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Département de Mathématiques, FASTEF, UCAD, Dakar, Senegal

E-mail: ameth1.ndiaye@ucad.edu.sn

Received : May 15, 2022

Accepted : November 10, 2022
Published : December 30, 2022

In this paper, we investigate the differential geometry properties of curves of constant

breadth according to Darboux frame in a given strict Walker 3-manifold. The considered

curves are lying on a timelike surface in the Walker 3-manifold.

MSC: 53B25 ; 53C40.

Keywords: Darboux frame, curvature, torsion, constant breadth curve, Walker 3-

manifolds.

1. Introduction

The study of curves of constant breadth were defined first in 1778 by Euler. Then,

Solow 11 investigated the curves of constant breadth. Kose, Magden and Yilmaz

in 9,10 studied plane curves of constant breadth in Euclidean spaces E3 and E4.

Fujiwara 7 defined constant breadth for space curves and obtained a problem to de-

termine whether there exists space curve of constant breadth or not. Furthermore,

Blaschke 3 defined the curves of constant breadth on a sphere. In 2, Altunkaya et

al. defined null curves of constant breadth in Minkowski 4-space and obtain a char-

acterization of these curves. Also Altunkaya et al. in 1 investigate constant breadth

curves on a surface according to Darboux frame and give some characterizations of

these curves.

Motivated by the above papers, we investigate the geometries of curves of con-

stant breadth according to Darboux frame in a Strict Walker 3-manifold which is

a Lorentzian three-manifold admitting a parallel null vector field. It is known that

Walker metrics have served as a powerful tool of constructing interesting indefi-

nite metrics which exhibit various aspects of geometric properties not given by any

positive definite metrics. For more details about Walker 3-manifold see 5,6,8.
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2. Preliminaries

A Walker n-manifold is a pseudo-Riemannian manifold, which admits a field of null

parallel r-planes, with r ≤ n
2 . The canonical forms of the metrics were investigated

by A. G. Walker (4). Walker has derived adapted coordinates to a parallel plan field.

Hence, the metric of a three-dimensional Walker manifold (M, gϵf ) with coordinates

(x, y, z) is expressed as

gϵf = dx ◦ dz + ϵdy2 + f(x, y, z)dz2 (1)

and its matrix form as

gϵf =

0 0 1

0 ϵ 0

1 0 f

 with inverse (gϵf )
−1 =

−f 0 1

0 ϵ 0

1 0 0


for some function f(x, y, z), where ϵ = ±1 and thus D = Span∂x as the parallel

degenerate line field. Notice that when ϵ = 1 and ϵ = −1 the Walker manifold has

signature (2, 1) and (1, 2) respectively, and therefore is Lorentzian in both cases. In

this study we take ϵ = 1.

It follows after a straightforward calculation that the Levi-Civita connection of

any metric (1) is given by:

∇∂x
∂z =

1

2
fx∂x, ∇∂y

∂z =
1

2
fy∂x,

∇∂z
∂z =

1

2
(ffx + fz)∂x +

1

2
fy∂y −

1

2
fx∂z (2)

where ∂x, ∂y and ∂z are the coordinate vector fields ∂
∂x
, ∂

∂y
and ∂

∂z
, respectively.

Hence, if (M, gϵf ) is a strict Walker manifolds i.e., f(x, y, z) = f(y, z), then the

associated Levi-Civita connection satisfies

∇∂y
∂z =

1

2
fy∂x, ∇∂z

∂z =
1

2
fz∂x − 1

2
fy∂y. (3)

Note that the existence of a null parallel vector field (i.e f = f(y, z)) simplifies

the non-zero components of the Christoffel symbols and the curvature tensor of the

metric gϵf as follows:

Γ1
23 = Γ1

32 =
1

2
fy, Γ

1
33 =

1

2
fz, Γ

2
33 = −1

2
fy (4)

Let now u and v be two vectors in M . Denoted by (⃗i, j⃗, k⃗) the canonical frame

in R3.

The vector product of u and v in (M, gϵf ) with respect to the metric gϵf is the vector

denoted by u× v in M defined by

gϵf (u× v, w) = det(u, v, w) (5)
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for all vector w in M , where det(u, v, w) is the determinant function associated to

the canonical basis of R3. If u = (u1, u2, u3) and v = (v1, v2, v3) then by using (5),

we have:

u× v =

(∣∣∣∣u1 v1
u2 v2

∣∣∣∣− f

∣∣∣∣u2 v2
u3 v3

∣∣∣∣) i⃗− ϵ

∣∣∣∣u1 v1
u3 v3

∣∣∣∣ j⃗ + ∣∣∣∣u2 v2
u3 v3

∣∣∣∣ k⃗ (6)

3. Darboux equations in Walker 3-manifold

Let α : I ⊂ R −→ (M, gϵf ) be a curve parametrized by its arc-length s. The Frenet

frame of α is the vectors T , N and B along α where T is the tangent, N the principal

normal and B the binormal vector. They satisfied the Frenet formulas
∇TT (s) = ϵ2κ(s)N(s)

∇TN(s) = −ϵ1κT (s)− ϵ3τB(s)

∇TB(s) = ϵ2τ(s)N(s)

(7)

where κ and τ are respectively the curvature and the torsion of the curve α, with

ϵ1 = gf (T ;T ); ϵ2 = gf (N ;N) and ϵ3 = gf (B,B).

Starting from local coordinates (x, y, z) for which (1) holds, it is easy to check that

e1 = ∂y, e2 =
2− f

2
√
2
∂x +

1√
2
∂z, e3 =

2 + f

2
√
2
∂x − 1√

2
∂z

are local pseudo-orthonormal frame fields on (M, gϵf ), with gϵf (e1, e1) = ϵ,

gϵf (e2, e2) = 1 and gϵf (e3, e3) = −1. Thus the signature of the metric gϵf is (1, ϵ,−1).

If we choose ϵ = 1 then, pseudo-orthonormal frame is formed by two spacelike vec-

tors and one timelike vector and If we choose ϵ = −1 then, pseudo-orthonormal

frame is formed by one spacelike vector and two timelike vectors. For both cases we

obtain Lorentzian manifold. In this work we assume that ϵ = 1

Now we suppose that the curve α lies on a timelike surface S in M . Let U be the

unit normal vector of S, then the Darboux frame is given by {T, Y, U}, where T is

the tangent vector of the curve α(s) and Y = U × T .

Case 1: Let α be timelike curve. Then the tangent vector T is timelike (ϵ1 = −1),

the normal vector N and the binormal vector B are spacelike, that is (ϵ2 = ϵ3 = 1).

Since S is timelike, the unit normal vector U is spacelike and so Y becomes space-

like. The usual transformations between the Walker Frenet frame and the Darboux

takes the form

Y = cos θN + sin θB (8)

U = − sin θN + cos θB, (9)

where θ is an angle between the vector Y and the vector N .

Derivating Y along the curve alpha we get

∇TY = cos θ∇TN − θ′ sin θN + sin θ∇TB + θ′ cos θB.

Using the Frenet equation in (2.7) we have

∇TY = cos θ(κT − ϵ3τB)− θ′ sin θN + sin θ(ϵ2τN) + θ′ cos θB.
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Now we suppose that the principal normal and the binormal have the same sign.

then we get

∇TY = κ cos θT + (θ′ − τ)U (10)

The same calculus gives

∇TU = −κ sin θT − (θ′ − τ)Y. (11)

Then the Walker Darboux equation is expressed as
∇TT = κgY + κnU

∇TY = κgT + τgU

∇TU = κnT − τgY,

(12)

where κg, κn and τg are the geodesic curvature, normal curvature and geodesic

torsion of α(s) on S, respectively. Also, (12) gives

gϵf (∇TY, U) = τg = θ′ − τ, (13)

gϵf (∇TT, Y ) = κg = κ cos θ, (14)

gϵf (∇TT,U) = κn = −κ sin θ. (15)

Case 2: Let α be spacelike curve. Then the tangent vector T is spacelike (ϵ1 = 1),

the normal vector N is spacelike (ϵ2 = 1) and the binormal vector B is timelike

(ϵ3 = −1) or normal vector N is timelike (ϵ2 = −1) and the binormal vector B is

spacelike (ϵ3 = 1). So we have two following subcases:

i): ϵ2 = 1 and ϵ3 = −1.

Then the usual transformations between the Walker Frenet frame and the Darboux

takes the form

Y = cosh θN + sinh θB (16)

U = sinh θN + cosh θB, (17)

where θ is an angle between the vector Y and the vector N .

Since ∇TT = κN , we have

∇TT = −κ sinh θY + κ cosh θU. (18)

Derivating Y along the curve alpha we get

∇TY = −κ sinh θT + (θ′ + τ)U (19)

The same calculus gives

∇TU = −κ cosh θT + (θ′ + τ)Y. (20)

Then the Walker Darboux equation is expressed as
∇TT = −κgY + κnU

∇TY = −κgT + τgU

∇TU = −κnT + τgY,

(21)
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where κg, κn and τg are the geodesic curvature, normal curvature and geodesic

torsion of α(s) on S, respectively. Also, (21) gives

gϵf (∇TY,U) = τg = θ′ + τ, (22)

gϵf (∇TT, Y ) = κg = κ sinh θ, (23)

gϵf (∇TT,U) = κn = κ cosh θ. (24)

ii): ϵ2 = −1 and ϵ3 = 1.

Then the usual transformations between the Walker Frenet frame and the Darboux

takes the form

Y = sinh θN + cosh θB (25)

U = cosh θN + sinh θB, (26)

where θ is an angle between the vector Y and the vector N .

Since ∇TT = −κN , we have

∇TT = −κ cosh θY + κ sinh θU. (27)

Derivating Y with respect to s we get

∇TY = −κ cosh θT + (θ′ − τ)U (28)

Derivating Y with respect to s alpha we get

∇TU = −κ sinh θT + (θ′ − τ)Y. (29)

Then the Walker Darboux equation is expressed as
∇TT = −κgY + κnU

∇TY = −κgT + τgU

∇TU = −κnT + τgY,

(30)

where κg, κn and τg are the geodesic curvature, normal curvature and geodesic

torsion of α(s) on S, respectively. Also, (30) gives

gϵf (∇TY, U) = τg = θ′ − τ, (31)

gϵf (∇TT, Y ) = κg = κ cosh θ, (32)

gϵf (∇TT,U) = κn = κ sinh θ. (33)

4. Space curves of constant breadth According to Darboux Frame

in Walker manifold

In this section, we define space curves of constant breadth in the three dimensional

Walker manifold.

Definition 1. A curve α : I → (M, gϵf ) in the three-dimensional Walker manifold

(M, gϵf ) is called a curve of constant breadth if there exists a curve β : I → Mf

such that, at the corresponding points of curves, the parallel tangent vectors of

α and β at α(s) and β(s⋆) at s; s⋆ ∈ I are opposite directions and the distance
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gϵf (β − α, β − α) is constant. In this case, (α;β) is called a pair curve of constant

breadth.

Let now (α;β) be a pair of unit speed curves of constant breadth and s, s⋆ be arc-

length of α and β, respectively.

We suppose that the curve α lies on a timelike surface in Mf , then it has Darboux

frame in addition to Frenet frame. Then we may write the following equation:

β(s⋆) = α(s) +m1(s)T (s) +m2(s)Y (s) +m3(s)U(s); (34)

where mi(i = 1, 2, 3) are smooth functions of s.

4.1. Case where α is timelike.

Differentiating (34) with respect to s and using (12) we obtain

dβ

ds
=

dβ

ds⋆
ds⋆

ds

= T ⋆(s⋆)
ds⋆

ds
= (1 +m′

1 +m2κg +m3κn)T (s)

+(m′
2 +m1κg −m3τg)Y (s)

+(m′
3 +m2τg +m1κn)U(s), (35)

where T ⋆ denotes the unit tangent vector of β.

Since T = −T ∗, from the equations in (35) we have
m′

1 = −m2κg −m3κn − h(s)

m′
2 = −m1κg +m3τg

m′
3 = −m2τg −m1κn,

(36)

where h(s) = ds⋆

ds + 1. We assume that (α, β) is a curve pair of constant breadth.

Since α is a timelike curve and the vectors Y and U are spacelike vectors, we have

∥β − α∥ = −m2
1 +m2

2 +m2
3 = constant, (37)

which imlplies that

−m1
dm1

ds
+m2

dm2

ds
+m3

dm3

ds
= 0. (38)

If we combine (36) and (38), we get

m1h(s) = 0. (39)

If α and β are curves of constant breadth then m1 = 0 or h(s) = 0. If m1 ̸= 0

(that is h(s) = 0) then d = m1T (s)+m2Y (s)+m3U(s) becomes a constant vector.

So β(s∗) is a translation of α along the constant vector d. Also h(s) = 0 gives

s∗ = −s+ c, where c is constant.

Now, we investigate curves of constant breadth for m1 ̸= 0 or m1 = 0 in some

special case.
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4.1.1. Case (For geodesic curves)

Let α be non-straight line geodesic curve on a timelike surface. Then κg = κ cos θ =

0. As κ ̸= 0, we get cos θ = 0. So it implies that κn = −κ, τg = −τ . From (36), we

have following differential equation system
m′

1 = m3κ− h(s)

m′
2 = −m3τ

m′
3 = m1κ+m2τ.

(40)

By using (40), we obtain the following differential equation.

1

κ

(
1

κ
(m′

1 + h)

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
(m′

1 + h)

)′

+
( τ
κ

)2
(m′

1+h)+
( τ
κ

)′ κ
τ
m1−m′

1 = 0.

(41)

Subcase 1: m1 ̸= 0 (h(s) = 0).

If we write h(s) = 0 in equation (41), we have.

1

κ

(
1

κ
m′

1

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
m′

1

)′

+

[( τ
κ

)2
− 1

]
m′

1+
( τ
κ

)′ κ
τ
m1 = 0. (42)

Theorem 2. Let α be a timelike geodesic curve lying a timelike surface in M and let

(α, β) be a pair of unit speed curves of constant breadth. If m1 is a non-zero constant

then α is a general helix in the three dimensional Walker manifold (M, gϵf ). Also

the curve β is given as:

β(s⋆) = α(s) +m1T (s) +m2Y (s) (43)

where m2 is a real constant and s∗ = −s+ c.

Proof: If m1 is non zero constant, then from (42) we obtain that
(
τ
κ

)′
= 0. So α

is a general helix. Also from the first and second equations of (40) we get m3 = 0

and m2 is a real constant, respectively.

Theorem 3. Let α be a timelike geodesic curve and a general helix lying a timelike

surface in M . Let (α, β) be a pair of unit speed curves of constant breadth. If m1 is

not zero, then the curve β can be expressed as one of the following cases:

β(s∗) = α(s) +m1T (s) +
1

c0
(m̈1 −m1)Y (s) + ṁ1U(s) (44)

where

i) m1 = 1√
c20−1

(
a1 sin(

√
c20 − 1z)− a2 cos(

√
c20 − 1z)

)
+ a3, c20 − 1 > 0

ii) m1 = a1

2 z2 + a2z + a3, c20 − 1 = 0

iii) m1 = 1√
1−c20

(
a1 sinh(

√
1− c20z) + a2 cosh(

√
1− c20z)

)
+ a3, c20 − 1 < 0
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where z =
∫
κds and a1, a2, a3 are real constants.

Proof: Let us consider that α is timelike geodesic curve and a general helix in

Wlaker 3-manifold. Then we have τ
κ = c0 = constant. From (42), we have(

1

κ

(
1

κ
m′

1

)′
)′

+
(
c20 − 1

)
m′

1 = 0. (45)

By means of changing of the independant variable s with z =
∫
κds, from (45) we

obtain

m′
1 =

dm1

ds
=

dm1

dz

dz

ds
= ṁ1κ.

...
m1 + (c20 − 1)ṁ1 = 0. (46)

If we solve this equation we get

m1 =


1√
c20−1

(
a1 sin(

√
c20 − 1z)− a2 cos(

√
c20 − 1z)

)
+ a3, if c20 − 1 > 0

a1

2 z2 + a2z + a2, if c20 − 1 = 0
1√
1−c20

(
a1 sinh(

√
1− c20z) + a2 cosh(

√
1− c20z)

)
+ a3, if c20 − 1 < 0.

From (40) we obtain m3 = ṁ1 and m2 = 1
c0
(m̈1 −m1).

Subcase 2: m1 = 0.

If we take m1 = 0 in the equation (40), we get
h(s) = m3κ

m′
2 = −m3τ

m′
3 = m2τ.

(47)

Since m3 = h
κ , m2 = 1

τm
′
3 = 1

τ

(
h
κ

)′
, we get[

1

τ

(
h

κ

)′
]′

+

(
h

κ

)
τ = 0. (48)

If we put y = h
κ , the equation (48) becomes

y′′ − τ ′

τ
y′ + τ2y = 0. (49)

For solving the equation (49), we put the new variable dw
ds = τ. Then{

y′ = dy
dw

dw
ds = ẏτ

y′′ = d2y
dw2 τ

2 + dy
dw τ ′

(50)

If we put the equation (50) in the equation (49) we obtain

d2y

dw2
+ y = 0. (51)
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and the solution of (51) is y = b1 cosw + b2 sinw. Then we have

h(s) = κ

[
b1 cos

(∫
τds

)
+ b2 sin

(∫
τds

)]
(52)

m2 =
h

κ
= b1 cos

(∫
τds

)
+ b2 sin

(∫
τds

)
(53)

m3 =
1

τ

(
h

κ

)′

= −b1 sin

(∫
τds

)
+ b2 cos

(∫
τds

)
. (54)

So we give the following theorem

Theorem 4. Let (α, β) be a pair of constant breadth curve in (M, gf ) where α is a

timelike geodesic curve lying in a timelike surface in M . If m1 = 0, then the curve

β is given by

β(s∗) = α(s)+

[
b1 cos

(∫
τds

)
+ b2 sin

(∫
τds

)]
Y (s)+

[
−b1 sin

(∫
τds

)
+ b2 cos

(∫
τds

)]
U(s).

4.1.2. Case (For asymptotic lines)

Let α be non-straight line asymptotic line on a timelike surface. Then κn =

−κ sin θ = 0. As κ ̸= 0, we get sin θ = 0. So it implies that κg = κ, τg = −τ .

From (36), we have following differential equation system
m′

1 = −m2κ− h(s)

m′
2 = −m1κ−m3τ

m′
3 = m2τ.

(55)

By using (55), we get

1

κ

(
1

κ
(m′

1 + h)

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
(m′

1 + h)

)′

+
( τ
κ

)2
(m′

1+h)+
( τ
κ

)′ κ
τ
m1−m′

1 = 0.

(56)

Subcase 1: m1 ̸= 0 (h(s) = 0).

If we take as h(s) = 0 in equation (56), we get following differential equation

1

κ

(
1

κ
m′

1

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
m′

1

)′

+

[( τ
κ

)2
− 1

]
m′

1+
( τ
κ

)′ κ
τ
m1 = 0. (57)

Theorem 5. Let α be a timelike asymptotic line lying a timelike surface in M . Let

(α, β) be a pair of unit speed curves of constant breadth. If m1 is non-zero constant

then α is a general helix in the three dimensional Walker manifold (M, gϵf ). Also

the curve β is given as:

β(s⋆) = α(s) +m1T (s) +m3U(s) (58)

where m3 is a real constant and s∗ = −s+ c.
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Proof: If m1 is non zero constant, then from (57) we obtain that
(
τ
κ

)′
= 0. So α

is a general helix. Also from the first and third equation of (55) we get m2 = 0 and

m3 is a real constant, respectively.

Theorem 6. Let α be a timelike asymptotic line lying in a timelike surface in M .

Let (α, β) be a pair of unit speed curves of constant breadth. If m1 is not zero, then

the curve β can be expressed as one of the following cases:

β(s∗) = α(s) +m1T (s)− ṁ1Y (s) +
1

c0
(m̈1 −m1)U(s), (59)

where

i) m1 = 1√
c20−1

(
a1 sin(

√
c20 − 1z)− a2 cos(

√
c20 − 1z)

)
+ a3, c20 − 1 > 0

ii) m1 = a1

2 z2 + a2z + a3, c20 − 1 = 0

iii) m1 = 1√
1−c20

(
a1 sinh(

√
1− c20z) + a2 cosh(

√
1− c20z)

)
+ a3, c20 − 1 < 0

where z =
∫
κds and a1, a2, a3 are constants.

Proof: The proof of Theorem (4.6) is done similarly to the proof of Theorem (4.3)

Subcase 2: m1 = 0.

If we take as m1 = 0 in (55) we get following differential equation system
h(s) = −m2κ

m′
2 = −m3τ

m′
3 = m2τ.

(60)

Then we give the following theorem.

Theorem 7. Let (α;β) be a curve pair of constant breadth in (M, gf ) where α is

a timelike asymptotic curve lying in a timelike surface in M . If m1 = 0, then the

curve β is given by

β(s∗) = α(s)+

[
−b1 cos

(∫
τds

)
− b2 sin

(∫
τds

)]
Y (s)+

[
−b1 sin

(∫
τds

)
+ b2 cos

(∫
τds

)]
U(s).

Proof: The proof of Theorem (4.7) is done similarly to the proof of Theorem (4.4).

4.1.3. Case (For Principal line)

We suppose that α is a non-planar timelike principal line. Then we have τg = 0.

Then it follows that τ = θ′. By using (36), we have the following differential equation

system 
m′

1 = m3κ sin θ −m2κ cos θ − h(s)

m′
2 = −m1κ cos θ

m′
3 = m1κ sin θ.

(61)
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By mean of changing of the independant variable s with θ =
∫
τds, we get

ṁ1 = ϕ(m3 sin θ −m2 cos θ)− g(θ)

ṁ2 = −m1ϕ cos θ

ṁ3 = m1ϕ sin θ.

(62)

where g(θ) = (− ds
dθ −

ds∗

dθ ) and ϕ = κ
τ . In here we denote the derivative with respect

to θ with ”.”. From the equations in (62) we have

...
m1 + g̈ − d

dθ

(
ϕ̇

ϕ
(ṁ1 + g)

)
− d

dθ
(ϕ2m1) + (ṁ1 + g)

−ϕ̇

(
− sin θ

∫
m1ϕ cos θdθ + cos θ

∫
m1ϕ sin θdθ

)
= 0. (63)

Subcase 1: m1 ̸= 0 (h(s) = 0).

In this case, we give the following theorem:

Theorem 8. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α be

a non-planar timelike principal line and a general helix then β is given by one of

the following cases:

β(s∗) = α(s) +m1T (s)− c

∫
m1 cos θdθY (s) + c

∫
m1 sin θdθU(s), (64)

where

i) m1 = 1√
1−c2

(
a1 sin(

√
1− c2θ)− a2 cos(

√
1− c2θ)

)
+ a3, 1− c2 > 0

ii) m1 = a1

2 θ2 + a2θ + a3, c2 − 1 = 0

iii) m1 = 1√
c2−1

(
a1 sinh(

√
c2 − 1θ) + a2 cosh(

√
c2 − 1θ)

)
+ a3, 1− c2 < 0

Proof: If h(s) = 0 then g(θ) = 0 and from (63) we have

...
m1 −

d

dθ

(
ϕ̇

ϕ
ṁ1

)
− d

dθ
(ϕ2m1) + ṁ1 − ϕ̇

(
− sin θ

∫
m1ϕ cos θdθ + cos θ

∫
m1ϕ sin θdθ

)
= 0.(65)

If α is helix curve then ϕ = κ
τ = c = constant. From (65) we have
...
m1 + (1− c2)ṁ1 = 0. (66)

Then the solution is

m1 =


1√

1−c2

(
a1 sin(

√
1− c2θ)− a2 cos(

√
1− c2θ)

)
+ a3, if 1− c2 > 0

a1

2 θ2 + a2θ + a3, if 1− c2 = 0
1√

c2−1

(
a1 sinh(

√
c2 − 1θ) + a2 cosh(

√
c2 − 1θ)

)
+ a3, if 1− c2 < 0,

where θ =
∫
τdθ.

Subcase 2: m1 = 0.

The case where m1 = 0, we have the following the following theorem:
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Theorem 9. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α be

a non-planar timelike principal line. If m1 = 0 then α is general helix. The curve β

is expressed as

β(s∗) = α(s) + c2Y (s) + c3U(s), (67)

where c2 and c3 are constants.

Proof: From (63) we have

g̈ − d

dθ

(
ϕ̇

ϕ
g

)
+ g = 0. (68)

On the other hand, from (61) we have m2 = c2 = constant ̸= 0, m3 = c3 =

constant ̸= 0 and from (62)

g = ϕ(−c2 cos θ + c3 sin θ). (69)

By considering (68) and (69) with together, we get

ϕ̇(c2 sin θ + c3 cos θ) = 0. (70)

Then we have ϕ̇ = 0 or c2 sin θ + c3 cos θ = 0. If c2 sin θ + c3 cos θ = 0 then we have

that θ is a constant. So α becomes a planar curve. It is a contridiction. So ϕ̇ = 0.

Then we obtain that ϕ = κ
τ is a constant. Thus α is a general helix.

4.2. Case where α is spacelike and ϵ2 = 1 and ϵ3 = −1.

Here we suppose that the curve α is spacelike and lying on a timelike surface in Mf .

Differentiating (34) with respect to s and using (21) we obtain

dβ

ds
=

dβ

ds⋆
ds⋆

ds

= T ⋆ ds
⋆

ds
= (1 +m′

1 −m2κg −m3κn)T

+(m′
2 −m1κg +m3τg)Y

+(m′
3 +m2τg +m1κn)U, (71)

where T ⋆ denotes the tangent vector of β.

Since T = −T ∗, from the equation in (35) we have
m′

1 = m2κg +m3κn − h(s)

m′
2 = m1κg −m3τg

m′
3 = −m2τg −m1κn,

(72)

where h(s) = ds∗

ds + 1.

Since α is spacelike and ϵ2 = 1 andϵ3 = −1, then, if we assume that (α, β) is a curve

pair of constant breadth, we have

∥β − α∥ = m2
1 +m2

2 −m2
3 = constant, (73)
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which imlplies that

m1
dm1

ds
+m2

dm2

ds
−m3

dm3

ds
= 0. (74)

If we combine (72) and (74) we get

m1(2m
′
1 + h(s)) = 0. (75)

If α and β are curves of constant breadth then m1 = 0 or 2m′
1 − h(s) = 0.

Now we investigate the case where α is geodesic curve or principal line curve because

κn ̸= 0.

4.2.1. Case (For geodesic curves)

Let α be non-straight line geodesic curve on a timelike surface. Then κg = κ sinh θ =

0. As κ ̸= 0, we get sinh θ = 0. So it implies that κn = κ, τg = τ . From (72), we

have the following differential equation system
m′

1 = m3κ− h(s)

m′
2 = −m3τ

m′
3 = −m1κ−m2τ.

(76)

From (76) we have 
m3 = 1

κ (m
′
1 + h)

m′
2 = − τ

κ (m
′
1 + h)

m2 = − 1
τ

(
( 1κ (m

′
1 + h))′ +m1κ

)
.

(77)

Differentiating the third equation of (76) with respect to s and using the first, the

second and the third equations of (77), we obtain the following equation:

1

κ

(
1

κ
(m′

1 + h)

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
(m′

1 + h)

)′

−
( τ
κ

)2
(m′

1+h)−
( τ
κ

)′ κ
τ
m1+m′

1 = 0.

(78)

Subcase 1: m1 ̸= 0 (h(s) = −2m′
1).

The equation (78) becomes

1

κ

(
1

κ
m′

1

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
m′

1

)′

−
[( τ

κ

)2
+ 1

]
m′

1+
( τ
κ

)′ κ
τ
m1 = 0. (79)

Theorem 10. Let α be a geodesic curve. Let (α;β) be a pair of unit speed curves

of constant breadth where α is spacelike (ϵ2 = 1, ϵ3 = −1) and lying in a timelike

surface in Mf . If m1 is non-zero constant then m3 = 0 and α is a general helix in

the three dimensional Walker manifold (M, gϵf ). Also the curve β is given as:

β(s⋆) = α(s) +m1T + cY (80)

where c is a real constant and s∗ = −s+ c.
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Proof: If m1 is non zero constant, then from (79) we obtain that
(
τ
κ

)′
= 0. So α

is a general helix. Also from the second and third equation of (76) we get m3 = 0

because h = 0 and m2 is a real constant.

Theorem 11. Let α be a geodesic curve. Let (α, β) be a pair of unit speed curves

of constant breadth where α is spacelike curve (ϵ2 = 1, ϵ3 = −1) and lying in a

timelike surface Mf . If m1 is not zero, then the curve β can be expressed as one of

the following cases:

β(s∗) = α(s) +m1T +
1

c0
(m̈1 −m1)Y + ṁ1U, (81)

where m1 = 1√
1+c20

(
a1e

√
1+c20θ − a2e

−
√

1+c20θ
)
, m3 = −ṁ1 and m2 = 1

c0
(m̈1−m1).

Proof: Let us consider that α is a general helix in Wlaker 3-manifold. Then we

have τ
κ = c0 = constant. From (79), we have

(
1

κ

(
1

κ
m′

1

)′
)′

−
(
c20 + 1

)
m′

1 = 0. (82)

By means of changing of the independant variable s with z =
∫
κds, we obtain

m′
1 =

dm1

ds
=

dm1

dz

dz

ds
= ṁ1κ.

From (82), we get

...
m1 − (c20 + 1)ṁ1 = 0. (83)

If we solve this equation we get

m1 =
1√

1 + c20

(
a1e

√
1+c20θ − a2e

−
√

1+c20θ
)
. (84)

From (77) we have m3 = −ṁ1 and m2 = 1
c0
(m̈1 −m1).

Subcase 2: m1 = 0.

Theorem 12. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α be

a geodesic spacelike curve (ϵ2 = 1, ϵ3 = −1) and lying in a timelike surface on Mf .

If m1 = 0 then the curve β is expressed as

β(s∗) = α(s) + cY, (85)

where c is a constant real.

Proof: If m′
1 = 0 then h = 0 and from (76) we have m3 = 0 and m2 = constant.
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4.2.2. Case (For Principal line)

If α is principal line, then τg = 0 and τ = −θ′. From (72)
m′

1 = m2κ sinh θ +m3κ cosh θ − h(s)

m′
2 = m1κ sinh θ

m′
3 = −m1κ cosh θ,

(86)

By mean of changing of the independant variable s with θ =
∫
τds, we get

ṁ1 = m3
κ
τ cosh θ +m2

κ
τ sinh θ − h(s)

τ(s)

ṁ2 = m1
κ
τ sinh θ

ṁ3 = −m1
κ
τ cosh θ.

(87)

Denoted by h(s)
τ(s) = g(θ) and κ

τ = ϕ, we have
ṁ1 = ϕ(m3 cosh θ +m2 sinh θ)− g(θ)

ṁ2 = m1ϕ sinh θ

ṁ3 = −m1ϕ cosh θ.

(88)

From the equations in (88) we have
1
ϕ (ṁ1 + g) = m3 cosh θ +m2 sinh θ

ṁ2 sinh θ + ṁ3 cosh θ = −m1ϕ

ṁ2 cosh θ = −m3 sinh θ.

(89)

Differentiating the first equation in (88), we get

...
m1 + g̈ − d

dθ

(
ϕ̇

ϕ
(ṁ1 + g)

)
+

d

dθ
(ϕ2m1)− (ṁ1 + g)

−ϕ̇

(
cosh θ

∫
m1ϕ sinh θdθ − sinh θ

∫
m1ϕ cosh θdθ

)
= 0. (90)

Subcase 1: m1 ̸= 0 (m′
1 = −h

2 ).

If m′
1 = −h

2 then ṁ1 = − g
2 . From (90) we obtain

− ...
m1 +

d

dθ

(
ϕ̇

ϕ
ṁ1

)
+

d

dθ
(ϕ2m1) + ṁ1 − ϕ̇

(
cosh θ

∫
m1ϕ sinh θdθ − sinh θ

∫
m1ϕ cosh θdθ

)
= 0.(91)

Theorem 13. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α be

principal line and a general helix then β is given by

β(s∗) = α(s) +m1T +m2Y +m3U, (92)

where

m1 =
1√

1 + c2

(
a1e

√
1+c2θ − a2e

−
√
1+c2θ

)
,

m2 = c
∫
m1 sinh θdθ and m3 = −c

∫
m1 cosh θdθ.
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Proof: If α is helix curve then ϕ = κ
τ = c = constant. From (91) we have

...
m1 − (1 + c2)ṁ1 = 0. (93)

m1 =
1√

1 + c2

(
a1e

√
1+c2θ − a2e

−
√
1+c2θ

)
. (94)

Subcase 2: m1 = 0.

From the equations in (72) we havem2 = c2 = constant ̸= 0,m3 = c3 = constant ̸=
0. The first equation in (72) gives

tanh θ = −c2
c3

. (95)

Then θ is a constant and we have τ = 0.

Theorem 14. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α be

principal line. If m1 = 0 then α is planar curve. The curve β is expressed as

β(s∗) = α(s) + c2Y + c3U, (96)

where c2 and c3 are constants.

4.3. Case where α is spacelike and ϵ2 = −1 and ϵ3 = 1.

Let α be a spacelike with ϵ2 = −1 and ϵ3 = 1 lying on a timelike surface in Mf .

Differentiating (34) with respect to s and using (30) we obtain


m′

1 = m2κg +m3κn − h(s)

m′
2 = m1κg −m3τg

m′
3 = −m2τg −m1κn,

(97)

where h(s) = ds∗

ds + 1.

Since α is spacelike and ϵ2 = −1 andϵ3 = 1, then, if we assume that (α, β) is a curve

pair of constant breadth, we have

∥β − α∥ = m2
1 −m2

2 +m2
3 = constant, (98)

which imlplies that

m1
dm1

ds
+m2

dm2

ds
−m3

dm3

ds
= 0. (99)

If we combine (97) and (99) we get

m1h(s) = 0. (100)

If α and β are curves of constant breadth then m1 = 0 or h(s) = 0. If m1 ̸= 0

(that is h(s) = 0) then d = m1T +m2Y +m3U becomes a constant vector because

d′ = 0. So β(s∗) is a translation of α along the constant vector d. Also h(s) = 0

gives s∗ = −s+ c, where c is constant.

Since κg ̸= 0, here we investigate curves of constant breadth for m1 ̸= 0 or m1 = 0

in some special case (asymptotic line or principal line).
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4.3.1. Case (For Asymptotic line)

Let α be non-straight line asymptotic line on a timelike surface. Then κn =

κ sinh θ = 0. As κ ̸= 0, we get cosh θ = 0. So it implies that κg = κ, τg = −τ .

From (97), we have following differential equation system
m′

1 = m2κ− h(s)

m′
2 = m1κ+m3τ

m′
3 = −m2τ.

(101)

By differentiating the second equation in (101) with respect to s and using the first

and third equations in (101), we get

1

κ

(
1

κ
(m′

1 + h)

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
(m′

1 + h)

)′

−
( τ
κ

)2
(m′

1+h)+
( τ
κ

)′ κ
τ
m1−m′

1 = 0.

(102)

Subcase 1: m1 ̸= 0 (h(s) = 0).

The equation (102) is given by

1

κ

(
1

κ
m′

1

)′′

+

[(
1

κ

)′

− 1

τ

( τ
κ

)′]( 1

κ
m′

1

)′

−
[( τ

κ

)2
+ 1

]
m′

1 +
( τ
κ

)′ κ
τ
m1 = 0.

(103)

Theorem 15. Let α be a asymptotic curve. Let (α;β) be a pair of unit speed curves

of constant breadth where α is spacelike (with ϵ2 = −1 and ϵ3 = 1) lying in a timelike

surface in Mf . If m1 is non-zero constant then m2 = 0 and α is a general helix in

the three dimensional Walker manifold (M, gϵf ). Also the curve β is given as:

β(s⋆) = α(s) +m1T +m3U (104)

where m3 is a real constant and s∗ = −s+ c.

Proof: If m1 is non zero constant, then from (103) we obtain that
(
τ
κ

)′
= 0. So

α is a general helix. Also from the first and third equation of (101) we get m2 = 0

and m3 is a real constant.

Theorem 16. Let α be a asymptotic line. Let (α, β) be a pair of unit speed curves

of constant breadth where α is timelike curve and lying in a timelike surface Mf . If

m1 is not zero, then the curve β can be expressed as one of the following cases:

β(s∗) = α(s) +m1T + ṁ1Y +
1

c0
(m̈1 +m1)U, (105)

where

m1 =
1√

c20 + 1

(
a1e

√
c20+1z − a2e

√
c20+1z

)
.
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Proof: Let us consider that α is a general helix in Walker 3-manifold. Then we

have τ
κ = c0 = constant. From (103), we have(

1

κ

(
1

κ
m′

1

)′
)′

−
(
c20 + 1

)
m′

1 = 0. (106)

By means of changing of the independant variable s with z =
∫
κds, we obtain

...
m1 − (c20 + 1)ṁ1 = 0. (107)

If we solve this equation we get

m1 =
1√

c20 + 1

(
a1e

√
c20+1z − a2e

√
c20+1z

)
(108)

From (101) we obtain m2 = ṁ1 and m3 = 1
c0
(m̈1 +m1).

Subcase 2: m1 = 0

With the same computation as above, we have the following theorem:

Theorem 17. Let (α;β) be a curve pair of constant breadth in (M, gf ). If α is a

spacelike asymptotic curve (with ϵ2 = −1 and ϵ3 = 1) lying in a timelike surface in

Mf . If m1 = 0, then the curve β is given by

β(s∗) = α(s)+

[
b1 cos

(∫
τds

)
+ b2 sin

(∫
τds

)]
Y (s)+

[
−b1 sin

(∫
τds

)
+ b2 cos

(∫
τds

)]
U(s).

4.3.2. Case (For Principal line)

In this case we have the two following theorems:

Theorem 18. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α

be spacelike principal line (with ϵ2 = −1 and ϵ3 = 1) and a general helix then β is

given by

β(s∗) = α(s) +m1T +m2Y +m3U, (109)

where

m1 =
1√

1 + c2

(
a1e

√
1+c2θ − a2e

−
√
1+c2θ

)
,

m2 = c
∫
m1 cosh θdθ and m3 = −c

∫
m1 sinh θdθ.

Theorem 19. Let (α, β) be a pair curves of constant breadth in (M, gf ϵ). Let α

be principal line (with ϵ2 = −1 and ϵ3 = 1) lying in a timelike surface in Mf . If

m1 = 0 then α is general helix or α is planar curve and the curve β is expressed as

β(s∗) = α(s) + c2Y + c3U, (110)

where c2 and c3 are constants.
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Math., Birkhä user/Springer, Cham, 425-438 (2020).

7. M. Fujivara, On space curve of constant breadth, Tohoku Math. J. 5, 179–184 (1914).
8. M. Gningue, A. Ndiaye, R. Nkunzimana, Biharmonic Curves in a Strict Walker 3-

Manifold, Int. J. Math. Math. Sci., 1–6 (2022).
9. O. Kose, Some properties of ovals and curves of constant width in a plane, Doga Sci.

J. Serial B (8), 2, 119-126 (1984).
10. A. Magden and O. Kose, On the curves of constant breadth in E4 space, Turkish J.

Math., 21, 277-284 (1997).
11. R. M. Solow, Quarterly Journal of Economics, 70, 6594 (1956).


