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RIEMANNIAN MAPS FROM KAEHLER MANIFOLD
WITH GENERIC FIBERS

SHAHID ALI AND RICHA AGARWAL

ABSTRACT. We study Riemannian maps from almost Hermitian
manifolds to Riemannian manifolds for the case when the fibers
are generic submanifold of the total space. We obtain the integra-
bility conditions for the distributions while vertical distribution is
always integrable. We also study the geometry of the leaves of the
distribution which arise from such maps, and obtain the necessary
and sufficient conditions for the fibers as well as the total manifold
to be generic product manifolds. We, further, obtain the necessary
and sufficient condition for such maps to be totally geodesic.

1. INTRODUCTION

The theory of smooth maps between Riemannian manifolds was
widely used in Riemannian geometry. These map are generally used to
compare the geometric structures between two manifolds. From this
point of view, such smooth maps are the isometric immersion between
Riemannian manifolds which are characterized by the Riemannian met-
rics and Jacobian matrices. More precisely, Let(M, gy) and (B, gg) be
two Riemannian manifolds, then a smooth map

F (MagM) — <B7g3)7

where dimM = m and dimB = n, is called an isometric immersion if
the Jacobian map which we denote by F, is injective and satisfies

gp(F.X,F.Y) = gu(X,Y), (1.1)

for any vector fields X and Y tangent to M.

Here, one can notice that m < n. On the other hand, in case when
m > n, the smooth map I’ was studied in the name Riemannian sub-
mersions and was first studied by B.O'Neill [12],[13] and Gray [10].
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The smooth map
F (MagM) — (ngB)a

is called a Riemannian submersion if F, is onto and satisfies (1.1) for
vector fields tangent to the horizontal space (KerF,)*.

The idea of a Riemannian map between Riemanian manifolds was
first introduced by Fischer, A. E. [9]. The idea of Riemannian maps
generalizes and infact unifies the notions of isometric immersion, Rie-
mannian submersion and an isometry. He has shown that every in-
jective Riemannian map is an injective isometric immersion, and that
on a connected manifold, every surjective Riemannian map is a sur-
jective Riemaninan submersion and every bijective Riemannian map is
an isometry. The notions of an immersion and submersion play a key
role in the theory of smooth maps between smooth manifolds(finite or
infinite). If we consider the Riemannian manifolds, then the theory
of smooth maps between Riemannian manifolds, the two notions of an
immersion and a submersion get into the notions of an isometric immer-
sion and Riemannian submersion respectively, and were widely used in
differential geometry [12],[23]. But there is no Riemannian analogue
which corresponds to the general map between smooth manifolds.

Let F': (M, gyn) — (B, gg) be a smooth map between Riemannian
manifolds (M, gar) and (B, gg) such that 0 < rankF < min{m,n}. If
we denote the Kernal space of F, by KerF, and its orthogonal com-
plement by (KerF,)* in TM the tangent bundle of M, then TM has
the following decomposition

TM = (KerF,) ® (KerF,)*.

We call (KerF,) and respectively (KerF,)* the vertical and horizontal
space of TM.

We denote by rangF., the range of F, and consider the orthogonal
complementary space to rangF, in the tangent bundle T'B of B and
denote it by (rangF.,)*. Because of the fact that rankF < min{m,n},
the (rangF,)* is non-empty. Hence, the tangent bundle TB of B is
decomposed as:

TB = (rangF,) ® (rangF,)*.

Now, let F': (M, gn) — (B, gp) be a smooth map between Riemann-
ian manifolds (M, gys) and (B, gg). Then the smooth map F' is said
to be a Riemannian map at a point p € M if the horizontal restriction
F,f; of the derivative map F; at p, i.e. ,

F! . (KerF,)" — (rangF.,)
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is a linear isometry (also known isometric isomorphism) between the in-

ner product spaces <(kerF*p)l ,gM(p)](kerF*p)Q and ((rangeF*p) ,gB(q)‘(rangCF*p))7
where ¢ = F(p).

The map F is a Riemannian map if F is a Riemannian map at each
point p € M.

Hence, Fischer in the abstract of the paper [9] has remarked that a
Riemannian map is a map that is “as isometric as it can be”subject to
the limitations imposed upon it as a differential mapping. Also he has
remarked that F is a Riemannian map at p € M, g = F(p) € B, if for
all X,Y € (kerF.)* c T,M

gu(P)(X,Y) = gp(q)(FLX,FLY)
= QB(Q>(F*pX=F*pY)

Since F*};) = *p|( (kerFup) ) (also restriction on the range).

In view of equation (1.1) it follows that isometric immersion and
Riemannian submersion are particular cases of Riemannian maps with
kerF, = {0} and (rangF.)* = {0} respectively.

Recently, B. Sahin [11] introduced the notion of anti-invariant Rie-
mannian maps which are Riemannian maps from almost Hermitian
manifolds to Riemannian manifolds such that the vertical distribu-
tions(or, for that matter the fibers) are anti-invariant under the almost
complex structure of the total space. Further, as a generalization of
anti-invariant Riemannian maps, he introduced the notion of conformal
semi-invariant Riemannian maps when the base manifold is a Riemann-
ian manifold and a Kaehler manifold [15],[22]. He has shown that such
maps are very much useful to study the geometry of the total space of
the Riemannian maps. In the present article, we study the Riemannian
maps from almost Hermitian manifolds under the assumption that the
integral manifolds of vertical distribution kerF,(or, for that matter the
fibers) are generic submanifolds of the total space and call it the Rie-
mannian maps with generic fibers, and it is not hard to say that one
can see it as a generalization of semi-invariant Riemannian maps. The
paper is organized as follows: In section 2, we give some basic notions
of almost Hermitian manifolds, Riemannian submersion and brief in-
troduction of anti-invariant and semi-invariant Riemannian maps from
almost Hermitian manifolds to Riemannian manifolds. In section 3, we
give the definition of Riemannian maps with generic fibers and investi-
gate the geometry of the distributions and their integral manifolds(also
known as the leaves of the distributions). In the end of this section we
obtain the decomposition theorems. In the last section 4, we find the
condition for such Riemannian maps to be totally geodesic.
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2. PRELIMINARIES

In this section we recall some basic definitions and notions of almost
Hermitian manifolds, Kaehler manifold, CR-submanifolds and give a
brief review of basic fact of Riemannian maps. For the notion of Rie-
mannian maps we follow Fischer [9] and B. Sahin [14],[10].

Let M be an almost complex manifold, that is, M admits a tensor
field J of type (1,1) with the property that J*> = —I. An almost
complex manifold is necessarily orientable and is of even dimension. An
almost complex manifold (M, J) endowed with a chosen Riemannian
metric g and satisfying the condition

g(JX,JY) =g(X,Y), (2.1)

for all X, Y € I'(T'M), is called an almost Hermitian manifold.

The Levi-Civita connection V of the almost Hermitian manifold
(M, J) can be extended to whole tensor algebra on M, and in this
way we obtain tensor fields like (Vx.J) and that

(VxJ)Y = VyJY — JVyY, (2.2)

for all X, Y € I'(T'M).
An almost Hermitian manifold M is called Kaehler manifold if

(VxJ)(Y) =0, VX,Y e ['(TM) (2.3)

where V / is the Levi-Civita connection on M.
Let (M,g,J) be an almost Hermitian manifold and M be a real
submanifold of M, and let

D,=T,MNJI,M, Vpe M
such that D, is the maximal subspace of T}, M.

Definition 2.1 ([1]). A submanifold M is said to be a CR~-submanifold
of an almost Hermitian manifold (M, g) if there exists on M a C>-
holomorphic distribution D such that its orthogonal complementary
distribution D™ is totally real, i.e., JD,- C T,*M for all p € M. A CR-
submanifold M is said to be proper if neither D = {0}, nor D+ = {0}.

Now, we recall the definition of generic submanifold which is the
generalization of CR-submanifolds. These submanifold are defined by
relaxing the condition on the complementary distribution to the holo-
morphic distribution.

Definition 2.2 ([1]). Let (M, g, J) be an almost Hermitian manifold
and let M be a real submanifold of M. Then M is said to be a generic
submanifold of M if the maximal complex subspace D, has constant
dimension at each point p € M and defines a differentiable distribution

on M.
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We denote by D+ be orthogonal complementary distribution to D
in ['(T'M) and observe that JD+ N D+ = {0}. If, in particular, JD+ C
[(T+M), we have the concept of CR-submanifold. We call D and D+
the holomorphic and the purely real distribution on M.

For U € I'(T M), we put

JU = PU + FU, (2.4)

where PU and FU are the tangential and normal part of JU respec-
tively.
For a generic submanifold we have

(iYPD = D, FD = {0}, (ii))PD+ C D*, FD- CT+M.  (2.5)

For the theory of Riemannian maps we follow A. E, Fischer [9] and
B. Sahin [11],[16].

Let F : (M,gyn) — (B,gp) be a Riemannian map between the
Riemannian manifolds (M, gps) and (B, ¢p), where dimM = m and
dimB = n with 0 < rankF < min{m,n}. The letters H and V
are used to denote the orthogonal projections of I'(T'M) on the distri-
butions I'(kerF,)t and I'(kerF,) respectively. The geometry of Rie-
mannian maps are characterized by the tensor fields 7" and A of the
Riemannian map F' defined for arbitrary vector fields £ and F' on M
by

ApF = HVyupVF + VVypHF, (2.6)
TpF = HVypVF + VVypHE, (2.7)

where V is the Levi-Civita connection of g,;. Indeed, one can see that
these tensor fields are B. O’Neill’s fundamental tensor fields defined
for the Riemannian submersion. It is easy to see that the Riemannian
map F': M — B has totally geodesic fibers if and only if 7" vanishes
identically. For any E € TI'(TM), Tp and Ap are skew-symmetric
operators on (I'(T'M), g) reversing the horizontal and vertical spaces.
It is also seen that T is vertical, i.e., T = Tyr and A is horizontal,
i.e., Ap = Ayr. We observe that the tensor fields 7" and A satisfy

() TyV = TyU, U,V € T'(kerF,), (ii))AxY = —Ay X, X,Y € I'(kerF,)*>(2.8)
On the other hand, (2.6) and (2.7) give the following lemma.
Lemma 2.1 ([9]). We have

VoV =T,V + ViV, (2.9)
VuX = HVyX + Ty X, (2.10)
VxU = AxU + VVxU, (2.11)
VxY = HVxY + AxY, (2.12)

forany XY € T(kerF,)* and U,V € D(kerF,), where ViV = VYV, V.
13



Next,we recall the following definition.

Definition 2.3 ([16]). LetF : (M, g, J) — (B, gp) be a Riemannian
map from an almost Hermition manifold (M, gas, J) to a Riemannian
manifold (B, gg). Then F is said to be semi-invariant Riemannian map
if there is a distribution D; € I'(kerF}), such that

kerF* = D1 D DQ, JDl = D17 JDQ C F(k@TF*)L,
where Ds is the orthogonal complement of Dy in I'(kerF.).

Finally, we recall the notion of second fundamental form of a map
between Riemannian manifolds. Let (M, gar) and (B, gg) be Riemann-
ian manifolds, and let ¢ : M — B be a smooth map between them.
Then the differential ¢, of ¢ can be viewed as a section of the bun-
dle Hom((TM),¢~"(TB)) — M, where, ¢~ (T'B) = Ty, B,p € M.
Hom(TM, (T B)) has a connection V induced from Levi-Civita con-
nection V on M and the pullback connection.

The second fundamental form of ¢ is then given by

(Vo) (X,Y) = Vi (Y) = 6. (VxY) (2.13)

for any X,Y € I'(TM), where V¢ is the pullback connection. It is
known that the second fundamental form is symmetric. We now state
the result of B. Sahin [11], which shows that the second fundamental
form (V,)(X,Y),

VX,Y € (kerFx)*, of a Riemannian map ¢ has no component in
rangdy.

Lemma 2.2 ([I1]). Let ¢ be a Riemannian map from a Riemannian
manifold (M, gyr) to a Riemannian manifold (B, gg). Then

g5(Vo)(X,Y),0.2) =0, VX,Y, Z € [(kerF,)*. (2.14)

3. RIEMANNIAN MAPS WITH GENERIC FIBERS

B. Sahin [11],[10] defined anti-invariant and semi-invariant Riemann-
ian maps from almost Hermition manifolds to a Riemannian manifold.
In these two cases he has defined them for the cases where the ver-
tical distribution are infact anti-invariant and semi-invariant respec-
tively. That means the integral manifolds(or for that matter the fibers)
F~Y(q), ¢ € B of (kerF.,) are respectively anti-invariant and semi-
invariant submanifolds of M. In this section we consider Riemannian
maps for the case when the integral manifolds(the fibers) of kerF,
are generic submanifolds of M which inturn generalizes these above
mentioned maps. We obtain the integrability conditions for the distri-
butions and investigate the geometry of the distribution (kerF,) and
(kerF,)t. Also, we obtain the necessary and sufficient condition for
such maps to be totally geodesic. We also obtain product theorem for

the total manifold of such Riemannian maps.
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Let F' be a Riemannian map from an almost Hermition manifold
(M, gar, J) to a Riemannian manifold (B, gg). We say that the inte-
gral manifold(or for that matter the fibers) F=1(q), ¢ € B of the vertical
distribution kerF) is a generic submanifold of M if the maximal com-
plex space
D, = (kerF.,) N (JkerF,,), p € M, defines on F~'(q) a differential
distribution
D :p— D, C (kerF,,) such that

]{?GTF* = D1 D DQ, JDl = Dl, (31)

where Dj is the orthogonal complement of D in T'(kerF,), and is called
a purely real distribution of the fibers of the Riemannian map F'.

Definition 3.1 The Riemannian map F : (M, g, JJ) — (B, gp) sat-
isfying condition (3.1) is called a Reimannian map with generic fibers.

For any V € I'(kerF.) we set
JV =6V +uV, (3.2)

where ¢V € T'(D;) and wV € T'(kerF,)*. We denote the orthogonal
complementary distribution to wD, in (kerF,)* by p. Then we can
write

(kerF)* = wDy @ . (3.3)

It is easy to see that y is J-invariant. Thus, for any X € I'(kerF,)* we
have

JX = BX + CX, (3.4)
where BX € I'(Ds) and CX € I'(u).

Using (3.1) through (3.4) we obtain

Lemma 3.1 Let F' : (M, gy, J) — (B,gp) be a Riemannian map
from an almost Hermitian manifold (M, gy, J) to a Riemannian man-
ifold (B, gg) with generic fibers. Then We have

(1) ¢D1 = Dl, le = O

(11) ¢D2 - DQ, B(kerF*)l = DQ
(iii) ¢? + Bw = —id, wp + Cw =0
(iv)

Next, using equations (2.1),(3.2)and Lemma 2.1 we have

v) BC+ ¢B =0, wB+ C? = —id.

Lemma 3.2 Let (M, gur, J) be an almost Hermitian manifold and F be

a Riemannian map from (M, gyr, J) to a Riemannian manifold (B, gp)
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with generic fibers. Then

(9)  gu(JY,8V) = g(BY,JV), (3.5)
(i) gu(CY,wV) =0, (3.6)
(iid) gu(VxBY,JV) = —gu(BY, VVx¢V) — gu(BY, AxwVB.7)
(iv) gu(VuBY,JV) = —gu(BY,VyoV) — gu(BY, TywV), (3.8)
(v) gu(VuBY,CX) = gu(CX,TyBY) = —g(BY,TyCX), (3.9)

for any X,Y € I'(kerF,)*and U,V € I'(kerF,).

Proof. Proof of (i) and (ii) directly follows from equations (2.1),(3.1),(3.2),(3.3)

and (3.4).

(iii), Using the fact that for any Y € ['(kerF,)*, BY € T'(D,) and for

any V € I'(kerF,), ¢V € I'(D,), for any X € I'(kerF,)* we have
gu(VxBY,JV) = —gu(VxBY,¢V) + gu(VxBY,wV)

= —gu(BY,VxoV) — gu(BY, VxwV)

= —gu(BY,VVxoV) — gu(BY,VVxwV)

= gM(BY VVX¢V) gM(BY, AXwV).

)-

Similarly, we obtain (iv) and(v O

Proposition 3.1 Let F' : (M, gy, J) — (B, gs) be a Riemannian
map from a Kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gp) with generic fibers. Then we have
w(VxCY,wV) = gu(BY, AxwV) + gu(wAxY,wV)
= —gM<AxBY,CUV) + gM<WAX§/, (A)V), (310)

for any X,Y € ['(kerF,)* and V € T'(kerF.,).

Proof. From Lemma 3.1(i), Lemma 3.2(ii) and equations (2.2),(2.3)
for any X,Y € I'(kerF,)* and V € I'(kerF,) we have
m(VxOY,wV) = —gu(CY,VxwV)

= —gu(JY,VxwV) + gu(BY,VxwV)
= gu(VxJY,wV) — g (VxBY,wV)
= gu(JVxY,wV) — gu(VxBY,wV)
= —gu(HV XY, JuV) + gu(VV XY, JwV) — gy (HV x BY,wV)
= —gu(HVxY,JwV) — gu(VVxY, JwV) — gy (Ax BY,wV)
= —gu(HVxY, JwV) — gu(AxY, JwV) — gu(Ax BY,wV)
= gu(JHVxY,wV) + gu(JAXY,wV) — gy (Ax BY,wV)
= gu(BHVXY,wV) + gu(CHV XY, wV) + gu(JAxY,wV)

gM(AxBY, wV)
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Since for any X € I'(kerF,)*, BX € I'(D,) and for V € I'(kerF,),wV €
['(kerF,)*. Also, using Lemma 3.1 again we have

g (VxCOY,wV) = —gu(Ax BY,wV) + gu(wAxY, wV).
which completes the proof. U

Since gj is a non-degenerate metric on M, from Proposition 3.1 we
have

Corollary 3.1 Let F': (M, g, J) — (B, gp) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gg)
with generic fibers. Then

VxCY = —AxBY +wAyY, (3.11)
for any X,Y € I'(kerF,)*.
Further, as a consequences of Proposition 3.1 we have

Corollary 3.2 Let F': (M, gy, J) — (B, gp) be a Riemannian map
from a Kaehler manifold (]\_4, gum, J) to a Riemannain manifold (B, gp)
with generic fibers. Then VxCY € I'(n) if and only if

AxBY = LUA)(Y,
for any X, Y € T'(kerF,)*.
We define the covariant derivative of ¢ and w as follow:
(Vyo)W = VyoW — ¢VyW
(Vyw)W = H(VywW) —wVyW
Then, using Lemma 2.1 and equations (3.2),(3.4) we obtain
(Vv¢)W = BTVW — TVwW
(Vyw)W = CTyW —TyoW

for any V,W € I'(kerF,).
We now have the following proposition.

Proposition 3.2 Let F' be a Riemannian map from a Kaehler manifold
(M, gar, J) to a Reimannian manifold (B, gg) with generic fibers. Then
(i) AxoV +HVxwV = CAxV +w(VVxV)
and

V(ngbV) + AXwV = BA)(V —+ ¢(VVXV),

(i1) AxBY +H(VxCY) =C(HVxY) +wAxY
and

V(VxBY)+ AxCY = B(HVxY) + ¢AxY,
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(iii) TyoW + H(VywW) = CTyW + wVy W
and
VyoW + TywW = BTy W + ¢V W,
for any X, Y € T'(kerF,)* and V,W € I'(kerF,).
Proof. (i) For a Keahler manifold M, we have on using equation (2.3)
VxJV = JVxV,

for any X € I'(kerF,)*,V € I'(kerF,).
Further, using Lemma 2.1 and equations (3.1),(3.4) we get

VxoV +VxwV = B(AxV) + C(AxV) + ¢(VVxV) + w(VVxV)
or,
HV xoV +VV oV + HVxwV +VWxwV = B(AxV) + C(AxV)
+ d(VVxV) +w(VVxV)
or,
AxdV + VWxoV +HVxwV + AxwV = B(AxV)+ C(AxV)
+ o(VVxV) +w(VVxV).
Comparing horizontal and vertical parts, we get
AxoV + HVxwV = C(AxV) + w(VVxV),
VWxoV + AxwV = B(AxV) + ¢(VVxV).
On similar lines we get the proof of (ii) and (iii). O

Theorem 3.1 Let F' be a Riemannian map from a Kaehler mani-
fold (M, gnr, J) to a Reimmanian manifold (B, gg) with generic fibers.
Then we have

gs(VE)(V, W), F.J€) = —gs(VE)(V, W), F.€) — gs(VE)(V,wW), F.E),
for any VW € I'(kerF) and & € T'(u).

Proof. Since M is a kaehler manifold, for any VW € T'(kerF,) we
have,

VyJW = JVyW.
Using Lemma 2.1 and equations (3.2),(3.4), we get
H(VyoW) + V(VyoW) + H(VywW) + V(VywW)
= BHVyW + CHVy W + oVVy W +wVVy W
— BHV W + CHV W + ¢V W 4wV W. (3.12)
Equating horizontal parts in (3.12), we have

HV oW + HVywW = CHV YW + wVy W. (3.13)
18



Taking Riemannian inner product in (3.13) with a vector £ € I'(u), we
obtain

gu(H)Vy oW, &) + gu(HVywW,€) = gu(CHV W, E)
g (VvoW, &) + gu(VyvwW, &) = gu(JHVyW,E)
= —gu(VyW, JE).
Since F'is a Riemannian map, we have
95(E(VvoW), F.&) + gp(F.(VywW), F.&) = —gp(F.(Vy W), F.J¢).
Using equation (2.13) we get the result. O

From Theorem 3.1 we have

Corollary 3.3 Let F' be a Riemannian map from a Kaehler manifold
(M, gur, J) to a Riemannain manifold (B, gg) with generic fibers. Then
we have

9(VE)(V, W), F.J§) = —gs((VE)(V, JW), F.8),
for any V€ T'(kerF,),W € I'(Dy) and & € T'(u).

Lemma 3.3 Let F' be a Riemannian map from a Kaehler manifold
(M, gnr, J) to a Riemannian manifold (B, gg). Then

g(JTvW. &) = g(Ty JW. ),
for any V € T'(kerF,),W € T'(D) and £ € T'(p)

Proof. Since M is a Kaehler manifold, then for any V' € T'(kerF,), W €
['(Dy), using equation (2.3) we have

JVyW =V JW.
On using Lemma 2.1 we get
J(TyW + VyW) = Ty JW + Vi JW.
Taking inner product with a vector field £ € I'(u), we get
g(ITyW.€) + g(JVyW.€) = g(Ty JW, &) + g(VvJW, )

g(JTyW, &) = g(Vy W, JE) = g(Ty JW, &) + g(VyJW,£).  (3.14)
Since p is invariant under J, the result then follows from (3.14). O

Next, we have

Theorem 3.2 Let F : (M, gy, J) — (B,gp) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gg)
with generic fibers. Then we have

98(VE)(X, V), F.J§) = gs((VE)(X, V) + (VF)(X,wV), Fi£)
— gB(VyF(wV), F.€),

for any vector field X € T'(kerF,)*+,V € T'(kerF,) and £ € T'(u).
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Proof. For X € I'(kerF,)*,V € I'(kerF,),
using equation (2.3) for a Kaehler manifold we have

VxJV = JVxV.
Using Lemma 2.1 and equations (3.2),(3.4) we get

HVX¢V+V7X¢V+HVXwV+V7XwV = BHva—l-CHva—Hﬁvvxv—vava
(3.15)

Equating horizontal component in (3.15) we get
HV xdV + HV xwV = CHV xV + wVV V. (3.16)
Taking Riemannian product in (3.16) with a vector £ € I'(1) we obtain

gu(HV oV, &) + g(HV xwV,€) = g(CHVXV,€) + gu(WVVxV,§)
gu(VxoV, &) + g(VxwV, &) = gu(JHVXV, &) — gu(BHVxV,§)
+ gu(JVVXV,E) — gu(9VVxVE).

But, for generic fibers B(kerF,)* = Dy and ¢VVxV € (kerF,),
(Lemma 3.1) we then have

gu(VxoV, &) + gu(VxwVC &) = —gu(HVxV,E)
= —gu(VxV,&). (3.17)

Since F' is a Riemannian map, from (3.17) we have
98(F(Vx0V), F.€) + g(F(VxwV), Fi§) = gp(F.(Vx V), F.J¢),
which on using (2.13) yields

_gB((VF*)(Xa ¢V)7 F*f) - gB((VF*)<X>wv)7 F*f) + gB(v_I;(F*<wv)a F*€>
= _gB((VF*>(X7 V)v F*Jf)

9(VF)(X, V), F.JE) = gs(VE) (X, ¢V) + (VE) (X, wV), FiE)
_gB<v§(F*(wv)7 F*§>

Which completes the proof. Il

As a consequences of above result we have

Corollary 3.4 Let F': (M, gy, J) — (B, gB) be a Riemannian map
from a Kaehler manifold (M, gur, J) to a Riemannian manifold (B, gg)
with generic fibers. Then

98((VE)(X, V), F.J§) = gs((VF)(X, JV), F.E),

for any X € T(kerF,)*,V € T(Dy), & € ().
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4. INTEGRABILITY OF DISTRIBUTIONS

In this section we obtain the integrability conditions for the distribu-
tion Dy and D,. Since we have seen that the fibers of the Riemannian
map F' under consideration are the generic submanifolds of the mani-
fold M and T works as the second fundamental form of the fibers and
VF, is the second fundamental form of the Riemannian map F, we
have following theorem;

Theorem 4.1 Let F : (M, gy, J) — (B, gp) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gp)
with generic fibers. Then the distribution Dy is integrable if and only

if
gs(VENV, JW) — (VE)(W, JV), FawU) = 0. (4.1)

or, (VF)(V,JW) — (VF,)(W,JV) has no component in I'(F,(wD3)),
for any V,W € I'(D;) and U € I'(Dy)

Proof. Let VW € I'(Dy),U € I'(D3). Then on using equations (2.3),(3.1)
and (3.2), we have
wV, W] = JIV,W] = ¢[V, W]

= VYW — JVwV — 6V, W]

— VoW — IV JV — 6V, W]

= WV JW — HVy JV + YV JW — VW JV — 6V, W]

W[V, W] = HVy JW — HVwJV = VYV JW — VW JV — 6]V, W](4.2)

Since w[V, W] € T'(kerF,)*. In equation (4.2) the right hand side is
vertical where as the left hand side is horizontal. Comparing horizontal
and vertical parts, we get

W[V, W] = HVy JW — HVyJV. (4.3)

OV, W] = VVy JW — VVy JV. (4.4)

Now, in view of decomposition (3.3) and equation (3.4) for each vector
field Z € T'(wD,) C I'(kerF,)* there exist a vector U € I'(Ds) such
that wU = Z. Taking Riemannian inner product in (4.3) with wU €
[(wDy) we get
g (w[V,W],wU) = gu(HVyJW,wU) — gu(HVw JV,wU)
= gM(vij OJU) - gM(ijV,WU)

Since F'is a Riemannian map,

gy (W[V,W],wU) = gp(F.(VyJW), FwU) — gg(F.(VwJV), F.wU).
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On using equation (2.13), we get
guWlV, W] wU) = gs(VE)(V, JW), FwU) — gs(VE) (W, JV), F.wU)
= gs(VE)(V,JW) — (VE)(W,JV), FwU).  (45)

Hence the distribution D; is integrable if and only if w[V, W] = 0. That
is D is inetegrable if and only if

gs(VE)(V, JW) — (VF)(W,JV), F.wU) = 0. (4.6)
or, (VF)(V,JW) — (VF,) (W, JV) has no component in I'(F,(wU)).
Which completes the proof. Il

Since F,(kerF,)* = rangeF, and F is a Riemannian map, using
Lemma 3.2(ii) it follows that gp(F.wV, F,X) = 0, for any X € I'(kerF,)*
and V' € ['(kerF,), which then implies that

TB = F,(wD3) ® F,(1) ® (rangeF,)*.
From equation (4.6) we also have

Theorem 4.2 Let F': (M, gy, J) — (B, gg) be a Riemannian map
from a Kaehler manifold (M, gur, J) to a Riemannian manifold (B, gg)
with generic fibers, then the distribution Dy is integrable if and only if

(VE)(V, JW) = (VE)(W, JV) € T(E(p)),
for any V,W € I'(Dy).
Lemma 4.1 Let F : (M, gy, J) — (B,gp) be a Riemannian map

from an almost Hermitian manifold (M, gyr, J) to a Riemannian man-
ifold (B, gg) with generic fibers, then the distribution Dy is integrable
if and only if

o[V, W] € I'(Dy),
for any V,W € I'(D,).

Proof. Since M is an almost Hermitian manifold and the distribution
(kerF,) is integrable, for any V, W € I'(D,) and Z € I'(D;), we have

gu([V.W],2) = gu(J[V, W], JZ)
= gu(o[V.W],JZ) + gu(w[V, W], JZ)
= gu(o[V,W],JZ).
The result then follow immediately. U

Next we have,

Theorem 4.3 Let F : (M, gy, J) — (B, gp) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gp)
with generic fibers, then the distribution D is integrable if and only if

TywW — TywwV + VoW — VoV e [(D,),

for any VW € I'(Dy).
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Proof. Since M is a Kaehler manifold, for any V,W € T'(D;) using
Lemma 2.1 and equations (2.3),(3.2),(3.4) we obtain

V,W] = VyW —VyV
—J(VyJW =V JV)

= B(HVwJV — HVy JW) + C(HVw JV — HVy JW)
HOVV WV = VYV IW) + w(VVy JV — Ve JW).  (4.7)

Since (kerF.) is always integrable, therefore [V, W] € I'(kerF.). Com-
paring the vertical part in (4.7), we get

[V, W] = B(HVwJV — HVyJW) + ¢(VVy JV — YV JW). (4.8)

Taking Riemannian inner product in (4.8) with a vector Z € I'(Dy)
and further using equation (3.2) and Lemma 3.1, we get

g ([V\W, Z) = gu (6(VVwJIV), Z) — gu (9VVvIW, Z)
= gu (JVVWJIV), Z) — gy (JVVJIW), Z)
= —gu (VVW¢V, JZ) —Jm (VVWCUV, JZ) + 9m (VV\K?W, JZ)
+ 9m (VVV(,UVV, JZ)
= —gu (VwoV.JZ) = gt (TywV. J2) + gus (VvoW, J2)
Finally, we get
g (IV, W], 2) = gur (TowW = TV + VoW = ViV, JZ) .(4.9)
Since for, JZ € I'(D;). From equation (4.9) it follows that the distri-
bution D, is integrable if and only if
TywW — TywwV + VoW — VoV e (D),
for any V,W € I'(D,). Which completes the proof. O

We now discuss the geometry of the leaves of the distributions Dy
and Dy, and relate it with the geometry of the base manifold B using
the second fundamental form of the Riemannian map F', and we have
the following propositions.

Proposition 4.1 Let F' : (M, gy, J) — (B, gg) be a Riemannian
map from a Kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gg) with generic fibers. Then the distribution Dy defines a totally
geodesic foliation if and only if

g (Vi IV, 6Ws) = g5 (VE)(U, JV), FawWVy)
and
g (Vo Vi, BX) = g (VE.) (U1, JV), F.CX).

for any vector fields U,V € T'(Dy), W € T'(Ds) and X € T'(kerF,)*.
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Proof. For Uy, Vy € T(Dy) and X € T'(kerF,)* using equation (3.4) we
have

am (le‘/l?X) = 9mMm (‘]levlva)
= gM(lejm,BX)—|—gM(VU1J‘/1,CX)
M

= gut (Ve Vi, BX ) + g (Vi JVi, CX)
= gu (Vo Vi, BX) + g (Fu(Vir, JVA), F.CX)

where we have used the fact that F' be a Riemannian map. Using now
equation (2.13) we have

g3 (VoVi, X) = gur (Ven Vi, BX) = g (VE) (U, JVA), F.CX)
Hence Vi, Vi € I'(kerF,) if and only if
gm <©U1Jv1, BX) — g5 (VE(UL, V), E.CX).  (4.10)

Further, for Uy, V; € I'(D;) and W € I'(D3), using equations (2.1),(2.3)
and (3.1) we have

9Mm (VU1V1, Wa) = gu (JVU1V1, JWQ)
= gu (JVy, JV1, JWs)
= gu (HVy, JVi,0Ws) + gur VYV, JV1, oWa) + g (HV y, JVi, wWs)
+ gu VYV, JVi,wWs)

= gum @UlJVuﬁf)Wz) + gu (Vo JVi, wiy) .
Since F' is a Riemannian map, using (2.13) we have
9 (Vo Vi Wa) = gur (Vo Vi, oW ) + g (Fu(V, JV2), FuoWP)
= gu (?UIJ%,WQ) — g5 (VEN(Uy, JVL), FuoWs) .
Hence Vi, Vi € I'(Dy) if and only if
an (%1 Vi, ¢W2) — g5 (VE) UL, JVA), FaWs) . (4.11)

The result then follows from (4.10) and (4.11) and which completes the
proof. O

Proposition 4.2 Let F' : (M, gy, J) — (B,gp) be a Riemannian
map from a Kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gp) with generic fibers. Then the distribution Dy defines a totally
geodesic foliation if and only if

gt (ViaoWa, BX) + gar (LW, BX) = ga((VE)(Va, 6W2)

+ (VE)(Va,wWs), F.CX)
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and
Vi, oWs + Ty,wWs € T(D,),
for any Vo, Wy € T'(Dy) and X € T'(kerF,)*.

Proof. For any Vo, Wy € T'(Ds), X € ['(kerF,)= .
Using equations (2.1),(2.3),(2.13),(3.2),(3.4),Lemma 2.1 and the fact
that F'is a Riemannian map we have

gu (Vi,Wo, X) = gu (Vi JWs, JX)
(vmﬁwg, BX) + gar WV Wa, BX)
+ gu (VigoWa, CX) + gur (VipwWs, CX)
(@ VoW, BX) + gt (Ty,Wa, BX)

gm

_|_

gy (Fe(Vyy¢oWa), F.CX) + gur (Fu(Vi,wWa), FL.CX)
= 9um (V ¢W2,BX> + g (Tv,wWs, BX)
— 98 ((VEL)(Va, oW2), FL.OX) — g5 (VE)(Va, wWh), FLOX) .
(4.12)
Equation (4.12) yields that Vy,W, € I'(KerF,) if and only if

gm <@VQ¢W27 BX) + gm (TVQWW% BX) = UB ((VF*)(VY% ¢W2)7 F*CX)
+ g5 (VF,)(Va,wWs), FL.CX)
(4.13)
On the other hand, for U; € I'(D;) and V,, Wy € T'(D3) we have
gm (vawz,Ul) = Jm (VVQJW2,JU1)
= gu VWV, JWs,, JUY)
= gu (VVvy,oWs, Ur) + g (VVv,wWa, Uy)

= gur (VradWa + T, JU7 )
Since for U; € T'(Dy), JU; € T'(Dy), the above relation implies that
Vi, Ws € T'(D») if and only if
Vi, 0Wa + TywWs € D(Dy). (4.14)
The result then follows from (4.13) and (4.14) O

We now recall the following definition.

Definition 4.1 ([3]). Let g be a metric tensor on the manifold M =
B x I and assume that the canonical distribution Dg and Dy inter-
sect perpendicularly everywhere, then ¢ is the metric tensor of a usual
product of Riemannian manifold if and only if Dg and Dp are totally

geodesic foliation.
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From Proposition 4.1 and Proposition 4.2 we have the following the-
orem.

Theorem 4.4 Let F : (M, gy, JJ) — (B,gg) be a Riemannian map
from a Kaehler manifold F : (M, ga, J) to a Riemannian manifold
(B, gp) with generic fibers. Then the integral manifold of the distri-
butions (kerF,) is a locally Riemannian product of the leaves of the
distribution Dy and D if and only if

g (Vo Vi, W) = g5 (VE)(U1, Vo), FawWVa),
aar (%1 JVi, BX) = g5 (VE)(U,, JV), F.CX)

and gy (ﬁvlébWz, BX) + gu (Tv,wWs, BX) = g5 ((VE.)(V1,oW2), F.CX)
+ g5 (VE)(V1,wWs), F.CX);
Vi, oWy + TywWs € T(Ds),
for any vector fields Uy, V, € T'(Dy), Vo, W € T\(Dy) and X € T'(kerF,)*.

Since the integral manifolds of the distribution (kerF,) are infact the
fibers of the Riemannian map F', the above theorem can be re-stated
as:

Theorem 4.5 Let F' : (M, gy, J) — (B, gg) be a Riemannian map
from a Kaehler manifold F : (M, gn, J) to a Riemannian manifold
(B, gp) with generic fibers. Then the fibers of F are the locally Rie-
mannian product of the leaves of Dy and Do if and only if

gvr (Vo Vi, 0W2) = g5 (VE) (U, JVA), FawWPs)
gv (Vo Vi, BX) = g5 (VE)(U1, JVA), F.CX)

and gy (Vi éWa, BX ) + gur (TyuwWa, BX) = g5 (VE)(Vi, 6W2), F.CX)
+ gs (VE)(V,wWh), F.OX);
Vi, oWy + TywWs € T(Ds),
for any vector fields Uy, V, € T'(Dy), Vo, Wy € T(Dy) and X € T'(kerF,)*.

Now, we study the geometry of the leaves of the distribution (kerFy)
and (kerF,)*.

Proposition 4.3 Let F' : (M, gy, J) — (B,gp) be a Riemannian
map from a kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gg) with generic fibers. Then the distribution (kerF,) defines a
totally geodesic foliation if and only if

g5 (VE)(V,oW), F.CX) + g5 (VE)(V,wW), F.CX)
= g (VvoW, BX) + gy (TywWV, BX).
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for any VW € TU'(kerF,) and X € U'(kerF,)*.

Proof. For any V,W € I'(kerF,) and X € I'(kerF,)*, using equations
(2.3),(2.13),(3.2),(3.4),Lemma 2.1 and the fact that F' be a Reimannian
map we have
gu (VyW, X) = gu (VvJW,JX)

v (Vv (oW +wW), BX + CX)

(VVV¢W BX) + 9nm (VVVUJW BX)

(HVVQSW CX)+ gu (HVywW,CX)

VoW, BX) + gar (TywW, BX)

QM vwa CX) + gur (vaW CX)

g (Vv oW, BX) + gur (TvwlV, BX)
(

+ 1

+

+

gm

au (Vvow, BX) + gar (TywW, BX)
gar

From equation (4.15) it follows that kerF, defines a totally geodesic
foliation if and only if

— g (VvoW, BX) + gy (TvwW, BX).

Which completes the proof. U

Next, we have

Proposition 4.4 Let F' : (M, gy, J) — (B, gg) be a Riemannian
map from a Kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gg) with generic fibers. Then the distribution (kerF,)% defines a
totally geodesic foliation if and only if

gm (wAXY, wV) = —4gm (VVXB}/, (bV) —gm (AXC’Y, ¢V) y

for any X,Y € I'(kerF,)* and V € T'(kerF,).

Proof. For any X,Y € I'(kerF,)* and V € T'(kerF,), using equations
(2.1),(2.3), we have

gm (ny, V) =dm (ijY, JV) .
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Further, on using equations (3.2),(3.4) and Lemma 2.1 we obtain
g (VxY, V) = gy (VxBY,oV) + gy (VxBY,wV)
+ gu (VxCY,0V) + g (VxCOY,wV)
= gu (VVxBY,¢V) + gu (VVxCY,¢V)
+ gu (VWVxBY,wV) + gy (VxCY,wV)
= g (WVXBY, 8V) + g (AxCY,wV)
+ gu (AxBY,wV) + gu (VxCY,wV).

Using Proposition 3.1 we get

(4.16)

Hence, from (4.16) it follows that (kerF,)* defines a totally geodesic
foliation if and only if

gu (WAxY,wV) = —gy (VWVxBY, V) — gur (AxCY,9V) .
Which completes the proof. Il
From equation (4.16) and Lemma 3.1 we also have

Proposition 4.5 Let F : (M,gy,J) — (B, gp) be a Riemannian
map from a Kaehler manifold (M, gy, J) to a Riemannian manifold
(B, gg) with generic fibers. Then the distribution (kerF,)* defines a
totally geodesic foliation if and only if

VVxBY + AxCY =0 and AxY € F(D1>
for any X, Y € T'(kerF,)*.

Theorem 4.4 and Proposition 4.4 yields the following decomposition
theorem.

Theorem 4.6 Let F : (M, gy, JJ) — (B,gp) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gg)
with generic fibers. Then the total manifold M is a Riemannian product
manifold of the leaves Dy,Dy and (kerF,)* ie

M = Mp, x Mp, X Merp,yr, if and only if

g (Vo Vi, oWa) = gur (VE) (U, V), W)

gvr (Vo Vi, BX) = g5 (VE)(U1, JVA), F.CX)
I (@mm, BX) + gar (Ty,wWa, BX)

Vi, 0Wa + TywWs € D(Dy).
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and

g (WAXY,wV) = —gy (WVxBY,0V) — gy (AxCY, V) |

for any Uy, Vi € T'(Dy), Vo, Wy € I'(Dy),V € I'(kerF,) and X,Y €
['(kerF.)*, where Mp,, Mp, and M e .2 are respectively the leaves
of Dy, Dy and (kerF,)*.

From Proposition 4.3 and Proposition 4.4 we have following theorem

Theorem 4.7 Let F : (M, gy, J) — (B, gg) be a Riemannian map
from Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gp)
with generic fibers. Then the total space is a generic product manifold
1.€,

M = Mgerr,) X Mgerp,yr, if and only if
gu (VE)(V,oW), F.CX) + gu (VE)(V,wW))
= gu (VvoW, BX) + gy (TywW, BX)
and
gu(WAxY,wV) = —gu(vVxBY, V) — gu(AxCY, ¢V),
for any V,W € U'(kerF,) and X,Y € T'(kerF,)*.

If we consider Proposition 4.5 along with Proposition 4.3, then we
have the following theorem

Theorem 4.8 Let F': (M, gy, J) — (B, gg) be a Riemannian map
from a Keahler manifold (M, gur, J) to a Riemannian manifold (B, gg)
with generic fibers. Then M is a generic product manifold, i.e.,

M = Merr.y X Mgerp,yr, if and only if

v (VE)(V,oW), F.CX) + gu (VE)(V,wW))
— gu (VvoW, BX) + gy (TywW, BX)
and
VVBX + AxCY = 0; AxY € T'(Dy),
for any X,Y € T(kerF,)* and V,W € T'(kerF.).

5. ToTALLY GEODESIC MAPS

In this section we obtain the necessary and sufficient condition for
the Riemannian map F' to be totally geodesic map. First we recall the

following definition.
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Definition 5.1 Let F' : (M, gy) — (B,gp) be a Riemannian map
between the Riemannian manifolds (M, gy) and (B, gg). Then F is
said to be totally geodesic map if

(VF,)(X,Y) =0, (5.1)
for all vector fields X,Y € I'(T'M).
We have the following theorem.

Theorem 5.1 Let F': (M, gy, J) — (B, gg) be a Riemannian map
from a Kaehler manifold (M, gy, J) to a Riemannian manifold (B, gg)
with generic fibers. Then F' is a totally geodesic map if and only if

VyoW + TywW € T(Dy),
Ty oW + HVywW € T'(wDy),
VvBX + Ty CX € T(D,),
TyBX +HVyCX € T'(wDy),
for any VW € U(kerF,) and X,Y € U'(kerF,)*.
Proof. Since F'is a Riemannian map, then from Lemma 2.2 we have
(VF)(X,Y) =0, (5.2)

for any X,Y € T'(kerF,)*
For any V,W € T['(kerF,) and X,Y € ['(kerF,)*, using equation
(2.13) we have

(VE)V,W) = —=F(Vy W), (5.3)

Now, using equations (2.3),(3.2),(3.4) and Lemma 2.1 we have
— (VW) = J(VyJW)

= JVyoW + JVywW

= J(HVvoW + VVyoW) + J (HVywW + VVywiW)
(BHVy¢W + BHVywW) + (CHVy oW + CHVywiV)
+ (6VveW + VYV ) + (wVy ol +wVVyw )
= B (Ty¢W + VywW) + C (Ty¢W + VywW)
o6 (@Vd)w + vaw) tw (@Vqsw + vaw) .

Applying F, to above equation we have
—F.(VyW) = F, (C(Ty¢W + HVywW)) + F, (w(@mw + TVWW)> .
(5.4)

From (5.3) and (5.4), we have

(VE)(V,W) = F, (C(Ty¢W + HVywW)) + F, (w(%gﬁw + vaW)> .
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Hence, (VF,)(V,W) = 0 if and only if
VvoW + TywW € T(Dy), Ty¢W + HVy oW € T(wD,).  (5.5)

On the other hand using (2.13) for any V € I'(kerF,) and X €
['(kerF,)*, we have

(VE)V, X) = —F.(VyX). (5.6)

But
~VyX = JVyJX

= J(VyBX)+ J(VyCX)

= J(HVyBX)+ J(HVyCX) + J(VVyBX) + J(VVyCX)

= B(TvBX)+ C(TvBX) + B(HVvCX) + C(HVyCX)

+ ¢VyBX +wVyBX 4+ ¢VVyOX +wVVyOX
B(TyBX + HVvCX) + ¢ (VyBX + VWyCX)

+ C(TyBX + HVyCX) +w (@VBX + TVOX) .
Therefore,
_F.(VyX) = F, (W(WBX n TVCX)> +F, (C(TyBX + VyCX)).
Which then yields (VF,)(V,X) = 0 if and only if
w (VvBX + TyCX) + C (TyBX + HVyCX) = 0

that is, (VF,)(V, X) = 0 if and only if

VvBX +TyCX e T'(Dy); TyBX + HVyCX € ['(wD,).  (5.7)
which completes the proof.

Now we recall the following definition:

Definition 5.2 Let F' : (M, gy) — (B,gp) be a Riemannian map
between the Riemannian manifold (M, gys) and (B, gg). Then we say
that the fibers of the map F' are totally umbilical if and only if

for any X,Y € I'(T'M) where h is the second fundamental form of
the fibers when considered as the immersed submanifolds of the tatal
space M and concide with the B. O’Neill’s fundamental tensor T' for
the vector fields VW € D'(kerF,). A is called the mean curvature
vector of the fibers and is a horizontal vector field.

Infact, we prove the following.

Theorem 5.2 Let F' : (M, gy, JJ) — (B,gp) be a Riemannian map
from a kaehler manifold (M, gur, J) to a Riemannian manifold (B, gp)

with generic and Dy—totally umbilical fibers. Then A € I'(wDy).
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Proof. Since M is a Kaehler manifold, for any V,W € T'(D;) using
(2.3) we have

Vi JW = JV,W.
Now using (3.2) and (3.4) we have
WV, JW) + VyJW = Bh(V,W) + Ch(V,W) + ¢V W + wVy W.

Taking Riemannian product in above equation with a vector field X €
I'(x) and then using (5.8) we obtain

g(h(V,JW),X) = g(Ch(V, W), X),
gV, JW)g(A, X) = —g(h(V, W), JX)
= —g(V.W)g(A, JX).

(5.9)
Interchanging V' and W in (5.9), we have
g(W, JV)g(A, X) = —g(W,V)g(A, JX). (5.10)
From equation (5.9) and (5.10) on combining them, we get
g\, JX)=0.
Which gives the result. O
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