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In this paper, we study some geometrical properties of a Finsler space with the gener-
O['m+1

alized Matsumoto metric L = W Further, we prove the necessary and sufficient
a—

condition for Finsler Hypersurface satisfies the condition of hyperplanes of first, second

kinds and but not the hyperplane of the third kind with respect to the above metric.
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1. Introduction

In 1992, the notion of Finsler spaces with an («, 3)-metric was first proposed by M.
Matsumoto named as function of L(«, 3). After the Matsumoto’s accomplishment
in the development of Finsler geometry there are lot of contributions were given
by several authors they have studied a special forms of («, 3)-metrics like Rander’s
metric, Kropina metric, generalized Kropina metric, Shen’s square metric etc. The
systematic theory of the hypersurface of a Finsler space was built by Matsumoto in
1985, along with this he explained the hyperplane of the first kind, second kind and
third kind are the classification of hypersurfaces. Further, many researchers were
considered these three kinds of hyperplanes in different types of («, 8)-metrics of
Finsler spaces and they came with a various conclusions. Recent years, in 2009, H. G.
Nagaraja, S. K. Narasimhamurthy, Pradeep Kumar and S. T. Aveesh obtained some
results on geometrical properties of Finslerian hypersurfaces with («, 8)-metrics
34 In 2018, K. Vineet and R. K. Gupta worked on some special («, 3)-metric.
In 2020, Brijesh kumar Tripathi introduced same aspect with deformed Berwald-
infinite series metric.

In this paper, our aim is to express certain geometrical properties of hypersur-
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face of a Finsler spaces and we discussed the different kinds of hyperplanes with
am+1

(a—p)m

and sufficient condition for hypersurface of generalized Matsumoto metric satisfies

generalized Matsumoto metric, L = . We have derived that the necessary

the conditions of hyperplane of first, second and but not third kind for above metric.

2. Preliminaries

We consider an n-dimensional Finsler space with smooth manifold M" assigned
with L ie., F* = (M", L(«, 8)), where a-Riemannian metric and [S-differential

1-form. Here
aerl

T W

Now differentiate the (1) partially with respect to a and 3 also with first and second
order. We get,

o™ = mf - f) mar!
Ly = (a—g)ymti g = W7 (2)
a™ am—l am"rl
Laa = =2m(m +1) ((a — Byt 2(a—pg)m 2(a— 5)m+2> 7 ¥
am—i—l
Lgg =m(m + 1)W7 (4)
O[m aerl
oL, oL, 0L, 0Ly, Ol
where, La—%,Lﬂ—aB;Laa— aavLBB_ aB’Laﬂ_ aﬁ

The normalized element with supporting element I; = d;L and angular metric
tensor h;; = L™10;0;L are given by,
li=a 'L,Y; + Lgb;
hij = Paij + Qobibj + Q1(b:Y; + b;Yi) + Q=YY (6)
where, Y; = a;;37,0; = aiyz and
P = LLaa_la QO = LLB,Bv Ql = LLaBa_lv Q2 = LQ_Q(Laa - Laa_l)
(7)
The constant quantities of fundamental function L(«, 8) of (1) are given below by
using (7), we get

P _ a2m(m + 1) ma2m+1
B (a— B)2m (o — B)2m+1’
p_ a®(m + 1) B ma2m+l

(CY _ B)Qm (CY _ B)Qm-i—l ’
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O42m-‘,-2
Qo = m(m + UW’
a2m a2m+1
@ =mlm ) <<a — B (- 5)2’”*2)
m(m+1)a?™  (m? —1)a?"2  2m(m+ §)a®m!
Q2 = + - (8)
(a _ 6)2m+2 (a _ ﬂ)Qm (a _ ﬁ)Qm—&-l
Now the fundamental metric tensor g;; = %&-@L%s defined as,
gij = Paij + Pobibj + Pl(bZY} + bj}/l) + QQY;YB (9)
where,
Py=Qo+L3, P, =Q +L 'PLg, Py =Qy + P?L72 (10)

In addition, the reciprocal of tensor g;; is g/ given by

g7 =P ta" — Spb'b! — Sy (b'y? + Vy') — Say'y? (11)
where,
i ii (PP0+(P0P2—P2)Q2)
b =a ]bj SO = ,uP ! ) (12)
S_(PP1+(P0P2—P12)5) S_(PP2+(P0P2—P12)52) 13
- r L S i S
f 7

j1=P(P+ Py’ + Pf) + (PyPy — P)(ah* — B%).  (14)
The Cartan tensor is given by °,
2PCijk = Pl(hijmk + hjkmi + hkimj) + Yim;mmy. (15)

where,

o,
op

The associated Riemannian space containing the components of the Christoffel’s

1.
Ciji = §8kgij7 m=~FP ( ) — 3P1Qo, m; =b; —a ?BY;. (16)

symbol {;k} and the covariant derivative Vj, with respect to 2* corresponding to
this Christoffel’s symbols.
We have the following components of the symmetric and skew symmetric tensors
respectively,
(bij + bjs)

B =~ T 75 F.. =

) 2 ) . (17)

where bij = v]lh
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The difference tensor D;k = I‘j}c — I‘j-  of the special Finsler space F™ is given
by
D;k = BiEj;,C + F;B] —+ F;Bk + B;-b()k + B;icboj — bomgimBjk — CjimAkm —
Cikm AL 9" + A (C), Ol + Cpp, OFf — CFRC0)-

where,
By = Poby + P1Yy, B'=g¢"B;, FF=g"F; By=by (19)
P,
{Pi(ai; — a7?YiY)) + T;mz‘mj}
Bij = 2 5 (20)
Zl = B]TEOO + BmEko + BkFén + B()F];n, (21)
BF = g™ Bj;, \™ = B™FEy +2BoF}". (22)

Here and also for the following we denote 0 as contraction with y® except for the
quantities Py, Qo and Sp.

3. Induced Cartan Connection

Let F™~! be a Hypersurface which contains a equation z* = 2% (u®),a = 1,2, ...(n —

1), where u, be a Gaussian coordinates on the hypersurface F"~1. Let us consider
i

; x
that the matrix of the projection factor B;, = —— is of rank (n — 1), then

ou
y' = B (u)v® (23)

Here 3 is the supporting element of F™ is tangential to F™~! and thus the v = v® is
the element of support of F™~! at the point u®. The metric tensor g, and Cartan
tensor Cypgy Of Fn=1 are given by

9op = 9iiBiBh.  Capy = Cisi BLBLBY. (24)
A unit normal vector N*(u,v) is at each point u, of F"~! is expressed by,

91y (@(u,0),y(w, V) BN =0, giy(a(u,v), y(wv)) NN = 1. (25)

In terms of angular metric tensor h;;, thus
hap = hijBLBY,  hi;BLN7 =0,  hi;N'N/ =1. (26)

If BY is the inverse of B, , then

By =g*fg;;B,,  BLB! =0l  BLN'=0, (27)
N; = gi; N7, B.B§ + N'N; = 6. (28)

where g®# is the inverse of g,g of F"~L. From (25) and (27), we have
BB’ =6,  BIN;=0, N'B®=0, N'N;=1. (29)

km**)

(18)
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And also we have,
B.B{ + N'N; = 6. (30)
The induced Cartan’s connection ICT = (FE‘*V,GE,CE‘W) of F"~! generated
from the Cartan’s connection CT' = (Fjik, g, C’j’:k) is given by ©,
*a  _ pa/pi i pJ pk ]
U5, =Bi(By, + 175", BgBy) + MG H,
§ =B (Bhy +T5 1)),
a  _ pagvi J Rk
CBW =B C}, B;By.
where,
Mgy = N;Cj, BLBY, Mg = g*" Mg, Hg = Ni(Bjs + T B%)
and
3BZB
our’

Here the second fundamental v - tensor and normal curvature vector are Mg, and
Hp respectively, the second fundamental h - tensor Hg, is stated as 6

Bg, = Bog = Bagv®

Hg. = Ni(Bj, + T5iBLBE) + MsH.,. (31)
where,
My = N;C}, B4N*. (32)

The second fundamental h-tensor and the normal curvature vector are H,g and H,
of F™~! respectively, are given by

Hap = Ni(Blz + Fj BLBj) + Mo Hpg (33)
and
H, = Ny(Bj,, + G Bl) (34)
here M, = Cy;3 B N'N* B! —Lﬂ d B, = B, 0°. It i
where M, = C;1B;, Bag = 5 5.5 and By, = Bjav” t is clearly

expresses that H,g is not symmetric and
Hyp — Hgo = MoHg — MgH,,. (35)
The equations (33) and (34) gives
Hoo = Hpov® = Hy,  Hyo = Hopv® = Hy + M, H. (36)
Here,

Mep = CijiBL,BIN". (37)
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where M,z is the second fundamental v-tensor. The projection factors Bf* and N i
contains the h and v-covariant derivatives evolves with respect to induced Cartan
connection ICT respectively are given by
Blg = HopN' = MagN', Njy = —HapB$g” = —MasB§g” (38)
and in terms of h and v-covariant derivatives of vector field X are as follows:
Xijp = Xi; By + X;

iN7Hgp, X5 = X|; B (39)

The following lemmas states the different kinds of hypersurfaces and their charac-
teristics conditions which are defined by M. Matsumoto ©.

Lemma 1. A hypersurface of a Finsler space F"~' is a hyperplane of the 1%¢ kind
if and only if H, = 0.

Lemma 2. A hypersurface of a Finsler space F"~' is a hyperplane of the 2™ kind
if and only if Hy, =0 and Hyp = 0.

Lemma 3. A hypersurface of a Finsler space F*~1 is a hyperplane of the 3" kind
if and only if Hy, =0 and Myg = Hop = 0.

4. Hypersurface F™~! of Finsler space

m—+1
Let us consider a Finsler space F™ with the («, 8)- metric L = ((175)7"’ where, o =
o —
— , 0b
v aij(x)ylyl is a Riemannian metric, 8 = b;(z)y’ is 1-form metric and b;(z) = p
x

is a gradient of scalar function b(z). In this part we prove the necessary and sufficient
condition of hypersurface of a Finsler space to be hyperplane which satisfies the 15
kind, 2"¢ kind and but not 3"¢ kind. We have,

b;B, =0, by =p=0. (40)

Accordingly, the induced metric L(u, v) of hypersurface of (40) which is Riemannian
metric given by

L(u,v) = \/aas(u)v®vf, anp = aijBleé. (41)

Henceforth F"~1(c), now from the equations (8), (10) and (12), we have

1
P=1 Qo=m(m+1) Q=0 Q2=—$ Py =m(2m + 1)
m m2+m m
P=—  P,=0 =1 2 ¥ o Sy=—""""__  § =
1 Oé’ 2 9 ﬂ/ +(m +m) 9 0 1+(m2+m)b27 1 a(1—|—(m2—|—m)b2)
m2b?

Sy =

7a2(1 + (m? + m)b?)’ (42)
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wherefore (11) yields,

. . (m2+m) o m . . m2b?
¥} — 1y _ blbj _ bl J b] X2
e 12 ot 2 rmm Y Tt e e VY
(43)
Hence with F"~!, operating the b;b; using (40) and (43) we get
. b2
gmbibj = (44)

1+ (m? 4+ m)b?

Therefore, we obtain

b2 y
R e AL (45)

where b is the length of vector b'. From (43) and (45), we get

) . . b2 .
b = aiib; = /B2 ((m2 + m)b2 + )N + . (46)
e
Theorem 1. Let F*~! be a hypersurface of Finsler space F™ with metric L =
m—+1
( a Bym with scalar function b;(x) = 0;b(x) given by (44) and (45) and a hyper-
o —

surface F"~1 of F™. Then the induced Riemannian metric is lead by (40).

Theorem 2. The second fundamental v-tensor of hypersurface of a finsler space
am+1

with the metric L = W vanishes and the second fundamental h-tensor is
o —

symmetric.

Proof:Further, h;; and g;; are identified by (6) and (9) into (42),

1

hij =a;; + m(m + 1)blbj — 7Y;Y; (47)
Q

gij =5 + m(2m + 1)bibj + %(biyj + bjyi) (48)

where, h;; is an angular metric tensor and g;; is a metric tensor.
Along hypersurface F~1(c) with hglﬁ) which represents the angular metric tensor

of Riemannian a;;(z), then hog = h((fﬂ) Accordingly from (10), as well as F"~1(c),

aPO 7 a2m+2

s
m(m + 1 + 2
Therefore, (16) yields 71 = (m+1)(m +2)

o
Now from (15), we get

,my; = b;.

+1 +2
Cijk = %(hijbk + hjrb; + hkibj) + (m(m QL(m )> bib;by. (49)
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Using (37) and (26) and (49), we obtain

Mas = > Lh My,=0 (50)
*F = 24 1+ (m? +m)b? afy o=

Thus from (50) and (35) thereby Hnog = Hggq.
we have the following result:

The necessary and sufficient condition for a hypersurface F"~1(c) of a Finsler
m—+1

space with the generalized Matsumoto metric L = W to be a hyperplane of
bic; + by
first kind by = 2905 b
Proof: Subsequently, from (40) we get
bi\s By, + biB, 5 = 0. (51)
Therefore from (38) and we are using (39), we get
by BLBY, + by BLNHp + b HogN' = 0. (52)
S b2
Along b;; = —bsCy;, becomes b;; B, N7 = — | ——————->M, = 0. Including

14 (m? +m)b?

b;); is symmetric, from (52) we obtain

/ e oy
Y _H.s+b,.B.B. =0. 53
1+ (m2 +m)p2 7 +0iliBal (53)

Now, contracting the (53) with v” and again that with v®, yields

b2 y

\ T (2 e o biti Bay” = 0. (59
b2 P

5 (m2 g 110 T bagy'y” =0 (55)

In the context of lemma (1), the hypersurface of Finsler space F"~!(c) is a hyper-
plane of the first kind if and only if Hy = 0 and also on the other hand bi‘jyiyj =0.
The covariant derivative b;; depends on y'.

Since, from (17) which become E;; = b;;, F;; =0 and F; =0.

Hence 18 reduces to

ilj

k= B'bjk, + Bibok, + Biboj — bomg " Bik — Chp AR — Chn AT + Cirm AT+
X (C3,,Ch + CL,, Cl = CRRCYLL) - (56)
In the context of (42) and (43), the relations in (19) consists of
m? +m ; m

m ; .
B; =m(2 Vo, +—Y; B'= b ‘
m(2m +1) '+a 14+ (m? + m)b? Jrcz(l—&—(mQ—&—m)bg)y
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m m m(m+1)(2m+1)
Bij = 5 aij — 5 3 Yi¥; + bibj,
, , m, o m(m+1)(3m+2) ,
Bi=g¢*B,. = —(§ — a~2'Y; bib.
5= 9" B = 5 05—y + S e )
B m? 4 2m?(m + 1)(2m + 1)b? iy,
202(1+ (m? + m)p2) 0
AZL = B]ZLbOO + B™bio A" = B™bq. (57)
In the context of (42) and (43), the relations in (19) consists of
D;’O = Bibjo + B;»boo — BmO;mboo
. . m2 +m . m .
Di{y=B" =by= b’ * ) boo. o8
00 00 <1+(m2+m)b2 +a(1+(m2+m)b2)y) 00 (58)
By the relation (40), we obtain
; (m? + m)b? m + 3m(m + 1)2b? (m? + m)b™ ;
b; D%y = b; bibog — ——F——————=b:C",,,boo-
O 1T (m2 +myp2 + 201+ (m2+m)b?) 7 T4+ m2+m)p2 - Im "
(59)
; (m? 4+ m)b?
biDyy = ———————=boo- 60
007 1 (m2 4+ m)p2 (60)
Hence b;|; = b;; — bsD;; with (59) and (60) yields
i 1
bijjy'y’ = mbou (61)
Subsequently (54) and (55) are expressed as
b _
H, +b;B’ =0. 62
1+ m2+mpe o e (62)
b 1
boo = 0. (63)

Hy +

V14 (m? +m)b? O T (m? + m)b?

As consequence of that the condition Hy = 0 for an induced metric which is equiv-

alent to bog = 0, using (40) which can be written as b;;y'y’ = (b;y")(cjy?) for some
¢;(x), therefore

biC P+ b iCi

b = LI 5 I (64)

And also satisfies the hypersurface of the second kind, bygg = 0, bijBéBg =

0, b;;Biy? = 0. Here (63) gives H, = 0. And from (57) and (64) we obtain

2

i cb” ipd i i
biob = T, AT = 0, AJBé =0 and BUBQB% =0.
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With the help of (37), (43), (46), (50) and (56), we get

o cob®>m
b,D$. B! B = —
T e 4a(l+ (m2 +m)b?)

hag, henceforth, (53) reduces to

b cob®>m
Hap + he
14 (m? 4+ m)b? O a1+ (m2 + m)p?)

=0. (65)

hence the result From (36),(49), (57) and (55) and the Theorem?2.

Theorem 3. The necessary and sufficient condition for a hypersurface F"~1(c) of
m—+1
a Finsler space with («, 8)-metric L =

(65) holds. i.e., Hop = 0.

W to be a hyperplane of second kind
a —

Theorem 4. The necessary and sufficient condition for a hypersurface F"~1(c) of
m—+1
a Finsler space with («, 8)-metric L = (O‘iﬁ) to be a hyperplane of third kind
o — m
does not holds. we distinguished that the hypersurface F"~1(c) is not a hyperplane
of the third kind.

Here we concluded that the necessary and sufficient conditions for the hypersur-

m—41
face F"=1(c) of a Finsler space with the L = , in this paper we determined

(a—p)m
the conditions for hypersrfaces to be a hyperplanes of first, second kind and but not
a third kind.
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