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In this paper, we study the conformal vector fields on a class of Finsler metrics. In

2
particular Kropina metric ' = - is defined in Riemannian metric a and 1-form 8 and
its norm. Then we characterize the PDE’s of conformal vector fields on Kropina metric.
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1. Introduction

Finsler geometry has been developing rapidly since last few decades, after its emer-
gence in 1917. Finsler geometry has been influenced by group theory. The celebrated
Erlangen program of F. Klein, posed in 1872, greatly influenced the development of
geometry. Klein proposed to categorize the geometries by their chacteristic group
of transformations.

Conformal vector fields are important in Riemann - Finsler geometry. To solve
problems on conformal vector fields in Riemanna - Finsler geometry as follows:.
Let (M.F) be a Finsler manifold. It is known that a vector field v = v° 6‘277 on
M is a conformal vector field on F' with conformal factor ¢ = c(x) if and only
if X,(F?) = 4cF?, where X, = v' g% + y' %% % [5]. Recently, Shen and Xia [5]
have studied conformal vector fields on a Randers manifold with certain curvature
properties. They also determine conformal vector fields on a locally projectively
flat Randers manifold. Besides they use homothetic vector fields (¢ = constant) on

Randers manifolds to construct new Randers metrics of scalar flag curvature [6].

The theory of Kropina metric was investigated by L.Berwald in connection with a
two dimensional Finsler space with rectilinear extremal and were investigated by
V.K.Kropina. Randers metrics seem to be among the simplest non - trivial Finsler
metrics with many investigation in Physics, Electron optics with a magnetic field,
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dissipative mechanics, irreversible thermodynamics etc..

In this paper, we shall study the conformal vector fields with Finsler Kropina
metric, whose metric is defined in Riemannian metric o and 1-form S and its norm
and here by inspiring the work of conformal vector fields on some Finsler manifolds.
Then we characterize the PDE’s of conformal vector fields on Kropina metric. In
natural way, we consider the general (a, 8)- metrics are defined as the form:

F = ag(b?, /). (1)
For example, the Randers metrics and the square metrics are defined by functions
¢ = ¢(b?, s) in the following form:

V1I—b2+s2+s 2)
1—02 '

¢ =

(V1I—b2+ 52 +5) 3)
(1—b2)2y/1 b2 + 52
Based on the some reviews, further we shall study the covariant derivatives of con-
formal vector field is directly proportional to Kropina metric .

o=

2. Preliminaries

Let M be an n-dimensional differential manifold and 7'M be the tangent bundle.
A Finsler metric on M is a function F' = F(z,y) : TM — R satisfying the following
conditions:

(1) F(zx,y) is a C* function on TM\{0};

(2) F(z,y) >0 and F(z,y) =0— y = 0;

(3) F(x, y) = AF(z,y),\ > 0;

(4) the fundamental tensor g;;(z,y) = 1 SQEFQ,)- is positively defined.

Let

_1p2y . _ 199
Cijr = Z[F ]y’yfy’“ -2 ay’j'

Define symmetric trilinear form C = Cjjrdz’ @ dz? @ da* on TM\{0}. We call C
the Cartan torison.

Let F be a Finsler metric on an n - dimensional manifold M. The canonical geodesic
o(t) of F is characterized by

ol 4 2Gi(o(t), 0(t)) =0,

where G* are the geodesic coefficients having the expression G* = £ g {[F?]r,y" —
[F?],:} with (¢¥) = (g;j) ! and & = % 52:. A spray on M is a globally C* vector
field G on TM\{0} which is expressed in local coordinates as follows :

_ i 0 i 0
G=vy'5 —QG’ayi.
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Given geodesic coefficients G?, we define the covariant derivatives of a vector field

X = X(t) B?ci along a curve ¢(t) by

DX () = {X7(t) + X7 (N} (e(t), (t)} 5

i _ 0G" irg) — dXx? . dct d
where Nj = 55, X*(t) = %4 and ¢ = - 555

It is easy to verify that

De(X +Y)(t) = DeX () + DeY (1),
De(fX)(t) = f1 )X (t) + f(t)De X (1) -

Since D, linearly depends on X (t), DX (t) is called the linear covariant derivative.
It is easy to see that the canonical geodesic satisfies D; = 0.

Let TM be the tangent bundle and © : TM\{0} — M the natural projection.
According to the pulled - back bundle #*T'M admits a unique linear connection
called the Chern connection.

Let FF = %2 be a Kropina metric expressed in terms of a Riemannian metric a and
a vector field V on M. Consider equation (1) is

F=ag(? L)

where ¢ = ¢(b?, s) is a positive smooth function on [0, bg) x (—bg, b). It is required
that

¢ - ¢28 > 01 ¢ - ¢28 + (b2 - 82)¢22 > 07 (4)

for b < by, where,

lé] o
2¢)1‘ 8$3¢2*3f7
F) / 212
¢)22_ 4 o = 1—b S,ﬁ—_lsbg.

T 09s% 1-b2

We write the function where ¢ = ¢(b%, s) in the following Taylor expansion
¢ =po + P15 + p2s® + o(s?),

where

1
1
(1-b2)2

pi:pi(bQ)a and pg = ) p1:ﬁ7p2:m~

Now (2) implies that
po >0, po+2b%ps > 0.

But there is no restriction on p; . If we assume that p; # 0, then F' is not reversible.
If the Finsler Kropina metric is on the conformal vector field, then Finsler Kropina
metric becomes

b2 g2
(,25(172,8) = 13(1b—-l~)_2)
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and (2) and (3) satisfy

1 ﬁ_@+72[2ﬁ_@]_@}52:;. (5)
202 "p1 po po P1 Do Do 26%(1 — b2)

2.1. Definition of Conformal vector fields:

Let F be a Finsler metric on a manifold M, and V be a vector field on M. Let ¢,
be the flow generated by V. Define ¢ : TM — TM by ¢i(z,y) = (¢+(x), dr * (y)).
A vector field V is said to be conformal if

GiF =, (6)

where oy is a function on M for every t.
Differentiating the above equation by t at ¢ = 0, we obtain

X, (F) = —2¢F, (7)

where c is called the conformal factor and we define

o ,ovi 9 d

X, =viZ =9 =Yoo
Y V@x’+y oz’ Byfc dt‘tioat ®)

Differentiating the above equation by t at ¢ = 0, we obtain
Xy(F) = —2cF, (9)

where c is called the conformal factor and we define

o  Lovia  d
o 7Y o @70* %\tzoap (10)

X, =V’

3. Conformal vector fields on Finsler- Kropina metric

In this section we shall study the conformal vector field on Kropina metric with (2).
Let V be a conformal vector field of F' with conformal factor ¢(z).

i.e., Xo(F?) = 4cF2. (11)

Now we are in the position from (2) and to solve the above with the Kropina metric,
we have
2 _p21 42
o9 _ 7—’_57
B s(1—02)

then (11) implies

Xv(Fz) = ¢2XU(O‘2) + QQXU(¢2)7
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Xy (FZ) = ¢2Xv(a2) + 2¢a2¢1Xv(b2) + 2¢¢201Xv (6) - 2¢¢2ﬁxv(a)a

X, (F?) = (1 +b* +5* — 20> — 25%b?) X, (a?)

+ 202X, (b%)(s® — $°b% + 5°) + 20X, (B)(b? + b* + b° + s* — 5*b?)
— 26X, (a)(b® +2b* — b? + s — s1b? + 2577

_pts2 52)/53(1 _ b2)3

X, (F?) = Ag[A1 X, (a?) + 202 X, (b*) Aa
+2aX,(B8)As — 28X, (o) Adl, (12)
where,
1
Ay =1+ b + 5% — 207 — 25202,

Ay =53 — 3% + §°,

Ag =

Az = b1+ %) + 0% (1 — s*) + 5%,
Ay =05 + b2 — s%) +52(20% — st — 1) = b? + 5%, (13)
Xy(a?) = 2Voo, Xu(B) = (V7biyj + 0 Vja)y'".

Then equation (12) equivalent to
(¢ - ¢28)Vb;0 + a¢2(vjbi;j + b]‘/j,z)yl((le'u(bg) - 20¢)O¢2 = Oa

1—b2—|—s2_ 52—s2b2+2b2—b4—1)s v
s(1—b2) s2(1 — b2)2 00
2 — 8202+ 202 — bt — 1 . ) ;

$3 2 s?
+ {(W)Xv(lﬁ) - 20(15(11)—;))] a®=0

(1 =02+ s%)(1 —b?) — (s% — %62 +2b% — sb* — 1)

s(1—b%)2 E
52 — 822 + 202 — bt — 1 , , ;
ol () Vet )
n sa? X, (b%) — 2ca(1 — b* + s7) 0
s(1—02) B

bt + sb* — 4b? a? — 2% 4202 — bt — 1 - - .
o el (T ) Ve Ve
2ca?(1 — b% + s?)

202X, (b2) —
Tt ) - T A

=0.
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Which implies,

BV + aBa(Vibyj + W Vi)y' + s2a? X, (b%) — 2Bsca® = 0, (14)
where,
bi(1 + s2) — 4b?
By =
s(1—1b2)2
a? —bt —b?(s2-2) -1
By = 2 2)2 J
s2(1 —b2)
1—b% 452
By3=——7+7—. 15
8 s(1—b?) (15)

To simplify the computation, we fixed point x € M and make a co-ordinate change
such that

Then we have

[ V)

S — _ _
Voo =Vins——=e2+ (Vio+ Vo)

e a+ Voo, (16)

S
JiE =5

Vb + b Viiy' = (VIbr + 6 Vja) a+ (Vb + Vi),  (17)

B2 _ 52
where,
VI;O + VO;l = Z(‘/i;p + Vi ;1)yp7 V();O = Z an;qypyq’ (18)

a=2 p,qg=0

VjBO;j + ijj;O = Z(ijp;j + ijj;p)yp-
p=2
From (16) and (17) in to (14), which yields
2
S R—
(¢ — p2s) {Vm moﬂ + (Vio + Vo)

b . ,
+ @WQ {(ijl;j +6'Vjia)

S
Vi o)

S o . .
\/ﬁa + (V‘?bo;i + b‘]‘/j;o)}
82 — — — S =
Bl{Vl;lma + (Vl;O + Vo;l)ﬁa + VO;O}}

S

b2 — g2

b
V2 — 52
2 J—

. b
+ b‘]Vj;O)} + [Ssz(bz) — 2830]m012 =0. (19)

+ By a{(vjbl;j + ijj;l) a+ (ngo;j

Consider the polynomial
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¢ = po + p15 + p2s? + o(s?)
with p; = p;(b?) then we have,
¢1 = pg +pis +phs® + o(s?).
oy = Po +pis +p3s® +o(s?).
By letting s = 0 in (19) then
poVoso + p1(VIboyj + bV j0)a + {pg Xy (b°) — 2cpo}a® = 0.
According to the irrationality of @, the (19) is equivalent to
pl(ngo;j + ijj;O) = 0,
po(Vo;o +p(1)Xv(b2) — 2cp0)? =0.
Therefore, the equation (22) yields
ijp;j + ijj;p =0.
By (23) we have
1
Visg + Vaip = _2{@Xv(b2) —2c}0pg, 2<p,g< .
Po
Again irrationality of @ from (14) we get

— — s
Bi(Vio+ Vo) ——=—=a=0.

2 — o2
¥ o= bs — i j
Bl{Vl;lma +Voo} +B2ma (V7b1,; + V' Vja)
b2

+ {2 X, (b?) — 2c32}m¥ =0.
From (24) we get
Vio+ Vo1 =0.
This equivalent to
Vip +Vp1 =0,
Solving (22) for V.o and plugging it in to (25) we have
1 1
3132{v1;1%2(xv(b2) —20)} — {%Xv(bQ) — 20} B, (1?)
+ B3sb(Viby; + b Vj.1) + Bab® X, (b?)

(1 -0 —s?)

— 2cb? =0.

(23)

(24)

(25)

(26)

(27)
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By Taylor series, expansion of ¢(b?,s) then plugging it in to (25) and by the coef-
ficients of s we have.

_ . 9
bpy (VIby; + b Vi) + bQXU(b2)a—1Z; — 2¢b%p; = 0. (29)
Then
) 1
Viby + bV = —(%XU(bQ) — 20)b. (30)
1
Then by (23) and (30) we have
Vb + bV = — (2 X, (b?) — 2¢)b;. (31)
P1
Substituting (30) in (29), we have
pl
Bis*{Vi;; + (Iva(bQ) - 2c)}
0
P i
— 02X, (b)) {22 B — By + B3s—} = 0. (32)
Po y4!

The coefficients of all powers of s must vanish in (32). In particular, the coefficients
of s? vanishes.
We have

1
Via + %Xv(zﬁ) — 2¢b = —b2X,(b?) Ry, (33)
0

where
1 1 1
Ry = [0z L B0 oPiP2)
PoDPo Po P1 Po
By (24),(26) and (33), we have

1
Vi + Vi = depij — 2X,,(b2){]%pij + Robib; }. (34)
It equivalent to
L
Vi + Vi = dean — 2Xv(b2){]7004 + Ro,@} (35)
0

Contracting (26) with b® and &’ yields
1
Vi bibl = 2cb? — bQXU(bQ){% + Rob?}. (36)
0

This equivalent to

Vi bl = 2682 — 2 X, (b).
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Contracling 26 Wi‘h b’L and b‘] yieldS
(2%] v 2{2 1 .

Here,we used the fact that X, (b?) = 2b;;b'V* . Then comparing (33) with (38)
yields

X, (0*){R; — Ryb*} = 0, (38)
whereR1:ﬁ+%—§—§.
Now, (38) reduced to
X, (6){Ry + Rab*} = 0. (39)

Here, two cases arises : Case 1: If
R1 + Ryb® #0, (40)

1 1 1 1
where, Ry = ZoP2 P2 9P P2

Po Po Po P1 Po
It follows from (40) that X, (%) = 0 and in (30) and we have
Vij + Vi = dea, Vb + 0V = 2¢f. (41)

Notice that if X, (b?) = 0 and (41) holds then V satisfies (12) and V is an conformal
vector field.
Therefore, we obtain
Theorem-1
Let F' = 0‘72 be a Kropina metric on an n-dimensional manifold M (n > 3) and let

V = Vi(r) 6‘; be a conformal vector field. Then V is a conformal vector field of F’
with conformal factor ¢ = c(z) if and only if X, (b?) = 0 and

Vi + Vji =4dca, VI + bV, =2ch. (42)
Case 2: If
Ry + Rob® = 0. (43)
In this case X, (b?) # 0. Then obviously, we have

Viij + Vi = dea — 2X, (b*)b" 2 Ryb;b;, (44)
Viby; + Vb = 228. (45)

Since V' is conformal vectror field and above equation then (12) is reduced to

1—b%+ 5% pl

Xo(W){Bib™'[(b* = °)Rj] + By — (——5) — = 0. 46
) (B (0 = B+ By — () (16)

Therefore it follows we obtain
Theorem-2
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Let F' = %2 be a Kropina metric on an n-dimensional manifold M (n > 3) and

let V = Vi(x) a?ci be a conformal vector field.Then ,V is a conformal vector field of
F with conformal factor ¢ = ¢(z) if and only if

Vij + Vi = dea — 2X,(b%)b 2Ry bsb;,
Vb 4 Vi = 228, (47)

Xo(0*){B1d7(6” — s*)R{] + B>
1-b%+ sQ)p%

_ i 48
(8(1_b2) o =0 (48)
where,
L pi p
Ri=(—+——-=—
! (252 D1 Po)’
b
YU pr o po 2627
b1+ s?) — 4b?
By = ——Ft5m—,
s(1—02)2
a? — bt —b?(s2-2) -1
By = 2 2\2 J
s2(1 —b2)
and E:c—%XU(IF)Z—é.
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