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Abstract

For arbitrary geometries of Petrov types I1I, N and O we construct the
Lanczos potential for the corresponding Weyl tensor. This will provide a tech-
nique to construct Lanczos potential in non-vacuum cases.
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1 Introduction

The Lanczos potential K, [1, 2, 3, 4, 5, 6, 7, 8] satisfies the algebraic symmetries:
Kw/a = _Kuua’ K/u/a + Kuau + Ka/u/ = 07 K'LWV =0 (11)
and it generates the Weyl tensor [9, 10] via the expression [11]:

1
— Cwap = Kpwa;p — Ko + Kapuy — Kapry + 5[(KMB + Kpu)gva + (Kva + Kav)gus

2 .
- (Kﬂa + Kaﬂ)gVﬁ - (KVB + Kﬁ’/)gﬂa] + gK)\oA;U7 where Kl/«l/ = Klu,al/o— - K}LUU;V
(1.2)

Though the introduction of such a tensor provides an analogy of gravitation and
electromagnetism, the possible physical meaning of K, in general relativity, is an
open problem. Here we exhibit the structure of the Lanczos generator for arbitrary
spacetimes of Petrov types O, N and I1] [12], via the Newman-Penrose technique
[9, 10, 13, 14] and tensor and spinor formalisms [15]. Given a geometry we must
construct the corresponding Lanczos potential, which is difficult in the general case
except for certain Petrov types, for example, if in (1.2) we use the expression:

Kiva = Nugva — Nugua, (1.3)

in terms of the metric tensor with N, arbitrary, we obtain C),,o3 = 0, that is, (1.3)
is a Lanczos generator for any spacetime type O.

This paper is dedicated to late Prof. Oscar Chavoya Aceves (1957-2023) for his work in the
field of Relativity theory.
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2 Algebraic symmetries of the Lanczos potential

If a,q is an arbitrary tensor, then the following tensor [16]:

K,ul/a = Ouva — Qypa + Gavp — Gopw (21)

satisfies the symmetries:

Kuua = _Klluou f(m/a + Kuau + Ram/ = 07 (22)

where we may employ:

1
Qupa = gF,uy;ay F,ul/ = _Fl/,ua (23)

whose application in (4) gives the expression:

1
Ko = §(2Fuu;o¢ + Fovip — Fopw), (2.4)

and if now we ask the condition K wa = 0, then from (2.4) we obtain a tensor
verifying the algebraic symmetries (1.1) of the Lanczos potential [11]:

1 . ) .
Ko — §(2Fuu,o¢ 4 FOvii _ oy FV)\;/\gaM _ F,U‘)\;Agow)’ (25)
which we shall use in our study.
If in (4) we employ the option ayva = Fuka, Fu = —F,, with the properties:
Fuko + Fook, + Fouk, =0, where F, k" =0, (2.6)

and the trace is eliminated, then we obtain that K, . o F},, ks, which allows con-
struction of the Lanczos generator for plane gravitational waves [spacetime of Petrov
type N] [17].

3 Lanczos potential for arbitrary 4-geometries with Petrov
types O, N and [1]

If we select (2.5) for arbitrary F,,, = —F,,, then (1.2) implies the relation:
Cuvap = CovapF'), — Copapl, + Copu Fy — Coap F% (3.1)

which identically vanishes for any conformally flat space, that is, (2.5) is a Lanczos
potential for any spacetime with Petrov type O.

Now we consider two Petrov types in the canonical null tetrad [9, 13, 18], for
certain F,,:

(a) Type N:
Cuua,@ = ¢4V,uuva,8 + &4‘7#1/‘704,37 (32)
where V), = [,m, — [,m, and
Fag = q(nalg — ’rlgla). (33)

Thus, (3.1) takes the form Cpag = 2¢Cuiag, therefore (2.5) is a Lanczos
potential with (3.3) for ¢ = 1/2.
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(b) Type III:
C;waﬁ = ¢3(VuuMa6 + M;wvaﬁ) + 7753(‘7;11/]\2043 + M,uyva,@)a (3-4)

where M, = m,m, —my,m, + nul, —ny,l,. Then (3.1), (3.3) and (3.4) give
the relation Cypap = qClvap, that is, (2.5) is a Lanczos generator with (3.3)
for ¢ = 1.

Hence, the Lanczos potential for arbitrary Petrov types IV and 111 spacetimes
has the structure (2.5) if we employ the corresponding canonical null tetrad
and F,, is given by (3.3) with ¢ = 1/2 and ¢ = 1, respectively; in Petrov type
O geometries, we can use (2.5) with any F,3. The construction of K, for
arbitrary 4-spaces of types I, Il, and D, is an open problem.

4 About Lanczos Spinor

From (2.5):

. 1 . .
S;wa = K/J,I/Oc +1 Kuua = g(zsuu;a + Say;u - Sozu;u + S,/)\ 7/\gau - Sﬂ/\ ’)\gal/)v (41)

such that S,, = F),, +1¢ *F},, with the participation of the dual tensor:

. 1 * 1

zgmzimmﬂﬁizmd ﬂw:?MMFW (4.2)
From (4.1) the corresponding Lanczos spinor [19, 20, 21, 22, 23] is given by:

B3LABCD) =V 4 ¢c + Vigp eca+ Vep ©as, (4.3)

which implies the following equations in the Newman-Penrose (NP) formalism [9,
13, 14, 21, 24]:
Qo = Do + 2(—€do + k1), 301 = 0o + 2[Dp1 — (a + 7)o + pe1 + Ko,
Q3 = 0 + 2(— A1 + ags), 302 = Doy + 2[0¢1 — Ao — mh1 + (p + €)ha],
Qu =000+ 2(—Boo+0od1), 305 = Ago + 2[0¢1 — (v + p)do + Té1 + o],
Q7 = Ado + 2(—vd1 +7¢2),  3Q6 = 02 + 2[Ad1 — v — gy + (8 + 7)),
(4.4)

for the NP components of Lanczos potential in terms of the spin coefficients and the
NP projections of F},,.

The work [25] used the canonical null tetrad [9, 18, 26] to determine the NP
components of K, , that is, a solution of the Weyl-Lanczos equations [8, 20, 21,
25, 27] thus:

QO = qk7 Q3 = _q)\u Q4 = (0, Q7 = —qV
q q q q
== Qo =—= Qs == Qg =—= 4.
1 3107 2 37T7 5 37—7 6 3:“ ( 5)

for arbitrary spacetimes with Petrov types II] and N for ¢ = 1 and ¢ = 1/2 ,
respectively. It is easy to see that the relations (4.4) imply (4.5) if ¢g = ¢2 = 0 and
¢1 =2 , hence F},, has the structure (3.3) and S,,, = ¢M,,,.
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5 Conclusion

Due to non-linearity in Weyl-Lanczos relations, their solution is not unique and it
becomes difficult to solve them for spacetimes of general nature. In this work we have
derived Lanczos potential for metric of Petrov types I11, N and O. It is pending
to determine the Lanczos potential for Petrov types I, Il and D in the general
case, however, for these spacetimes K, has been constructed for specific metrics
[28, 29, 4, 5, 6, 8, 30, 31, 32, 33, 34, 35] and in almost all of these situations the NP
components (), have turned out to be linear combinations of the spin coefficients if
we properly choose the corresponding null tetrad. Equation (2.5) may be seen as
interaction between gravitational field in vacuum and electromagnetic field, which
requires further investigation. There are various proposals [30, 31, 36, 37, 38| for the
possible physical meaning of the Lanczos spintensor, which we consider important
because K, is present in all Riemannian 4-geometries and therefore it is necessary
to know its role in the description of the gravitational field.
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