... D1 is totally real distribution. It is easy to see that D2 is slant distribution
with slant angle θ (which is slant angle of D) in the sense of Papaghuic [9].

To introduce pseudo-slant submanifold of a Generalised almost contact met-
ric structure manifold; first we define bislant submanifolds of a Generalised al-
most contact metric structure manifold.

Definition (4.2) : M is said to be a bislant submanifold of a Generalised almost
contact metric structure manifold M if there exists two orthogonal distributions
D1 and D2 such that

(i) TM admits the orthogonal direct decomposition TM = D1⊕D2⊕ < ξ >

(ii) The distribution D1 is slant with angle θ1

(iii) The distribution D2 is slant with angle θ2.

Now we define pseudo-slant submanifold of a Generalised almost contact
metric structure manifold as a particular case of bislant submanifold.

Definition (4.3) : M is said to be a pseudo-slant submanifold of a Generalised
almost contact metric structure manifold M if there exists two orthogonal dis-
tributions D1 and D2, such that
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(i) TM admits the orthogonal direct decomposition TM = D1 ⊕ D2⊕ <

ξ >

(ii) The distribution D1 is anti-invariant i.e. φD1 ⊂ T⊥M

(iii) The distribution D2 is slant with angle θ 6= π/2.

If we denote by di, the dimension of Di, for i = 1, 2, then we find the
following cases

(a) If d2 = 0, then M is an anti-invariant submanifold.

(b) If d1 = 0 and θ = 0, then M is an invariant submanifold.

(c) If d1 = 0 and θ 6= 0, then M is a proper slant submanifold with slant
angle θ.

(d) If d1 6= 0 and θ = 0, then M is a semi invariant submanifold.

Let M be a pseudo-slant submanifold of a Generalised almost contact met-
ric structure manifold M . Then, for any X ∈ TM , we write

X = P1X + P2X + η(X)ξ (20)

where Pi denotes the projection map on the distribution Di, i = 1, 2.

Now operating on both sides of the equ. (20), we obtain

φX = NP1X + TP2X + NP2X, (21)

because
φP1X = NP1X, TP1X = 0. (22)

It is easy to see that

TX = TP2X NX = NP1X + NP2X (23)

and
TP2X ∈ D2. (24)

Since D2 is slant distribution, by theorem (3.2)

T 2X = a2cos2θX, ∀X ∈ D2. (25)

Now we have the following theorem.
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Theorem (4.2) : Let M be a submanifold of a Generalised almost contact
metric structure manifold M , such that ξ ∈ TM . Then M is a pseudo-slant
submanifold is and only if there exists a constant λ ∈ (0, 1], such that

(i) D = {X ∈ TM |T 2X = a2λX} is a distribution on M .

(ii) For any X ∈ TM , orthogonal to D, TX = 0.

Furthermore, in this case, λ = cos2θ where θ denotes the slant angle of D.

Proof : Putting λ = cos2θ, it is obvious that for any X ∈ D, T 2X = a2cos2θX
therefore D = D2 from equ. (25).

Thus D is a distribution on M .

Also for any X ∈ TM , orthogonal to D, we have

φX ∈ T⊥M and φξ = 0, i.e. TX = 0.

Hence the condition is necessary.

Conversely, consider the orthogonal direct decomposition TM = D ⊕ D⊥⊕ <

ξ >, then by (i) and theorem (3.2), we find D is a slant distribution. From (ii)
it is evident that D⊥ is an anti-invariant distribution.

Therefore M is a pseudo-slant submanifold, hence the theorem.

In the following paragraph, we discuss on the integrability conditions of the
distributions involved in a pseudo-slant submanifolds of M .

If µ be the invariant subspace of T⊥M , then in case of pseudo-slant sub-
manifold, consider the direct decomposition of T⊥M as

T⊥M = µ⊕ND1 ⊕ND2 (26)

Since D1 and D2 are orthogonal, therefore g(Z,X) = 0. ∀X ∈ D1, Z ∈ D2

This implies that g(NZ, NX) = g(φZ, φX) = 0 Qg(TZ, NX) = 0.

Therefore (26) gives orthogonal direct decomposition of T⊥M .

First, we prove some important lemmas.

Lemma (4.1) : AφXY = AφY X, if and only if

g((∇zφ)X, Y ) = 0, ∀X, Y ∈ D1, Z ∈ TM.
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Proof : Let X,Y ∈ D1 and Z ∈ TM , then

g(AφY X, Z) = g(h(X, Z), φY )

= g(h(Z, X), φY ) = g(∇ZX −∇ZX,φY ) = g(∇ZX,φY ) = −g(φ(∇ZX), Y )

= − g(∇Z(φX)− (∇Zφ)X,Y ) = −g(−AφXZ +∇⊥ZφX, Y ) + g((∇Zφ)X, Y )

= g(AφXZ, Y ) + g((∇Zφ)X, Y ) = g(AφXY, Z) + g((∇Zφ)X,Y ) (27)

By (27), we have the lemma.

Lemma (4.2) : [X, ξ] ∈ D1 if and only if

g((∇Xφ)ξ, Z) = g((∇ξφ)X, Z, ∀X ∈ D1, Z ∈ D2.

Proof : For any X ∈ D1 and Z ∈ D2, we have

g([X, ξ], TZ) = g(∇Xξ −∇ξX,TZ)

= g(∇Xξ −∇ξX,φZ) = −g(φ(∇Xξ −∇ξX), Z) using equ. (8)

= g((∇Xφ)ξ +∇ξ(φX)− (∇ξφ)X,Z) = g((∇Xφ)ξ − (∇ξφ)X,Z).

Hence the lemma is followed by last equation.

Lemma (4.3) : For any X, Y ∈ D1 ⊕D2, [X, Y ] ∈ D1 ⊕D2, if and only if

g(φY, (∇Xφ)ξ) = g(φX, (∇Y φ)ξ).

Proof : We have for any X,Y ∈ D1 ⊕D2,

g([X,Y ], ξ) = g(∇XY −∇Y X, ξ). (28)

Now
g(Y, ξ) = 0 ⇒ g(∇XY, ξ) = −g(Y,∇Xξ) (29)

and g(φY, φZ) = − a2g(Y, Z) ∀Z ∈ TM .

Replacing Z by ∇Xξ in the last equ., we obtain

g(Y,∇Xξ) = − 1
a2

g(φY, φ(∇Xξ))

=
1
a2

g(φY, (∇Xφ)ξ), (30)

making the use of (29) and (30) in (28), we obtain

g([X,Y ], ξ) =
1
a2

[g(φX, (∇Y φ)ξ)− g(φY, (∇Xφ)ξ)],
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but [X,Y ] ∈ D1 ⊕D2, if and only if g([X,Y ], ξ) = 0.

Hence the lemma follows from last equation.

For any X, Y ∈ D1 and Z ∈ TM , we have

g([X, Y ], TP2Z) = −g(φ[X, Y ], P2Z) = −g(φ(∇XY −∇Y X), P2Z)

= −g(∇X(φY )− (∇Xφ)Y −∇Y (φX) + (∇Y φ)X,P2Z)

= −g(−AφY X +∇⊥X(φY ) + AφXY −∇⊥Y (φX)− (∇Xφ)Y + (∇Y φ)X, P2Z),

using (27)

= g((∇Xφ)Y − (∇Y φ)X,P2Z) + g(∇P2Zφ)X,Y ), (31)

Since, [X, Y ] ∈ D1 if and only if g([X, Y ], TP2Z) = 0.

Thus, the required integrability conditions are obtained from (31) and lemma
(4.1).

Similarly, for the distribution D1⊕ < ξ >, the integrability conditions are
obtained from (31) and lemma (4.2).

Now, for any X, Y ∈ D2 and Z ∈ D1, we have

g(φ[X,Y ], φZ) = − a2g([X,Y ], Z)

⇒ a2g([X,Y ], Z) = −g(φ[X, Y ], NZ) = −g(∇X(φY )−∇Y (φX)− (∇Xφ)Y

+(∇Y φ)X, NZ)

= g(h(Y, TX)−h(X, TY )+∇⊥Y NX−∇⊥XNY +(∇Xφ)Y −(∇Y φ)X,NZ). (32)

Therefore, the integrability of the slant distribution D2 is obtained from
lemma (4.3), and the fact that ND1 and ND2 are orthogonal in the equ. (32).

In similar manner we easily find the integrability conditions for the distri-
bution D2⊕ < ξ >.
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Abstract

Tachibana (1967), Singh (1971) studied and defined the Bochner curvature
tensor and Kaehlerian spaces with recurrent Bochner curvature tensor. Further
, Negi and Rawat (1994), (1997) studied some bi-recurrence and bi-symmetric
properties in a Kaehlerian space and Kaehlerian spaces with recurrent and sym-
metric Bochner curvature tensor.

In the present paper, we have studied Kaehlerian recurrent and symmetric
spaces of second order by taking different curvature tensor and relations between
them. Also several theorems have been established therein.

1. Introduction

Let X2n be a 2n−dimensional almost-complex space and its almost-complex
structure, then by definition, we have

F s
j F i

s = δi
j . (1.1)

An almost-complex space with a positive definite Riemannian metric gji

satisfying
grsF

r
j F s

i = gji (1.2)

is called an almost-Hermitian space. From (1.2) it follows that Fji = griF
r
j is

skew-symmetric.

If an almost-Hermitian space satisfies

∇jFih +∇iFhj +∇hFji = 0, (1.3)

where ∇j denotes the operator of covariant derivative with respect to the sym-
metric Riemannian connection, then it is called an almost-Kaehlerian space and
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if it satisfies
∇jFih +∇iFjh = 0 (1.4)

Then it is called a K−space. In an almost-Hermitian space, if

∇jFih = 0. (1.5)

Then it is called a Kaehlerian space or briefly a Kn space.

The Riemannian curvature tensor which are denoted by Rh
ijk is given by

(Weatherburn 1938)

Rh
ijk = ∂i

{
h

jk

}
− ∂j

{
h

ik

}
+

{
h

ip

}{
p

jk

}
−

{
h

jp

}{
p

ik

}
(1.6)

The Ricci-tensor and scalar curvature are respectively given by

Rij = Ra
aij and R = Rijg

ij .

If we define a tensor Sij by
Sij = F a

i Raj , (1.7)

Then, we have
Sij = −Sji, (1.8)

and
F a

i Saj = −Sia F a
j . (1.9)

The holomorphically projective curvature tensor and the H-Concircular curva-
ture tensor are respectively given by

P h
ijk = Rh

ijk +
1

(n + 2)
(Rikδ

h
j −Rjkδ

h
i + SikF

h
j − SjkF

h
i + 2F h

k Sij) (1.10)

and

Ch
ijk = Rh

ijk +
R

n(n + 2)
(gikδ

h
j − gjkδ

h
i + FikF

h
j − FjkF

h
i + 2FijF

h
k ) (1.11)

The equation (1.10), in view of (1.11) may be expressed as

P h
ijk = Ch

ijk +
1

n(n + 2)
(Rikδ

h
j −Rjkδ

h
i + SikF

h
j − SjkF

h
i + 2SijF

h
k )−

− R

(n + 2)
(gikδ

h
j − gjkδ

h
i + FikF

h
j − FjkF

h
i + 2FijF

h
k ) (1.12)

If we put

Lij = Rij − R

n
gij (1.13)

and
Mij = F a

i Saj = Sij − R

n
Fij , (1.14)
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Then (1.12) reduces to the form

P h
ijk = Ch

ijk +
R

n(n + 2)
(Likδ

h
j − Ljkδ

h
i + MikF

h
j −MjkF

h
i + 2MijF

h
k ). (1.15)

Now, we have the following :

2. Kaehlerian Recurrent Space of Second Order

Definition (2.1) : A Kaehler space Kn satisfying the relation

∇b∇a Rh
ijk = λab Rh

ijk, (2.1)

For some non- zero tensor λab, will be called a Kaehlerian recurrent space of
second order and is called Ricci-recurrent (or, semi-recurrent) space of second
order, if it satisfies

∇b∇a Rij = λab Rij , (2.2)

Multiplying the above equation by gij , we have

∇b∇a R = λab R, (2.3)

Remark (2.1) : From (2.1) and (2.2), it follows that every Kaehlerian recurrent
space of second order is Ricci-recurrent space of second order but the converse
is not necessarily true.

Definition (2.2) :A Kaehler space Kn satisfying the condition

∇b∇a P h
ijk = λab P h

ijk, (2.4)

For some non-zero tensor λab, will be called a Kaehlerian H−Projective
recurrent space of second order or, briefly a Kn − P space.

Definition (2.3) : A Kaehler space Kn satisfying the relation

∇b∇a Ch
ijk = λab Ch

ijk, (2.5)

For some non-zero tensor λab, will be called a Kaehlerian H−Concircular
recurrent space of second order or, briefly a Kn − C space.

Theorem (2.1) : Every Kaehlerian recurrent space of second order is Kn −C

space.
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Proof : Differentiating (1.11) covariantly with respect to xa, again differentiate
the result thus obtained covariantly with respect to xb, we have

∇b∇a Ch
ijk = ∇b∇a Rh

ijk +
∇b∇aR

n(n + 2)
(gikδ

h
j − gjkδ

h
i + FikF

h
j − FjkF

h
i + 2FijF

h
k )

(2.6)

Multiplying (1.11) by λab, then subtracting from (2.6), we obtain

∇b∇a Ch
ijk − λabC

h
ijk = ∇b∇a Rh

ijk − λabR
h
ijk +

(∇b∇aR− λabR)
n(n + 2)

(gikδ
h
j − gjkδ

h
i

+FikF
h
j − FjkF

h
i + 2FijF

h
k ) (2.7)

Now, let the space be Kaehlerian recurrent space of second order, then equation
(2.7) with the help of equations (2.1) and (2.3) becomes

∇b∇a Ch
ijk − λabC

h
ijk = 0,

Or,

∇b∇a Ch
ijk = λabC

h
ijk,

Which shows that the space is Kn − C space.

Similarly, in view of equations (1.10),(2.1),(2.2) and (1.7), we have the
following :

Theorem (2.2) :Every Kaehlerian recurrent space of second order is Kn − P

space.

Theorem (2.3) : The necessary and sufficient condition for a Kn−C space to
be a Kn − P space is that

(∇b∇a Lik − λabLik)δh
j − (∇b∇a Ljk − λabLjk)δh

i + (∇b∇a Mik − λabMik)F h
j

−(∇b∇a Mjk − λabMjk)F h
i + 2(∇b∇a Mij − λabMij)F h

k = 0. (2.8)

Proof : Suppose Kn − C space is a Kn − P space.

Differentiating (1.15) covariantly w.r.t. xa, again differentiate the result thus
obtained covariantly w.r.t. xb, we have

∇b∇a P h
ijk = ∇b∇a Ch

ijk +
1

(n + 2)
(∇b∇a Likδ

h
j −∇b∇a Ljkδ

h
i +∇b∇a MikF

h
j

−∇b∇a MjkF
h
i + 2∇b∇a MijF

h
k ) (2.9)
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Transvecting (1.15) by λab and subtracting from the above equation (2.9), we
have

∇b∇a P h
ijk − λabP

h
ijk = ∇b∇a Ch

ijk − λabC
h
ijk +

1
(n + 2)

[(∇b∇a Lik − λabLik)δh
j

−(∇b∇a Ljk − λabLjk)δh
i + (∇b∇a Mik − λabMik)F h

j

− (∇b∇a Mjk − λabMjk)F h
i + 2(∇b∇a Mij − λabMij)F h

k ] (2.10)

Since a Kn − C space is a Kn − P space, then equation (2.10), in view of (2.4)
and (2.5) reduces to (2.8).

Conversely, if Kn − C space satisfies the condition (2.8), then (2.10) in view of
(2.5) reduces to

∇b∇a P h
ijk − λabP

h
ijk = 0,

which shows that the space is Kn − P space.

This completes the proof.

Theorem (2.4) : If in a Kaehler space satisfying any two of the following
properties :

(i) the space is Kaehlerian Ricci- recurrent space of second order,

(ii) the space is Kaehlerian Projective recurrent space of second order,

(iii) the space is H-Concircular recurrent space of second order , then it must
also satisfies third.

Proof : Differentiating (1.12) covariantly w.r.t. xa, again differentiate the result
thus obtained covariantly w.r.t. xb, we have

∇b∇a P h
ijk = ∇b∇a Ch

ijk +
1

(n + 2)
(∇b∇a Rikδ

h
j −∇b∇a Rjkδ

h
i +∇b∇a SikF

h
j

−∇b∇a SjkF
h
i + 2∇b∇a SijF

h
k −

∇b∇aR

n(n + 2)
(gikδ

h
j − gjkδ

h
i

+FikF
h
j − FjkF

h
i + 2FijF

h
k ), (2.11)

Multiplying (1.12) by λab and subtracting the result from (2.11), we have

Kaehlerian Ricci-recurrent space of second order, Kaehlerian Projective recur-
rent space of second order and Kaehlerian H−Concircular recurrent space of
second order are respectively characterized by the equations (2.2), (2.4) and
(2.5).
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The statement of the above theorem follows in view of equations (2.2), (2.4),
(2.5) and (2.12).

3. Kaehlerian Symmetric Space of Second Order

Definition (3.1) : A Kaehler space Kn satisfying the condition

∇b∇a Rh
ijk = 0, or equivalently ∇b∇a Rijkl = 0, (3.1)

Will be called Kaehlerian symmetric space of second order and is called Kaehlerian
Ricci-symmetric or (semi-symmetric) space of second order, if it satisfies

∇b∇a Rij = 0, (3.2)

Multiplying the above equation by gij , we have

∇b∇a R = 0, (3.3)

Remark (3.1) :From (3.1) and (3.2), it follows that every Kaehlerian symmetric
space of second order is Kaehlerian Ricci-symmetric space of second order , but
the converse is not necessarily true.

Definition (3.2) : A Kaehler space Kn satisfying the condition

∇b∇a P h
ijk = 0, or equivalently ∇b∇a Pijkl = 0, (3.4)

will be called a Kaehlerian H−Projective symmetric space of second order or,
briefly a ∗Kn − P space.

Definition (3.3) : A Kaehler space Kn satisfying the condition

∇b∇a Ch
ijk = 0, or equivalently ∇b∇a Cijkl = 0, (3.5)

will be called a Kaehlerian H−Concircular symmetric space of second order or,
briefly ∗Kn − C space.

Theorem (3.1) : The necessary and sufficient condition for a ∗Kn − C space
to be a ∗Kn − P space is that

∇b∇a Likδ
h
j −∇b∇a Ljkδ

h
i +∇b∇a MikF

h
j −∇b∇a MjkF

h
i + 2∇b∇a MijF

h
k = 0.

(3.6)

Proof : From equations (1.5), (2.9) and (3.5), we have

∇b∇a P h
ijk =

1
(n + 2)

(∇b∇a Likδ
h
j −∇b∇a Ljkδ

h
i +∇b∇a MikF

h
j −∇b∇a MjkF

h
i

+2∇b∇a MijF
h
k = 0. (3.7)
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Since ∗Kn − C space is a ∗Kn − P space, hence equation (3.7) reduces to the
form

∇b∇a Likδ
h
j −∇b∇a Ljkδ

h
i +∇b∇a MikF

h
j −∇b∇a MjkF

h
i + 2∇b∇a MijF

h
k = 0.

(3.8)

Conversely, if a ∗Kn−C space satisfies equation (3.6), then (3.7) reduces to the
form

∇b∇a P h
ijk = 0

which shows that the space is ∗Kn − P space.

Theorem (3.2) :A necessary and sufficient condition for a H−Concircular
symmetric space of second order to be Kaehlerian-Ricci symmetric space of
second order is that

∇b∇a Rh
ijk + λab[Ch

ijk −Rh
ijk −

R

n(n + 2)
(gikδ

h
j − gjkδ

h
i + FikF

h
j

−FjkF
h
i + 2FijF

h
k )] = 0 (3.9)

Proof : If the space is a H−Concircular symmetric space of second order, then
equation (2.7) in view of (3.5) reduces to the form

∇b∇a Rh
ijk − λabR

h
ijk + λabC

h
ijk +

(∇b∇aR− λabR)
n(n + 2)

[gikδ
h
j − gjkδ

h
i + FikF

h
j

−FjkF
h
i + 2FijF

h
k )] = 0 (3.10)

Now, if the space is Kaehlerian- Ricci symmetric space of second order then
(3.2) is satisfied and equation (3.10), in view of (3.2) reduces to (3.9).

Conversely, if H−Concircular symmetric space of second order satisfies the con-
dition (3.9), then equation (2.7) gives

∇b∇aR

n(n + 2)
[gikδ

h
j − gjkδ

h
i + FikF

h
j − FjkF

h
i + 2FijF

h
k )] = 0

which gives ∇b∇aR = 0

∇b∇ag
ijRij = 0 since R = Rijg

ij

Or ∇b∇aRij = 0 since gij 6= 0

which shows that the space is Kaehlerian Ricci-symmetric space of second order.
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Abstract

Through dimensional reduction and one-loop quantum correction of scalar
and spinor fields, time-dependent cosmological constant Λeff , effective gravita-
tional constant Geff and fine structure constant are derived in 5-dimensional
Kaluza-Klein model for cosmology. If the internal manifold contracts with time
and stabilizes itself at some later time, one possibility gets fine-structure con-
stant equal to

1
137

, Geff ' GN and Λeff ' 0 .

Keywords and Phrases : Newtonian gravitational constant, scalar fields,
Dirac spinors, effective action for gravity, induced Maxwell’s terms.
2000 AMS Subject Classification : 83E15.

1. Introduction

In the context of unification of gravity with other fundamental forces,
Kaluza-Klein theory is important. Basically, in this theory 5-dimensional mani-
fold is considered as M4×S1 where M4 is the 4-dimensional manifold and S1 is
a circle. Our observable universe is 4-dimensional, so it is expected that radius
of S1 is extremely small (undetectable). Hence, it is very natural to think that
if extra manifold was a reality at very high energy scale and is undetectable
now because of nonavailability of energy of required order, it should manifest
itself in some way or the other. Employing the method of heat - Kernel method,
Toms [3] calculated one-loop effective action in 5-dimensional background geom-
etry and obtained induced cosmological constant, gravity and Maxwell’s term
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as manifestation of fifth dimension of the space. But the cosmological constant
obtained by him is very large. The model, considered by him (Toms) contains
static component of metric tensor corresponding to extra space which completely
ignores its dynamical contribution.

This note offers calculation of time-dependent cosmological constant, ef-
fective gravitational constant(time dependent) as well as Maxwell’s terms using
the heat-Kernal method (adapted by Toms) to evaluate one-loop effective action
for scalar fields as well as Dirac spinors. The 5-dimensional cosmological model
proposed here is given by the line-element

ds2 = dt2 − a2(t)[(dx1)2 + (dx2)2 + (dx3)2]− b2(t)(dy − kAµ(x)dxµ)2 (1)

where t is the cosmic time, a(t) is the expanding scale factor for spatially flat
subspace of M4, b(t) is the contracting scale factor for S1, Aµ(µ = 0, 1, 2, 3)
is the four-dimensional electromagnetic field and k is a constant of (mass)−1

dimension to make kAµ(x) dimensionless.

Using horizontal lift basis [4,5] the action in the background geometry given
by (1) is written as

S =− 1
16πG5

∫
d4xdy

√−g5R5 +
∫

d4xdy
√−g5

1
2
[gm′n′(Dm′Φ)∗

(Dn′Φ)− ξR5Φ∗Φ−M2
0 Φ∗Φ] +

1
2

∫
d4xdy

√−g5Ψ̄(irm′
Dm′ −M 1

2
)Ψ

(2)

where G5 = GNL (GN is the Newtonian gravitational constant equal to M−2
p

where Mp is Planck mass, 0 ≤ y ≤ L). 5-dim. Ricci scalar R5 = R4−1
4
k2FµνF

µν

(R4 is 4-dim. Ricci scalar, Fµν = DνAµ −DµAν , Dµ = 5µ + kAµ, D5 = 55

(5µ and 55 are convariant derivatives in curved space). 5-dim. Dirac matrices
γm′

(m′ = 0, 1, 2, 3, 5) in curved space are given as γm′
= hm′

a γ̃a(γ̃0, γ̃1, γ̃2, γ̃3) are
Dirac matrices in 4-dimensional flat space and γ̃5 = γ̃0γ̃1γ̃2γ̃3, hm′

a are defined as
hm′

a h′bη
ab = gm′n′ with ηab = diag(1,−1,−1,−1,−1), ξ is a coupling constant,

Φ is a scalar field with mass Mo, Ψ is the Dirac spinor with mass M 1
2

and g5 is
the determinant of the metric tensor gm′n′ given as

gm′n′ = diag(1,−a2,−a2,−a2,−b2)

in horizontal lift basis. ~ = c = 1 is used as fundamental unit where ~ and c

have their usual meaning.
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2. Gravity

5-dimensional action for gravity given by (2) can be reduced to 4-dimensional
action employing the method of Pollock[6]. In this method, gm′n′ can be con-
formally transformed to g′m′n′ as

gm′n′ = b2(t)g′m′n′ = b2(t)
( ˜̃gµν 0

0 − 1

)
(3)

where ˜̃g is the resulting metric tensor on M4. So, on ignoring term of total
divergence,

Sg = − 1
16πG5

∫
d4xdy

√
−˜̃g

4
b3

[
˜̃R4 − 12b−2( ˜̃5 b)2 − 1

4
b−2k2 ˜̃Fµν

˜̃Fµν

]
(4)

where ˜̃5 is the covariant derivative, ˜̃R4 is Ricci scalar and ˜̃Fµν is electromagnetic
field strength corresponding to ˜̃gµν .

Further conformal transformation is done over ˜̃gµν only as

˜̃gµν = e2vgµν (5)

where v is function of b(t). Now using this conformal transformation and inte-
grating over y,

S(4)
g =− 1

16πGN

∫
d4x

√
−g4(x)b3e2v

[
R4 − 1

4
b−2k2e−2vFµνFµν − 12(v̇)2 − 12(

ḃ

b
)2 − 18v̇(

ḃ

b
)

] (6)

where dot (.) denotes derivative with respect to t(time). Choosing v = −3
2
ln b(t),

one gets 4-dimensional action for gravity as

S(4)
g = − 1

16πGN

∫
d4x

√
−g4(x)

[
R4 − 1

4
k2FµνF

µν − 12(
ḃ

b
)2

]
(7)

constant k was introduced with intention to keep the theory dimensionally cor-
rect. So, without any harm to physics, k may be identified with (16πGN )

1
2 .

3. Scalar fields

The extra manifold is a circle which is not simply-connected, hence any
field on it can be either untwisted(periodic in y) or twisted(anti-periodic in



80 M. Ansari

y)[7]. Hence, in either case, one may write

Φ(xµ, y) = [Lb(t)]−
1
2

∞∑
n=−∞

Φn(xµ)exp[i(n + α)My] (8)

where M = 2πL−1 (L is circumference of S1) and α = 0
(

1
2

)
for untwisted

(twisted) field.

Substituting Φ(xµ, y) given by (8) in the action for scalar field given by (2) and
integrating over Y

S
(4)
Φ =

1
2

∞∑
n=−∞

∫
d4x

√−g4(x)[gµν(D(n)
µ Φn)∗(D(n)

ν Φn)−

M2
nΦ∗nΦn − ξ(R4 − 1

4
k2FµνF

µν)Φ∗nΦn]

(9)

where
D(n)

µ Φn = 5µΦn + iqnAnΦn, (10a)

M2
n = M2

0 +
(n + α)2

b2
M2 − 3

2
ȧ

a

ḃ

b
− 1

4

(
ḃ

b

)2

− 1
2

d

dt

(
ḃ

b

)
(10b)

and
qn = (n + α)e = (n + α)kM (10c)

Here qn is the charge of the scalar particle in nth mode which is integral (half-
integral) multiple of e (= kM) for untwisted (twisted) field.

Now one loop effective action for Φn is calculated for nth mode and summed up
over all modes to get [3]

Γ(1)
Φ =

i

2

∞∑
n=−∞

ln det∆n (11)

where ∆n is the operator defined as

∆n = gµνD(n)
µ D(n)

ν + M2
n + ξ

(
R4 − 1

4
k2FµνF

µν

)
(12)

Using the kernal kn(s, x, x) for ∆n, (11) can be re-written as

Γ(1)
Φ =

i

2

∞∑
n=−∞

∫
d4x

√−g4

∞∫

0

ds

s
tr kn(s, x, x) (13)
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where

kn(s, x, x) = iµ4−N (4πis)−
N
2 exp(−iM2

ns)
∞∑

k=0

(is)kak(x)

(N is the space-time dimension used as dimensional regulator with N → 4 and
µ is a constant of mass dimension to get dimensionless action). For ∆n given
by (12) [8,9]

a0(x) = 1 (14a)

a1(x) = (
1
6
− ξ)R4 +

1
4
ξk2FµνF

µν (14b)

a2(x) = − 1
12

k2M2(n + α)2 + . . . (14c)

Only relevant terms are mentioned here.

Integrating over s in (13) and using (14)

Γ(1)
Φ =− 1

2(4π)2

∫
d4x

√−g4 [ lim
N→4

d(−N

2
)

∞∑
n=−∞

{(n + α)2M2

b2
+ M̄2(t)

}N
2 +

lim
N→4

√
(1− N

2
)

∞∑
n=−∞

{(n + α)2M2

b2
+ M̄2(t)

}N
2
−1

(
1
6
− ξ)R4+

lim
N→4

{1
4
ξk2

√
(1− N

2
)

∞∑
n=−∞

[
(n + α)2M2

b2
+ M̄2(t)]

N
2
−1−

1
12

√
2− N

2

∞∑
n=−∞

k2M2(n + α)2[
(n + α)2M2

b2
+ M̄2(t)]

N
2
−2}+ . . . ]

(15)

where

M−2(t) = M2
0 −

3
2

ȧ

a

ḃ

b
− 1

4

(
ḃ

b

)2

− 1
2

d

dt

(
ḃ

b

)

Using the formulae (B6) of ref.[10],

∞∑
n=−∞

[(n + c)2 + d2]−λ = π
1
2 d1−2λ

√
(λ− 1

2)
√

λ
+ 4 sinπλfλ(c, d)
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(where Re λ >
1
2

and c and d are real), series in (15), for M̄2(t) > 0 is summed
to yield when α = 0,

Γ(1)
Φ =− 1

2(4π)2

∫
d4x

√−g4[−8π

15
{M̄(t)}5 b

M
+

4πb

3M
{M̄(t)}3×

(
1
6
− ξ)R4 +

k2

4

(
4πξb

3M
{M̄(t)}3 +

M2ς(3)
24π2

)
FµνF

µν + . . . ]
(16)

where ς(p) is the Riemann-zeta function.

When α =
1
2

Γ(1)
Φ =− 1

2(4π)2

∫
d4x

√−g4[−8π

15
{M̄(t)}5 +

4πb

3M
{M̄(t)}3×

(
1
6
− ξ)R4 +

k2

4

(
4πξb

3M
{M̄(t)}3 − M2ς(3)

4π2

)
FµνF

µν + . . . ]
(17)

If N+
0 (N−

0 ) is the number of untwisted (twisted) scalar fields in the theory,

Γ(1)
Φ =− 1

2(4π)2

∫
d4x

√−g4[−8π

15
b

M
{M̄(t)}5(N+

0 + N−
0 )+

4πb

3M
(N+

0 + N−
0 ){M̄(t)}3(

1
6
− ξ)R4+

k2

4

(
4πξb

3M
{M̄(t)}3(N+

0 + N−
0 ) +

M2ς(3)
24π2

(N+
0 − 3

2
N−

0 )
)

FµνF
µν + . . . ]

(18)

4. Dirac spinors

Like scalar fields, Ψ(xµ, y) may also be written as

Ψ(xµ, y) = [Lb(t)]−
1
2

∞∑
n=−∞

Ψn(xµ)exp[i(n + α)My] (19)

Using this anstaz for Ψ(xµ, y) in the action for Ψ(xµ, y) given by (2) and inte-
grating over y,

S
(4)
Ψ =

1
2

∞∑
n=−∞

∫
d4x

√−g4Ψ̄n

[
iγµD(n)

µ − γ̃5(n + α)M
b

−M 1
2

]
Ψn (20)
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Under chiral rotations [11,12], the mass term for Ψn gets the canonical form

Ψ̄n

[
(n + α)2

b2
+ M2

1
2

]
Ψn (21)

Now one-loop correction terms for Ψn can be calculated by repeating the pro-
cedure adopted for scalar fields with

tra0(x) = p (22a)

tra1(x) = − 1
12

pR4 +
pk2

16
FµνF

µν (22b)

tra2(x) = − p

12
k2M2 + (n + α)2FµνF

µν + . . . (22c)

Here also only relevant terms are mentioned, p in (22) is the number of
spinor components which is 4 for Ψn. If number of untwisted (twisted) spinors
are N+

1
2

(N−
1
2

)

Γ(1)
Ψ =− 1

2(4π)2

∫
d4x

√−g4 [−32πb

15M
M5

1
2
(N+

1
2

+ N−
1
2

)+

4πb

9M
M3

1
2

(N+
1
2

+ N−
1
2

)R4 +
k2

4
{−4πb

3M
M3

1
2

(N+
1
2

+ N−
1
2

)−
2M2

3π2
ς(3)(N+

1
2

− 3
2
N−

1
2

)}FµνF
µν + . . .

(23)

5. Effective action for gravity

From (7), (18) and (23), effective action for 4-dimensional gravity is written
as

S(4)eff
g =

∫
d4x

√−g4 [− 1
16πGn

+
b

24πM
{M̄(t)}3(N+

0 + N−
0 )(

1
6
− ξ)+

b

72πM
M3

1
2

(N+
1
2

+ N−
1
2

)R4 +
3

4πGN

(
ḃ

b

)2

+
1

60π
b

M
{M̄(t)}5×

(N+
0 + N−

0 )− b

15πM
M5

1
2

(N+
1
2

+ N−
1
2

)]

(24)

which yields the effective 4-dimensional gravitational constant as

1
16πGeff

=
1

16πGN
+

b

72πM
[3{M̄(t)}3(N+

0 + N−
0 )(

1
6
− ξ) + M3

1
2
(N+

1
2

+ N−
1
2

)]

(25a)
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and effective cosmological constant ∧eff as

∧eff

8πGeff
=

3
4πGN

(
ḃ

b
)2 +

b

60πM
[{M̄(t)}5(N+

0 + N−
0 )− 4M5

1
2

(N+
1
2

+ N−
1
2

)] (25b)

Thus, one finds that Geff and ∧eff are time dependent. Also it is interesting

to see that if ξ >
1
6

and at a particular time t′

1
16πGN

<
b(t′)

72πM
[3{M̄(t)}3(N+

0 + N−
0 )(ξ − 1

6
)−M3

1
2

(N+
1
2

+ N−
1
2

)] (25c)

Geff < 0. It means that under above circumstances, gravity becomes repulsive
contrary to its usually believed nature. Possibility of anti-gravity has also been
discussed by Yoshimura[13] in the context of his finite temperature theory of

higher-dimensional Kaluza-Klein type cosmology. But if ξ ≤ 1
6
, Geff > 0.

Even if ξ >
1
6
, Geff > 0 is possible provided that a particular time t′′

M3
1
2

(N+
1
2

+ N−
1
2

) > 3{M̄(t′′)}3(N+
0 + N−

0 )(ξ − 1
6
)

6. Induced Maxwell’s terms

From (7),(18) and (23), induced Maxwell’s term in the action is given as

S
(4)
F 2 =

1
4

∫
d4x

√−g4
e2

M2
[

b

16πGN
+

4πξb

3M
{M̄(t)}3(N+

0 + N−
0 ) +

M2ς(3)
6π2

×

(N+
0 − 3

2
N−

0 )− 4πb

M
M3

1
2

(N+
1
2

+ N−
1
2

)− 2M2

3π2
ς(3)(N+

1
2

− 3
2
N−

1
2

)FµνF
µν ]

(26)

The normalization condition for Aµ yields [14,15,16]

b(t)

[
M2

p

16π
+

4πξ

3M
{M̄(t)}3(N+

0 + N−
0 )− 4π

M
M3

1
2

(N+
1
2

+ N−
1
2

)

]
+

M2ς(3)
6π2

(N+
0 − 3

2
N−

0 )− 2M2

3π2
ς(3)(N+

1
2

− 3
2
N−

1
2

) =
M2

e2

(27)

If N+
0 = 4N+

1
2

and N−
0 = 4N−

1
2

, (27) gets a more convenient from as

b(t)

[
M2

p

16π
+

16πξ

3M
{M̄(t)}3 − 4π

M
M3

1
2

(N+
1
2

+ N−
1
2

)

]
=

M2

e2
(28)
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It is interesting to see from (27) and (28) that e (gauge coupling constant for
electromagnetic field) is time-dependent. As a result fine structure constant (for
N+

0 = 4N+
1
2

and N−
0 = 4N−

1
2

) is given as

e2

4π
=

M2

4π
[b(t)]−1

[
M2

p

16π
+

16πξ

3M
{M̄(t)}3 − 4π

M
M3

1
2

(N+
1
2

+ N−
1
2

)

]−1

(29)

is time-dependent which shows that when b →∞,
e2

4π
→ 0 and as b → 0,

e2

4π
→

∞. But we know that at low mass scale (large t),
e2

4π
' 1

137
. This well-known

result puts a constraint on b(t) that b(t) should stabilize itself at some time t1,
during the course of evolution of the universe around the value b1 = b(t1) given
by

1
137

=
M2

4π
b−1
1

[
M2

p

16π
+

16πξM3
0

3M
− 4π

M
M3

1
2

(N+
1
2

+ N−
1
2

)

]−1

(30)

In (30), if M0 and M 1
2

are sufficiently small,

b1 ' 548M2

M2
p

(31)

The effective radius of the extra manifold (circle) is Lb(t). If extra manifold is
hidden, at the compactification time tc

Lb(tc) . Lp (32)

Constraint obtained above and the fact that b(t) is a contracting scale factor,
imply that

b(tc) ≥ b1 (33)

Thus, one gets

Lb1 ≤ Lb(tc) . Lp (34)

Now (31) and (34) imply compactification mass M . Mp

548
and b1 . 1.8× 1̄03.

From (25a) and (34), one gets at t = t1

1
16πGeff

. 1
16πGN

+
M−1

p

72π

{
12M3

0 (
1
6
− ξ) + M3

1
2

}
(N+

1
2

+ N−
1
2

) ≈ 1
16πGN

(35)
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(25b) and (34) imply that at t = t1

∧eff

8πGeff
.

M−1
p

15π
(N+

1
2

+ N−
1
2

)(M5
0 −N5

1
2
) (36)

which shows that if M0 ' M 1
2
,∧eff = 0, otherwise also ∧eff ≈ 0.
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Abstract

Walker (1950) and Roter (1964) studied and defined Ruse’s spaces of re-
current curvature and second order recurrent spaces respectively.

In the present paper, we have studied and defined Einstein-Kaehlerian re-
current space of second order and several theorems have been established therein.

1. Introduction

An n(= 2m) dimensional Kaehlerian space Kn is an even dimensional Rie-
mannian space, with a mixed tensor field F h

i and with Riemannian metric gij

satisfying the following conditions

F h
i F i

j = −δh
j , (1.1)

Fij = −Fji, (Fij = F a
i gaj) (1.2)

and
F h

i,j = 0, (1.3)

where the (, ) followed by an index denotes the operator of covariant differenti-
ation with respect to the metric tensor gij of the Riemannian space.

The Riemannian curvature tensor, which we denote by Rh
ijk is given by

Rh
ijk = ∂i

{
h

jk

}
− ∂j

{
h

ik

}
+

{
h

ii

}{
l

jk

}
−

{
h

jl

}{
l

ik

}
(1.4)

where ∂i = ∂
∂xi and {xi} denote real local coordinates.

The Ricci-tensor and the scalar curvature are respectively given by

Rij = Ra
aij and R = Rijg

ij .
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It is well known that these tensors satisfies the following identities

Ra
ijk,a = Rjk,i −Rik,j , (1.5)

R,i = 2Ra
i,a (1.6)

F a
i Raj = −RiaF

a
j , (1.7)

and
F a

i Rj
a = Ra

i F
j
a (1.8)

Let Rhijk be the components of the Riemannian curvature tensor.

We define a bi-recurrent space as a non-flat Riemannian Vn, the Riemannian
Curvature tensor of which satisfies a relation of the form

Rhijk,ab = λabRhijk (1.9)

where λab is a non-zero tensor of the second order called the tensor of recurrence
or recurrence tensor.

A Kaehlerian space Kn is said to be Kaehlerian recurrent space of second
order if the curvature tensor field satisfy the condition

Rhijk,ab − λabRhijk = 0 (1.10)

for some non-zero recurrence tensor λab.

THe space is said to be Kaehlerian Ricci recurrent space of second order,
if it satisfies the condition

Rij,ab − λabRij = 0 (1.11)

Multiplying the above equation by gij , we get

R,ab − λabR = 0 (1.12)

An immediate consequence of (1.9) and Bianchi identity

Rhijk,a + Rhika,j + Rhiaj,k = 0

gives for a bi-recurrent space

λabRhijk + λjbRhika + λkbRhiaj = 0 (1.13)

In the case
Rhijk,ab = 0

(1.9) and (1.13) are satisfied for λij = 0 and the space may or may not satisfy
(1.13) for some non-zero tensor λij
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Let us suppose that a Kaehlerian space is an Einstein one, then the Ricci
tensor satisfies

Rij =
R

n
gij , (1.14)

at every point of the space.

Theorem 1. If a recurrent space of second order (or bi-recurrent space) be
Einstein, then the Ricci-curvature tensor vanishes.

Proof. Considering (1.13), transvecting by ghkgij , we get

λabR− λjbg
ijRia − λkbg

hkRha = 0

i.e.

λabR− 2λjbg
ijRia = 0

Let a bi-recurrent space be Einstein one. Then making use of (1.14), in
(1.15), we obtain

λabR− 2λjbg
ij R

n
gia = 0

whence

(n− 2)λabR = 0.

Since λab 6= 0 and n > 2, R = 0 which is equivalent in an Einstein space to
saying that Rij = 0. This completes the proof.

Theorem 2. In an Einstein recurrent space of second order, the scalar grsλrs

vanishes.

Proof. Transvecting (1.13) by ghk and with the aid of Rij = 0, we get

λkbR
k
iaj = 0 (1.16)

Transvecting (1.13) again by gab yields

φRhijk − λjbg
abRakhi + λkbg

abRajhi = 0 (1.17)

where we have put the scalar gabλab = φ. Simplifying (1.17), we get

φRhijk = λjbR
b
khi − λkbR

b
jhi.

This, by virtue of (1.16), gives

φRhijk = 0.
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Hence, either φ = 0 or Rhijk = 0. But Rhijk 6= 0, because the case of flatness
contradicts the definition of a recurrent space of second order (or, bi-recurrent
space).

Therefore φ = 0, i.e., gabλab = 0 or, grsλrs = 0.

Which completes the proof of the theorem.

2. Condition for recurrent space of second order to be recurrent

We know the definition of a recurrent space. Evidently, a recurrent space
is bi-recurrent or recurrent space of second order, but the converse is not true.
It will however be shown in the form of a theorem that under certain conditions
a recurrent space of second order (or, bi-recurrent space) becomes recurrent.

Theorem 3. A recurrent space of second order (or, bi-recurrent space) with
λrsλrs = 0, grsλrs 6= 0 is recurrent when and only when the space is Ricci-
recurrent.

Proof. If a recurrent space of second order is recurrent, then the space is
Ricci-recurrent. Conversely, if λrsλrs = 0 and grsλrs 6= 0, then as shown by
Roter [2], the curvature tensor of a recurrent space of second order (bi-recurrent
space) has the following form

Rhijk =
2
R

(RhkRij −RhjRik), (2.1)

we then consider those recurrent spaces of second order which are Ricci-recurrent
having βl as vector of recurrence.

Equation (2.1) thus yields

Rhijk,a =
4
R

βl(RhkRij−RhjRik)− 2
R

βl(RhkRij−RhjRik =
2
R

βl(RhkRij−RhjRik)

= βlRhijk.

Therefore, the space is recurrent.
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Abstract

Several authors discussed affine motion generated by contra, concurrent,
special concircular, recurrent, concircular and torse forming vector fields in spe-
cial spaces such as recurrent, birecurrent and symmetric Riemannian and Finsler
spaces. The first author [20-22] for the first time obtained the necessary and
sufficient conditions for the above vector fields to generate an affine motion in
a general Finsler space. Recently Surendra Pratap Singh [26] discussed affine
motion in a birecurrent Finsler space. The aim of this paper is to generalize the
results of Surendra Pratap Singh.

Keywords and Phrases : Recurrent Finsler space, Birecurrent Finsler space,
Contra vector field, Concurrent vector field, Affine motion.
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1. Introduction

Takano [27-28] studied certain types of affine motion generated by con-
tra, concurrent, special concircular, torse forming and birecurrent vectors in
non-Riemannian manifold of recurrent curvature. Following the techniques of
Takano, the authors Sinha [25], Misra [5-7], Misra and Meher [8-10], Meher [4]
and Kumar [1-3] studied the above mentioned types of affine motion in Finsler
space of recurrent curvature and obtained various results. The first author ob-
tained the necessary and sufficient conditions for above vector fields to generate
an affine motion in a general Finsler space. Surendra Pratap Singh [26] discussed
affine motion in birecurrent Finsler space. In the present paper we have gen-
eralized certain results of Surendra Pratap Singh and highlighted some results
which are either trivial or meaningless in the aforesaid paper.
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2. Preliminaries

Let Fn (F, g,G) be an n−dimensional Finsler space of class at least C7

equipped with metric function F , corresponding symmetric metric tensor g and
Berwald’s connection G. Connection coefficients of Berwald satisfy

(2.1) (a) Gi
j k = Gi

k j , (b) Gi
j kẋ

k = Gi
j , (c) ∂̇kG

i
j =

Gi
k j ,

where ∂̇k ≡ ∂
∂ẋk .

Gi
jk h = ∂̇hGi

jk constitute a tensor which are symmetric in its lower indices and
satisfy

(2.2) Gi
jkhẋh = Gi

khj ẋ
h = Gi

hjkẋ
h = 0.

The covariant derivative Bk T i
j of an arbitrary tensor T i

j for the connection G is
given by

(2.3) Bk T i
j = ∂kT

i
j − (∂̇rT

i
j ) Gr

k + T r
j Gi

rk − T i
r Gr

jk,

where ∂k ≡ ∂
∂xk .

The operator Bk commutes with ∂̇k and itself as follows

(2.4) (∂̇jBk − B k∂̇j) T i
h = T r

h Gi
jkr − T i

r Gr
jkh,

(2.5) (BjBk − BkBj) T i
h = T r

h H i
jkr − T i

r Hr
jkh − (∂̇rT

i
h) Hr

jk,

where H i
jkh constitute Berwald’s curvature tensor given by

(2.6) H i
jkh = ∂jG

i
hk − ∂kG

i
hj + Gr

hk Gi
jr − Gr

hj Gi
rk + Gi

rhj Gr
k − Gi

rhk Gr
j .

This tensor is anti-symmetric in first two lower indices and is positively
homogeneous of degree zero in ẋi. The tensor H i

jk appearing in (2.5) is related
with the curvature tensor as

(2.7)(a) H i
jkh ẋh = H i

jk, (b) ∂̇h H i
jk = H i

jkh,

and with deviation tensor H i
j as

(2.8)(a) H i
jk ẋk = H i

j ,

(b) 1
3(∂̇kH

i
j − ∂̇jH

i
k) = H i

jk.
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The associate vector yi of ẋi satisfies the relations [18]
(2.9)(a)

yiẋ
i = F 2, (b) yiH

i
j k = 0, (c) g i kH

i
m j + yiH

i
m j k = 0,

where gij are components of metric tensor g.

The curvature tensor fields satisfy the following Bianchi identities [23]

(2.10) BlH
i
jkh + BjH

i
klh + B kH

i
ljh + Hr

jk Gi
rlh + Hr

kl G
i
rjh + Hr

lj Gi
rkh = 0,

(2.11) Bl H
i
jk + Bj H i

kl + B k H i
lj = 0,

(2.12) Bl H
i
k − Bk H i

l + (Br H i
kl) ẋr = 0.

Let us consider the infinitesimal transformation

(2.13) x̄i = xi + ε vi(xj),

generated by a vector field vi(xj), ε being an infinitesimal constant. The Lie
derivatives of an arbitrary tensor T i

j and the connection coefficients Gi
jk with

respect to (2.13) are given by [29]

(2.14) £T i
j = vr BrT

i
j − T r

j Brv
i + T i

r Bjv
r + (∂̇rT

i
j )Bsv

r ẋs,

(2.15) £Gi
jk = BjBkv

i + H i
mjkv

m + Gi
jkr Bsv

r ẋs.

The operator £ commutes with the operators Bk and ∂̇k according as

(2.16) (£Bk − Bk £) T i
j = T r

j £Gi
rk − T i

r £Gr
jk − (∂̇r T i

j )£Gr
k,

(2.17) (∂̇k£−£∂̇k)Ω = 0,

where Ω is a vector, tensor or connection coefficients.

The infinitesimal transformation (2.13) defines an affine motion if it pre-
serves parallelism of pair of vectors. The necessary and sufficient condition for
the vector vi(xj) to generate an affine motion is that [29]

(2.18) £Gi
jk = 0.

Since the curvature tensor is Lie invariant with respect to an affine motion, in
this case we have

(2.19) £H i
jkh = 0.
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The vector field vi is called contra and concurrent vector field according as
it satisfies [27]

(2.20)(a) Bk vi = 0, (b) Bk vi = λδi
k,

λ being a constant.

The affine motion generated by the above vector fields is called a contra
affine motion and a concurrent affine motion, respectively.

3. Special Finsler Spaces

A non-flat Finsler space Fn is called a recurrent Finsler space if the curva-
ture tensor satisfies

(3.1) Bl H
i
jkh = Kl H

i
jkh,

where Kl is a non-zero vector field [2-4, 6-9, 16, 17, 25]. Pandey [17] proved
that the recurrence vector Kl is independent of ẋi, in general.

Following identities are satisfied in a recurrent space [17]:

(3.2) Kl H
i
jkh + Kk H i

ljh + Kj H i
klh = 0,

(3.3) Kl H
i
jk + Kk H i

lj + Kj H i
kl = 0,

(3.4) Hr
[jk Gi

l]m r = 0,

where square bracket shows the skew-symmetric part with respect to the indices
enclosed in it.

A non-flat Finsler space Fn is called a birecurrent Finsler space if the cur-
vature tensor satisfies the relation

(3.5) Bl Bm H i
jkh = Al m H i

jkh,

where Al m is a non-zero tensor field, called birecurrence tensor field [1, 5, 12].

A birecurrent Finsler space satisfies the following:

(3.6) Alm H i
jk + Alk H i

mj + Alj H i
km = 0.

We may also define an r-recurrent Finsler space characterized by the con-
dition

(3.7) Bl1Bl2 · · · Blr H i
j k h = Al1 l2···lr H i

jkh.
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In view of Bianchi identities, the tensor field H i
jk satisfies

(3.8) Al1 l2···lr−1 lr H i
jk + Al1 l2···lr−1 k H i

lr j + · · · = 0.

4. Affine Motion in a Birecurrent Finsler Space Fn

Let us consider a Finsler space Fn admitting the affine motion (2.13). Then,
we have (2.18) and (2.19). In view of the commutation formula exhibited by
(2.16) and the equation (2.18), we find that the operators of covariant differen-
tiation Bk and Lie-differentiation £ are commutative for an arbitrary tensor T ······
of any order, i.e.

(4.1) £Bm T ······ = Bm £T ······ .

In particular,

(4.2)

£Bm H i
jkh = Bm £H i

jkh,

£Bl Bm H i
jkh = Bl £BmH i

jkh = Bl Bm £H i
jkh,

.......................

.......................

£Bm1 Bm2 · · ·Bmr H i
jkh = Bm1Bm2 · · · Bmr £H i

jkh

which, in view of (2.19), give

(4.3)

£BmH i
jkh = 0,

£Bl Bm H i
jkh = 0,

........................

........................

£Bm1 Bm2 · · · BmrH
i
jkh = 0.

In view of (4.3), for a recurrent space, a birecurrent space and an r - recurrent
space, we have

(4.4) £Km = 0,

(4.5) £Alm = 0

and

(4.6) £Am 1 m 2.... m r = 0,

respectively.
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Singh [26] considered a special birecurrent Finsler space (though he did not
use the word “special”) whose recurrence tensor Alm is of the form

(4.7) Alm = Bm Kl + Km Kl.

He discussed affine motion in such space and obtained the following theorems :

Theorem 1. In a birecurrent Finsler space F̄n, which admits an affine mo-
tion, the Lie-derivative of the recurrence tensor field Alm satisfies the relation
£Alm = £Bm Kl.

Theorem 2. In a birecurrent Finsler space F̄n, which admits an affine mo-
tion, the recurrence tensor Alm satisfies the identity £Bn A[lm] + £Bl A[mn] +
£Bm A[nl] = 0.

Theorem 3. In a birecurrent Finsler space F̄n, which admits an affine motion,
the recurrence tensor Alm satisfies £ (∂̇rA[lm]) = 0.

Theorem 4. In a birecurrent Finsler space F̄n, which admits an affine motion,
the Bianchi identities satisfied by curvature tensor H i

jkh, H i
jk and H i

k take the
forms

(£Als) ẋs H i
jkh + (£Aks) ẋs H i

jhl + (£Ahs) ẋs H i
jlk = 0,

(£Als) H i
jk + (£Ajs) H i

kl + (£Aks)H i
lj = 0

and
(£Als) H i

k − (£Aks)H i
l + (£Ars)H i

kl ẋ
r = 0,

respectively.

Theorem 5. In a birecurrent Finsler space F̄n, which admits an affine motion
in order that the vector field vi(xj) spans a contra field, the relations H i

sjk vs = 0
and H i

sjk £ vs = 0 hold good.

Theorem 6. In a birecurrent Finsler space F̄n, which admits an affine motion
in order that the vector filed vi(xj) determines concurrent field the relations
H i

sjk vs = 0 and H i
sjk £ vs = 0 are necessarily true.

In view of (4.5), Theorem 1 is not correct while the next three theorems
(Theorem 2, Theorem 3 and Theorem 4) reduce to 0 = 0.

The Lie-derivative of a tensor field T i
j with respect to the infinitesimal

transformation (2.13) is given by (2.14).

In particular,

(4.8) £ vi = vr Br vi + (∂̇rv
i)Bs vr ẋs − vr Br vi = 0.
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The main finding in Theorem 5 and Theorem 6 of Singh [26] is that a
contra or concurrent vector field vi(xj) generating an affine motion in the so
called birecurrent Finsler space satisfies

(4.9) H i
sjk £ vs = 0.

In view of (4.8), it is trivial.

Pandey [20] proved that an infinitesimal transformation, generated by a
contra vector field, is necessarily an affine motion in a general Finsler space.
Therefore, it is an affine motion in a birecurrent Finsler space.

If a birecurrent Finsler space admits an infinitesimal transformation gen-
erated by a contra vector field vi(xj), then the recurrence tensor Alm satisfies
(vide Pandey [20]):

(4.10)(a) Alm vm = 0, (b) Alm vl = 0.

In case of recurrence tensor A l m considered by Singh [26] above conditions
become

(4.11)(a) (BmKl + Km Kl) vm = 0,

(b) (BmKl + Km Kl) vl = 0.

In view of (4.11a) and (4.11b), we have

(4.12)(a) vm Bm Kl = −(Km vm)Kl,

(b) Bm (Kl v
l) = −(Kl v

l)Km.

If we put Kl v
l = L, then (4.12a) and (4.12b) reduce to

(4.13)(a) vm Bm K l = −LK l,

(b) Bm L = −LKm.

Using (2.14) for Kl and applying (2.20a), we have

(4.14) £Kl = vm Bm Kl.

From (4.13a) and (4.14), we obtain

(4.15) £Kl = −LKl.

Thus, we have
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Theorem 7. In a birecurrent Finsler space admitting an infinitesimal transfor-
mation generated by a contra vector field vi(xj), if the birecurrence tensor A l m

is characterized by (4.7), then the vector Kl is Lie-recurrent.

Again, from (4.15), we observe that £Kl = 0 if and only if L = Kl v
l = 0.

Thus, we conclude that

Theorem 8. In a birecurrent Finsler space admitting an infinitesimal trans-
formation generated by a contra vector field vi(xj), if the birecurrence tensor
A l m is characterized by (4.7), then the necessary and sufficient condition for
the vector Kl to be Lie-invariant is that Kl is orthogonal to the contra vector
vi(xj).

Pandey [20] proved that a birecurrent Finsler space does not admit any
infinitesimal transformation generated by a concurrent vector field. Therefore,
the study of a birecurrent Finsler space admitting a concurrent affine motion is
wastage of precious time and is to indulge in unnecessary mechanical labour.
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Abstract

In this paper we define and studied a semi-symmetric non metric connec-
tion on a Lorentzian Para-Cosympletic Manifold and prove its existence. We
deduce the expression for curvature tensor and Ricci tensor of semi-symmetric
non metric connection defined. A necessary and sufficient condition has been
deduced for the Ricci tensor to be symmetric and skew-symmetric under cer-
tain condition. Bianchi first identity associated with the connection, Einstein
Manifold, Weyl conformal curvature tensor of the same connection were found.

Keywords and Phrases : Semi-symmetric non-metric connection, Ricci ten-
sor, conformal curvature tensor, cosymplectic manifold.
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1. Introduction

Let (Mn, g) be a n−dimensional differentiable manifold on which there are
defined a tensor field φ of type (1,1) a contravariant vector field ξ, a covariant
vector field η and a Lorentzian metric g which satisfy

(1.1) φ2X = X + η(X) ξ

(1.2) η(ξ) = − 1

(1.3) g(φX, φY ) = g(X, Y ) + η(X)η(Y )

(1.4) g(X, ξ) = η(X)

Then Mn is called a Lorentzian Para-contact Manifold (or LP-contact Man-
ifold) and the structure(φ, ξ, η, g) is called an LP-contact structure (Matsumoto
1989).
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In an LP-Contact Manifold, we have

(1.5)(a) φξ = 0

(b) η(φX) = 0

(c) rank φ = n− 1.

Let us put

(1.6) F (X,Y ) = g(φX, Y )

Then the tensor field F is symmetric (0,2) tensor field

(1.7) F (X, Y ) = F (Y,X)

An LP-contact manifold is said to be an LP-cosympletic manifold (Prasad
& Ojha 1994) if

(1.8) DXφ = 0 ⇒ DX F (Y, Z) = 0

On this manifold, we have

(1.9) (DXη)(Y ) = 0

and

(1.10) DXξ = 0

For vector field X, Y and Z where DX denotes covariant differentiation
with respect to g.

2. Semi- Symmetric Non Metric Connection in an LP-Cosympletic
Manifold

Let (Mn, g) be an LP-cosympletic manifold with Levi-Civita connection D.
We define a linear connection D on Mn by

(2.1) DXY = DXY + η(Y )X + a(X)Y

where η and a are 1-form associated with vector field ξ and A on Mn given by

(2.2) g(X, ξ) = η(X)

and

(2.3) g(X, A) = a(X)

for all vector field X εχ(Mn) where χ(Mn) is the set of all differentiable vector
field on Mn.
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Using (2.1) the torsion tensor T of Mn with respect to the connection D is
given by

(2.4) T (X, Y ) = η(Y )X − η(X)Y + a(X)Y − a(Y )X

A linear connection satisfying (2.4) is called a semi-symmetric connection. Fur-
ther using (2.1) we have

(2.5) (DXg)(Y, Z) = −η(Y )g(X,Z)− η(Z)g(X, Y )− 2a(X)g(Y, Z).

A linear connection D defined by (2.1) and satisfying (2.4) and (2.5) is called a
semi-symmetric non metric connection.

Let D be a linear connection in Mn given by

(2.6) DXY = DXY + H(X,Y ).

Now we shall determine the tensor field H such that D satisfies (2.4) and
(2.5)

From (2.6), we have

(2.7) T (X, Y ) = H(X, Y )−H(Y, X),

Denote

(2.8) G(X,Y, Z) = (DXg)(Y, Z).

From (2.6) and (2.8), we have

(2.9) g(H(X, Y ), Z) + g(H(X, Z), Y ) = −G(X, Y, Z).

From (2.6), (2.8), (2.9) and (2.5) we have

g(T (X,Y ), Z) + g(T (Z, X), Y ) + g(T (Z, Y ), X) = g(H(X,Y ), Z)

−g(H(Y, X), Z)+g(H(Z,X), Y−g(H(X,Z), Y )+g(H(Z, Y ), X)−g(H(Y,Z), X)

= 2g(H(X, Y ), Z) + G(X, Y, Z) + G(Y, X, Z)−G(Z,X, Y )

= 2g(H(X,Y ), Z)−2η(Z)g(X, Y )−2a(X)g(Y,Z)−2a(Y )g(X, Z)+2a(Z)g(X, Y )

Or

H(X,Y ) =
1
2
{′T (X,Y ) + ′T (X,Y ) + ′T (Y,X)}+ a(X)Y + a(Y )X

+g(X,Y )ξ − g(X, Y )A

Where ′T be a tensor field of type (1, 2) defined by

g(′T (X, Y ), Z) = g(T (Z,X), Y )
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Or
H(X,Y ) = η(Y )X + a(X)Y

This implies
DXY = DXY + η(Y ) X + a(X) Y.

Thus we have the following theorem :

Theorem (2.1) : Let (Mn, g) be an LP-cosympletic manifold with almost
Lorentzian para contact metric structure (φ, ξ, η, g) admitting a semi-symmetric
non metric connection D which satisfies (2.4) and (2.5) then the semi-symmetric
non metric connection is given by

DX Y = DX Y + η(Y ) X + a(X)Y.

3. Existence of semi-symmetric non metric connection D in an LP-
cosympletic manifold

Let X,Y, Z be any three vector fields on an LP−cosympletic manifold
(Mn, g) with almost Lorentzian para contact metric structure (φ, ξ, η, g). We
define a connection D by the following equation :
(3.1)
2g(DXY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X, Y ) + g([X, Y ], Z)− g([Y, Z], X)

+g([Z,X], Y ) + g(η(Y )X − η(X)Y + a(X)Y − a(Y )X, Z)

+g(η(X)z − η(Z)X + a(Z)X − a(X)Z, Y )

+g(η(Y )Z − η(Z)Y + a(Y )Z − a(Z)Y,X)

Which holds for all vector fields X,Y, Z ∈ χ(Mn).

It can easily be verified that the mapping

D : (X, Y ) → DX Y

satisfying the following identities

(3.2) DX(Y + Z) = DXY + DXZ

(3.3) DX+Y Z = DXZ + DY Z

(3.4) DfXY = fDXY

(3.5) DXfY = fDX + (Xf)Y
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for all X, Y, Z ∈ χ(Mn) and for all f ∈ F (Mn), the set of all differentiable map-
ping over Mn. From (3.2), (3.3), (3.4) and (3.5) we conclude that D determines
a linear connection on Mn. Now from (3.1) we have

(3.6) DX Y −DY X − [X, Y ] = η(Y ) X − η(X) Y + a(X)Y − a(Y ) X

Or
T (X,Y ) = η(Y )X − η(X) Y + a(X)Y − a(Y ) X

Also, we have from (3.1)

2g(DXY, Z) + 2g(DXZ, Y ) =2Xg(Y,Z) + 2η(Y )g(X, Z)

+ 2η(Z)g(X, Y ) + 4a(X)g(Y, Z)

i.e.

(3.7) (DXg)(Y, Z) = −η(Y )g(X,Z)− 2η(Z)g(X, Y )− 2a(X)g(Y,Z)

From (3.6) and (3.7) it follows that D determines a semi-symmetric non metric
connection on (Mn, g). it can be easily verified that D determines a unique
semi-symmetric non metric connection on (Mn, g).

Thus we have

Theorem (3.1) : Let (Mn, g) be an LP−Cosympletic manifold with an almost
Lorentzian para-contact metric structure (φ, ξ, η, g) on it. Then there exist a
unique linear connection D satisfying (2.4) and (2.5).

The above theorem proves the existence of a semi-symmetric non metric
connection in an LP cosympletic manifold.

4. Curvature tensor of an LP−Cosympletic manifold with respect to
the semi symmetric non metric connection D

Let R and R be the curvature tensor of the connections D and D respec-
tively then

(4.1) R(X,Y )Z = DXDY Z −DY DXZ −D[X,Y ]Z.

From (2.1) and (4.1) we get

(4.2) R(X, Y, Z) = DX(DY Z+η(Z)Y +a(Y )Z)−DY (DXZ+η(Z)X−a(X)Z)

−D[X,Y ]Z − η(Z)[X, Y ]− a([X,Y ])Z.

Using (1.9) in (4.2), we get

(4.3) R(X, Y, Z) = R(X, Y, Z) + η(Y )η(Z)X − η(X)η(Z)Y + da(X, Y )Z
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where
R(X, Y )Z = DXDY Z −DY DXZ −D[X,Y ]Z

is the curvature tensor of D with respect to Riemannian connection. Contracting
(4.3) we find

(4.4) S(Y, Z) = S(Y, Z) + η(Y )η(Z)n− η(Y )η(Z) + da(Z, Y )

Contracting with respect to Z we get

QY = QY + nη(Y )ξ − η(Y )ξ − da(Y ).

Again contracting w.r.t. Y

(4.5) r = (r + 1)− n + λ.

Theorem (4.1) : The curvature tensor R(X, Y )Z, the Ricci tensor S(Y, Z) and
the scalar curvature r of an LP-Cosympletic manifold with respect to the semi-
symmetric non metric connection D is given by(4.3),(4.4) and (4.5) respectively.

Let us assume that R(X, Y )Z = 0 in (4.3) and contracting w.r.t. X we get

S(Y, Z) = η(Y )η(Z)− η(Y 0η(Z)n− da(Z, Y ).

Which again on contracting gives

(4.6) r = 1 + n − λ

Hence we have

Theorem (4.2) : If the curvature tensor of an LP-Cosympletic manifold Mn

admitting semi-symmetric non metric connection vanishes, then its scalar cur-
vature is given by(4.6).

5. Symmetric and skew-symmetric condition of Ricci tensor of D in
an LP-Cosympletic manifold

From (4.4) we have

(5.1) S(Z, Y ) = S(Z, Y ) + η(Y )η(Z)n− η(Y )η(Z) + da(Y, Z).

From (4.4) and (5.1) we have

(5.2) S(Y, Z)− S(Z, Y ) = da(Y,Z)− da(Z, Y ).

If S(Y, Z) is symmetric, then the L.H.S. of (5.2) vanishes and we have

(5.3) da(Y, Z) = da(Z, Y ).
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More over, if the relation (5.3) holds, then from (5.2) S(Y, Z) is symmetric.
Hence we have

Theorem (5.1) : The Ricci tensor S(Y, Z) of the manifold with respect to
the semi-symmetric non metric connection in an LP-cosympletic manifold is
symmetric if and only if the relation (5.3) holds.

Again from (4.4) and (5.1), we find
(5.4)
S(Y,Z)+S(Z, Y ) = 2S(Y, Z)+2η(Y )η(Z)n−2η(Y )η(Z)+da(Z, Y )+da(Y, Z).

If S(Y, Z) is skew-symmetric then the L.H.S. of (5.4) vanishes and we get

(5.5) S(Y, Z) = η(Y )η(Z)− n η(Y )η(Z)− 1
2
da(Z, Y )− 1

2
da(Y,Z).

More over, if S(Y,Z) is given by (5.5) then from (5.4) we get

S(Y,Z) + S(Z, Y ) = 0

i.e. the Ricci tensor of D is skew-symmetric. Hence, we have

Theorem (5.2) : If an LP-cosympletic manifold admits a semi-symmetric
non-metric connection D then a necessary and sufficient condition for the Ricci
tensor of D to be skew-symmetric, that is the Ricci tensor of the Levi-civita
connection D is given by (5.5).

6. Bianchi first identity associated with semi-symmetric non-metric
connection D in an LP-cosympletic manifold

From (2.4), we have

(6.1) T (X, Y, Z) + T (Y,Z, X) + T (Z, X, Y ) = 0,

where
T (X, Y, Z) = g(T (X, Y ), Z).

Again from (2.4) we have

(6.2) T (T (X, Y ), Z) + T (T (Y,Z), X) + T (T (Z, X), Y )

= η(Y )a(X)Z − η(X)a(Y )Z + a(X)a(Y )Z − a(Y )a(X)Z

+ η(Z)a(Y )X − η(Y )a(Z)X + a(Y )a(Z)X − a(Z)a(Y )X

+ η(X)a(Z)Y − η(Z)a(X)Y + a(Z)a(X)Y − a(X)a(Z)Y
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and

(6.3) (DXT )(Y, Z) + (DY T )(Z,X) + (DZT )(X,Y )

= da(X, Y )Z + da(Y, Z)X + da(Z, X)Y + a(Z)η(Y )X − a(Y )η(Z)X

− a(X)η(Y )Z − a(X)a(Y )Z + a(X)η(Z)Y + a(X)a(Z)Y + a(X)η(Z)Y

− a(Z)η(X)Y − a(Y )η(Z)X − a(Y )a(Z)X + a(Y )η(X)Z + a(Y )a(X)Z

+ a(Y )η(X)Z − a(X)η(Y )Z − a(Z)η(X)Y − a(Z)a(X)Y

+ a(Z)η(Y )X + a(Z)a(Y )X

Bianchi first identity for a linear connection on Mn is given by (Sinha 1982)

(6.4) R(X,Y )Z + R(Y, Z)X + R(Z,X)Y = T (T (X,Y ), Z) + T (T (Y, Z), X)

+T (T (Z, X), Y ) + (DXT )(Y, Z) + (DY T )(Z,X) + (DZT )(X,Y ).

Using (6.2) and (6.3) and(6.4) we get

(6.5) R(X, Y )Z+R(Y,Z)X+R(Z,X)Y = da(X, Y )Z+da(Y, Z)X+da(Z, X)Y

+ a(X)η(Z)Y − a(X)η(Y )Z + a(Y )η(X)Z

− a(Y )η(Z)X + a(Z)η(Y )X − a(Z)η(X)Y.

We call (6.5) as the first Bianchi’s identity with respect to semi-symmetric non-
metric connection D in an LP-cosympletic manifold.

7. Einstein Manifold with respect to semi-symmetric non-metric
connection on LP-cosympletic manifold

A Riemannian manifold Mn is called an Einstein manifold with respect to
Riemannian connection if

(7.1) S(X,Y ) =
r

n
g(X, Y ).

Analogous to this definition, we define Einstein manifold with respect to semi-
symmetric non metric connection D

(7.2) S(X,Y ) =
r

n
g(X, Y ).

From (4.4) ,(4.5) and(7.2) we have

S(X,Y )− r

n
g(X,Y ) = S(Y,Z)+(n−1)η(Y )η(Z)−da(Z, Y )−r +1−n +λ

n
g(X,Y )

(7.3) S(X,Y )− r

n
g(X, Y ) = S(Y, Z)− r

n
g(X, Y ) + (n− 1)η(Y )η(Z)
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−da(Z, Y ) +
λ + 1− n

n
g(X,Y ).

If

(7.4) n(n− 1)η(Y )η(Z) + (λ + 1− n) g(X, Y ) = n.da(Z, Y )

then from (7.3), we get

S(X, Y )− r

n
g(X, Y ) = S(X, Y )− r

n
g(X, Y ).

Hence we have

Theorem (7.1) : If the relation(7.4) holds in an LP-cosympletic manifold Mn

with semi-symmetric non metric connection, then the manifold is an Einstein
manifold for the Riemannian connection if and only if it is an Einstein manifold
for the connection D.

8. Weyl Projective Curvature Tensor

If P and P denote the projective curvature tensor with respect to D and
D respectively, then we have

(8.1) P (X, Y )Z = R(X, Y )Z − 1
n− 1

[S(Y, Z)X − S(X, Z)Y ]

(8.2) P (X, Y )Z = R(X, Y )Z − 1
n− 1

[S(Y, Z)X − S(X, Z)Y ]

Using (4.4) and (4.3) in equation (8.1), we have

P (X, Y )Z = R(X, Y, Z) + η(Y )η(Z)X − η(X)η(Z)Y + da(X,Y )Z

− 1
n− 1

[S(Y,Z)X + (n− 1)η(Y )η(Z)X − da(Z, Y )X − S(X, Z)Y

− (n− 1)η(X)η(Z)Y − da(X, Z)Y ]

= R(X, Y, Z)− 1
n− 1

[S(Y, Z)X − S(X, Z)Y ] +
1

n− 1
[(n− 1)da(X,Y )Z−

da(Z, Y )X + da(X, Z)Y ].

(8.3)

P (X,Y )Z = P (X, Y )Z +
1

n− 1
[(n− 1)da(X,Y )Z − da(Z, Y )X + da(X, Z)Y ]

It is clear that if 1-form a is closed i.e. da = 0. Then from (8.3) we get

P (X, Y )Z = P (X, Y )Z.

Hence we have
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Theorem (8.1) : If in an LP-cosympletic manifold Mn admits a semi-symmetric
non metric connection D then the Weyl projective curvature tensor of D is equal
to the Weyl projective tensor of D if 1-form is closed.

(8.4) P (X, Y )Z = 0

Which implies S(Y, Z) = 0.

Then from (8.3), we have

(8.5) P (X,Y )Z =
1

n− 1
[da(Z, Y )− (n− 1)da(X, Y )Z − da(X,Z)Y ].

If 1-form a is closed i.e. da = 0.

Then from (8.5) we get

P (X, Y ) Z = 0.

Hence we have

Theorem (8.2) : If in an Lorentzian Para cosympletic manifold Mn the cur-
vature tensor of semi-symmetric non-metric connection D vanish and 1-form a

is closed, then the manifold is projectively flat.
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