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Abstract

Walker (1950) and Roter (1964) studied and defined Ruse’s spaces of re-
current curvature and second order recurrent spaces respectively.

In the present paper, we have studied and defined Einstein-Kaehlerian re-
current space of second order and several theorems have been established therein.

1. Introduction

An n(= 2m) dimensional Kaehlerian space K" is an even dimensional Rie-
mannian space, with a mixed tensor field Fih and with Riemannian metric g;;
satisfying the following conditions

F!F} = -4, (1.1)
Fij = —=Fji, (Fij = F{' gaj) (1.2)

and
Fl =0, (1.3)

where the (,) followed by an index denotes the operator of covariant differenti-
ation with respect to the metric tensor g;; of the Riemannian space.

The Riemannian curvature tensor, which we denote by thj i 1s given by

mo=a o f-a (G LU H T oo

where 0; = % and {z'} denote real local coordinates.
The Ricci-tensor and the scalar curvature are respectively given by

Ri]’ = R and R = Rijgij.

aij
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It is well known that these tensors satisfies the following identities
vika = Rki — Rik jy (1.5)
R;=2R},
FiaRaj - — RiaF]q7
and
FfR) = ROF? (1.8)
Let Rp;j;, be the components of the Riemannian curvature tensor.

We define a bi-recurrent space as a non-flat Riemannian V,,, the Riemannian
Curvature tensor of which satisfies a relation of the form

Ruijicab = AavRniji (1.9)

where \p is a non-zero tensor of the second order called the tensor of recurrence
or recurrence tensor.

A Kaehlerian space K" is said to be Kaehlerian recurrent space of second
order if the curvature tensor field satisfy the condition

Rhijk,ab — AavRuijr = 0 (1.10)
for some non-zero recurrence tensor \gp.

THe space is said to be Kaehlerian Ricci recurrent space of second order,
if it satisfies the condition

Rij.ab — AavRij =0 (1.11)
Multiplying the above equation by g%, we get
Ry — AR =0 (1.12)

An immediate consequence of (1.9) and Bianchi identity
Rpijk,a + Rhikaj + Rhiaje =0
gives for a bi-recurrent space
AabRniji + Njp Rhika + M Rhiaj = 0 (1.13)
In the case
Rpijkap =0

(1.9) and (1.13) are satisfied for A\;; = 0 and the space may or may not satisfy
(1.13) for some non-zero tensor \;;
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Let us suppose that a Kaehlerian space is an Einstein one, then the Ricci

tensor satisfies

R
Rij = i (1.14)

at every point of the space.

Theorem 1. If a recurrent space of second order (or bi-recurrent space) be
FEinstein, then the Ricci-curvature tensor vanishes.

Proof. Considering (1.13), transvecting by ¢"*¢", we get
AabR = N\jpg"”? Rig — Nipg"* Rpg = 0
i.e.
AabR — 2)\jbginia =0

Let a bi-recurrent space be Einstein one. Then making use of (1.14), in
(1.15), we obtain

"R
AR — 2)‘]'1791]% Gia =0
whence
(n—2)A\spR = 0.

Since Ay # 0 and n > 2, R = 0 which is equivalent in an Einstein space to
saying that R;; = 0. This completes the proof.

Theorem 2. In an Einstein recurrent space of second order, the scalar g\,
vanishes.

Proof. Transvecting (1.13) by ¢"* and with the aid of R;; =0, we get

MapRE =0 (1.16)

iaj =
Transvecting (1.13) again by g% yields
ORniji — Njpg™ Rakni + Mevg® Rajni = 0 (1.17)
where we have put the scalar ¢g*®\,, = ¢. Simplifying (1.17), we get
SRhijk = Ajp Rini — b R
This, by virtue of (1.16), gives

dRpiji = 0.
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Hence, either ¢ = 0 or Rp;j;, = 0. But Rp;j, # 0, because the case of flatness
contradicts the definition of a recurrent space of second order (or, bi-recurrent
space).

Therefore ¢ = 0, i.e., g Ay = 0 or, g"\,s = 0.
Which completes the proof of the theorem.
2. Condition for recurrent space of second order to be recurrent

We know the definition of a recurrent space. Evidently, a recurrent space
is bi-recurrent or recurrent space of second order, but the converse is not true.
It will however be shown in the form of a theorem that under certain conditions
a recurrent space of second order (or, bi-recurrent space) becomes recurrent.

Theorem 3. A recurrent space of second order (or, bi-recurrent space) with
A3 s = 0, g"Ars # 0 is recurrent when and only when the space is Ricci-
recurrent.

Proof. If a recurrent space of second order is recurrent, then the space is

Ricci-recurrent. Conversely, if A™\.s = 0 and ¢"*\,s # 0, then as shown by

Roter [2], the curvature tensor of a recurrent space of second order (bi-recurrent

space) has the following form

2
(

Rpijr = = Ry Rij — RyjRir), (2.1)

we then consider those recurrent spaces of second order which are Ricci-recurrent
having f3; as vector of recurrence.

Equation (2.1) thus yields

4 2 2
Rpijk,a = Eﬂl(thRij—thRik)_Eﬁl(thRij_thRik = Eﬁl(thRij_thRik)

= BiRpijk-

Therefore, the space is recurrent.
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