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1. Introduction

The study of curves of constant breadth were defined first in 1778 by Euler. Then,
Solow ! investigated the curves of constant breadth. Kose, Magden and Yilmaz
in 2,19 studied plane curves of constant breadth in Euclidean spaces E3 and E*.
Fujiwara 7 defined constant breadth for space curves and obtained a problem to de-
termine whether there exists space curve of constant breadth or not. Furthermore,
Blaschke ? defined the curves of constant breadth on a sphere. In 2, Altunkaya et
al. defined null curves of constant breadth in Minkowski 4-space and obtain a char-
acterization of these curves. Also Altunkaya et al. in ! investigate constant breadth
curves on a surface according to Darboux frame and give some characterizations of
these curves.

Motivated by the above papers, we investigate the geometries of curves of con-
stant breadth according to Darboux frame in a Strict Walker 3-manifold which is
a Lorentzian three-manifold admitting a parallel null vector field. It is known that
Walker metrics have served as a powerful tool of constructing interesting indefi-
nite metrics which exhibit various aspects of geometric properties not given by any

positive definite metrics. For more details about Walker 3-manifold see °,5,8.
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2. Preliminaries

A Walker n-manifold is a pseudo-Riemannian manifold, which admits a field of null
parallel r-planes, with r < &. The canonical forms of the metrics were investigated
by A. G. Walker (*). Walker has derived adapted coordinates to a parallel plan field.
Hence, the metric of a three-dimensional Walker manifold (MM, g%) with coordinates
(z,y, z) is expressed as

9§ = drodz +edy® + f(x,y,2)dz" (1)

and its matrix form as

001 —f01
gr=10€0 with inverse (g;)’lz 0 €0
10 f 100

for some function f(x,y,z), where ¢ = +1 and thus D = Spand, as the parallel
degenerate line field. Notice that when € = 1 and € = —1 the Walker manifold has
signature (2,1) and (1, 2) respectively, and therefore is Lorentzian in both cases. In
this study we take e = 1.

It follows after a straightforward calculation that the Levi-Civita connection of
any metric (1) is given by:

1 1
Vamaz = ifzaza Vayaz = 5fya$7

1 1 1
Vazazz 5(ffx+fz)am+§fyay_§fmaz (2)
where 0., 0, and 0, are the coordinate vector fields g, 6@ and g, respectively.
Hence, if (M, g%) is a strict Walker manifolds i.e., f(z,y,2) = f(y,2), then the
associated Levi-Civita connection satisfies

1

5fy0y- (3)

1 1
Vo,02 = 5fy0s, Vo.0z = 3.0~ 3

Note that the existence of a null parallel vector field (i.e f = f(y,z)) simplifies
the non-zero components of the Christoffel symbols and the curvature tensor of the
metric g as follows:

—_

Ch=Th =2 fp Th= o/ Th=—34, (1)
Let now u and v be two vectors in M. Denoted by (Z, 7, E) the canonical frame

in R3.

The vector product of u and v in (M, g;) with respect to the metric g% is the vector

denoted by u x v in M defined by

g5 (u x v,w) = det(u, v, w) (5)
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for all vector w in M, where det(u,v,w) is the determinant function associated to
the canonical basis of R?. If u = (uy,ug,u3) and v = (v, ve,v3) then by using (5),

uxv:< )z_

3. Darboux equations in Walker 3-manifold

we have:

up v1 U V2 c Uy V1| = i

Uz V2

o=~

(6)

U V2 us vs Uus vUs us vs

Let «: I C R — (M, gjc) be a curve parametrized by its arc-length s. The Frenet
frame of « is the vectors T', N and B along o where T is the tangent, N the principal
normal and B the binormal vector. They satisfied the Frenet formulas

VrT(s) = eak(S)N(s)
VrN(s) = —e1kT(s) — e3TB(s) (7)
VrB(s) = ea7(8)N(s)

where k and 7 are respectively the curvature and the torsion of the curve a, with
€1 =gf(T;T);e2 = g¢(N; N) and e3 = gf(B, B).
Starting from local coordinates (z,y, z) for which (1) holds, it is easy to check that

2—f 1 2+ f 1
elzﬁy, €y = ——— =

+ 0., e3= =0, — =

are local pseudo-orthonormal frame fields on (M,g%), with gf(er,e1) = ¢,

28

g5(e2,e2) = 1 and g% (e, e3) = —1. Thus the signature of the metric g% is (1,¢, —1).
If we choose € = 1 then, pseudo-orthonormal frame is formed by two spacelike vec-
tors and one timelike vector and If we choose € = —1 then, pseudo-orthonormal
frame is formed by one spacelike vector and two timelike vectors. For both cases we
obtain Lorentzian manifold. In this work we assume that e =1

Now we suppose that the curve « lies on a timelike surface S in M. Let U be the
unit normal vector of S, then the Darboux frame is given by {T,Y,U}, where T is
the tangent vector of the curve a(s) and Y =U x T.

Case 1: Let « be timelike curve. Then the tangent vector T is timelike (e; = —1),
the normal vector N and the binormal vector B are spacelike, that is (e; = €3 = 1).
Since S is timelike, the unit normal vector U is spacelike and so Y becomes space-
like. The usual transformations between the Walker Frenet frame and the Darboux
takes the form

Y =cosON +sindB (8)
U= —sinfN + cos 0B, 9)

where 0 is an angle between the vector Y and the vector N.
Derivating Y along the curve alpha we get

VrY =cosOVrN — ¢ sinON +sin VB + 6 cos§B.
Using the Frenet equation in (2.7) we have
V1Y = cosO(kT — e37B) — 0’ sin N + sin0(ea7N) + 6’ cos 0 B.
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Now we suppose that the principal normal and the binormal have the same sign.
then we get

V7Y = kcos0T + (0" — 1)U (10)
The same calculus gives

VU = —ksinT — (0" — 1)Y. (11)
Then the Walker Darboux equation is expressed as

VT = kY + K, U
VY = kT +1,U (12)
VU =k, T —15Y,

where kg4, K, and 7, are the geodesic curvature, normal curvature and geodesic
torsion of a(s) on S, respectively. Also, (12) gives

g% (VoY U)=71,=0" -7, (13)
g5 (V7T,Y) = kg = Kk cos 0, (14)
gy (VoT,U) = kp = —rsin 6. (15)

Case 2: Let a be spacelike curve. Then the tangent vector T is spacelike (e; = 1),
the normal vector N is spacelike (e = 1) and the binormal vector B is timelike

(e3 = —1) or normal vector N is timelike (e = —1) and the binormal vector B is
spacelike (e3 = 1). So we have two following subcases:
i):eo =1and e5 = —1.

Then the usual transformations between the Walker Frenet frame and the Darboux
takes the form

Y = coshdN + sinh 6B (16)
U =sinh N + cosh 6B, (17)

where 6 is an angle between the vector Y and the vector N.
Since V7T = kN, we have

V1T = —ksinh Y + k cosh 6U. (18)
Derivating Y along the curve alpha we get

V1Y = —ksinh 0T + (6' + 1)U (19)
The same calculus gives

VU = —kcosh 0T + (0’ +7)Y. (20)
Then the Walker Darboux equation is expressed as

VT = —kgY + 6, U
VY = —k 0T+ 1,U (21)
ViU = =k, T + 75Y,
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where kg4, K, and 7, are the geodesic curvature, normal curvature and geodesic
torsion of a(s) on S, respectively. Also, (21) gives

95 (VoY U) =7, =0+, (22)
g5 (V7T,Y) = k4 = ksinh 6, (23)
g7 (VrT,U) = ky, = K cosh 6. (24)

ii): g = —1 and e3 = 1.
Then the usual transformations between the Walker Frenet frame and the Darboux
takes the form

Y = sinh ON + cosh 0B (25)
U = cosh N +sinh 6B, (26)

where 0 is an angle between the vector Y and the vector .
Since V7T = —kN, we have

V1T = —kcosh Y + ksinh 6U. (27)
Derivating Y with respect to s we get

V7Y = —kcosh0T + (6 — 1)U (28)
Derivating Y with respect to s alpha we get

VU = —ksinh 0T + (6’ — 7)Y. (29)
Then the Walker Darboux equation is expressed as

VTT = —KgY + KnU
VY = —kyT +7,U (30)
ViU = —knT + 7,Y,

where kg4, K, and 7, are the geodesic curvature, normal curvature and geodesic
torsion of a(s) on S, respectively. Also, (30) gives

95 (VoY U) =73 =0 —, (31)
g5 (V1T,Y) = k4 = kcoshb, (32)
g7 (V7T,U) = Ky, = rsinh 0. (33)

4. Space curves of constant breadth According to Darboux Frame
in Walker manifold

In this section, we define space curves of constant breadth in the three dimensional
Walker manifold.

Definition 1. A curve a : I — (M, g%) in the three-dimensional Walker manifold
(M, g}) is called a curve of constant breadth if there exists a curve 8 : I — My
such that, at the corresponding points of curves, the parallel tangent vectors of
a and S at a(s) and B(s*) at s;s* € I are opposite directions and the distance
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95(8 — a, B — «) is constant. In this case, (a; ) is called a pair curve of constant
breadth.

Let now («; 3) be a pair of unit speed curves of constant breadth and s, s* be arc-
length of o and (3, respectively.

We suppose that the curve « lies on a timelike surface in My, then it has Darboux
frame in addition to Frenet frame. Then we may write the following equation:

B(s™) = als) + ma(s)T(s) +ma(s)Y (s) + ms(s)U(s); (34)

where m;(i = 1,2, 3) are smooth functions of s.

4.1. Case where o is timelike.

Differentiating (34) with respect to s and using (12) we obtain
dg _ dp ds*
ds  ds* ds

ds*
= T*(S*)E = (1 4+ m) + maky + mgk,)T(s)

+(mb +mikg —msty)Y(s)
+(mf + maty + mikn)U(s), (35)
where T* denotes the unit tangent vector of 5.
Since T'= —T™*, from the equations in (35) we have
mj = —Makg — Mzky, — h(s)
mh = —Mikg + M3Ty (36)
m3 = —mng — Mi1Knp,

where h(s) = % + 1. We assume that («, ) is a curve pair of constant breadth.
Since « is a timelike curve and the vectors Y and U are spacelike vectors, we have

|8 — | = —m3 4+ m3 + m? = constant, (37)
which imlplies that
dm1 mo dm3 -
—m ds + mo ds “+ ms3 ds 0. (38)
If we combine (36) and (38), we get
mih(s) =0. (39)

If o and § are curves of constant breadth then m; = 0 or h(s) = 0. If my # 0
(that is h(s) = 0) then d = m1T(s) + m2Y (s) + m3U(s) becomes a constant vector.
So B(s*) is a translation of « along the constant vector d. Also h(s) = 0 gives
s* = —s + ¢, where c¢ is constant.

Now, we investigate curves of constant breadth for m; # 0 or m; = 0 in some

special case.
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4.1.1. Case (For geodesic curves)

Let a be non-straight line geodesic curve on a timelike surface. Then k; = K cosf =
0. As k # 0, we get cosf = 0. So it implies that k,, = —k, 7y = —7. From (36), we
have following differential equation system

my = mgk — h(s)

m’z = —msaT (40)

mh = M1k + mar.

By using (40), we obtain the following differential equation.
1/1

£ Gontem) <[ (5) =5 ] (o) + (G e () i =0

Subcase 1: my # 0 (h(s) = 0).
If we write h(s) = 0 in equation (41), we have.

1/1 2\ 1\ 1 ey 2 '
) () -2 G| () +| () =] i () Zm =0 a2
K\ K K T \K K K K/ T
Theorem 2. Let a be a timelike geodesic curve lying a timelike surface in M and let
(ar, B) be a pair of unit speed curves of constant breadth. If my is a non-zero constant

then « is a general helix in the three dimensional Walker manifold (M, g}) Also
the curve B is given as:

B(s*) = als) + miT(s) + maY (s) (43)

where maq is a real constant and s* = —s + c.

Proof: If m; is non zero constant, then from (42) we obtain that ( )/ =0. So «

o
is a general helix. Also from the first and second equations of (40) we get mg = 0
and mo is a real constant, respectively. O

Theorem 3. Let a be a timelike geodesic curve and a general heliz lying a timelike
surface in M. Let («, 8) be a pair of unit speed curves of constant breadth. If my is
not zero, then the curve B can be expressed as one of the following cases:

B(s%) = als) + miT(s) + %(ﬁh —m1)Y (s) + 1 U(s) (44)

where
i) my = \/% (a1 sin(y/cg — 12) — az cos(y/cg — 1z)) +az, 2—1>0

it) m1:“—2122+a22—|—a3, 2—-1=0

i) my = 11_ ~ (a1 sinh(y/1 — ¢32) + ag cosh(y/1 — cgz)) +az, 3—-1<0
€0
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where z = fnds and ai,as,as are real constants.

Proof: Let us consider that « is timelike geodesic curve and a general helix in
Wlaker 3-manifold. Then we have = = co = constant. From (42), we have

()

By means of changing of the independant variable s with z = [ rds, from (45) we

obtain
,_dml_dm1@_ .
= ds = dz ds_mlm
iy + (cg — 1)y = 0. (46)

If we solve this equation we get

A (iY@ 12) — e cos( /1)) + ag, i G~ 150
CO_

my = %22+a22+a2, ifciz—1=0
\/1%703 <a1 sinh(y/1 — c32) 4 az cosh(y/1 — cgz)) +as, if 2 —1<0.
From (40) we obtain mgz = rny and mg = %(ml —my). O

Subcase 2: m; = 0.
If we take my = 0 in the equation (40), we get

h(s) = msk
mh = —maT (47)
ms = moart.

. /
Since ms3 = %, Mo = %mg = % (;) , we get

/
1/(nY h
[ () 1 + () 7=0. (48)
T\ K K
If we put y = 2, the equation (48) becomes
" 7’ / 2
U + 77y = 0. (49)

For solving the equation (49), we put the new variable %% = 7. Then

/— dy dw _

y = %w ds =yT (50)
n o d'y 2 dy s
V' =g T’

If we put the equation (50) in the equation (49) we obtain

d?y
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and the solution of (51) is y = by cosw + by sinw. Then we have

o= fra) s ([0)]
me = % = by cos (/ TdS) + by sin </ Td5> (53)
o (0 = f ) e (fri). o

So we give the following theorem

Theorem 4. Let (o, 3) be a pair of constant breadth curve in (M, gy) where o is a
timelike geodesic curve lying in a timelike surface in M. If mi = 0, then the curve
B is given by

B(s*) = a(s)+[b1 cos (/ TdS) + be sin </ Tds>:| Y(s)+ [bl sin (/ Td$> + b cos </ Tds>:| U(s).

4.1.2. Case (For asymptotic lines)

Let « be non-straight line asymptotic line on a timelike surface. Then k,, =
—rsing = 0. As K # 0, we get sinf = 0. So it implies that kg, = s, 7, = —7.
From (36), we have following differential equation system

my = —mak — h(s)
mh = —mik —mgT (55)
mhy = mMaT.

By using (55), we get

t(r o) | (2) 2G| (o) () s (2) S =0

(56)
Subcase 1: my # 0 (h(s) =0).
If we take as h(s) = 0 in equation (56), we get following differential equation

() | (2) 2 G o) [ (2] () =0 o

Theorem 5. Let a be a timelike asymptotic line lying a timelike surface in M. Let
(o, B) be a pair of unit speed curves of constant breadth. If my is non-zero constant
then « is a general helix in the three dimensional Walker manifold (M, g;) Also
the curve 3 is given as:

B(s*) = a(s) + miT(s) + msU(s) (58)

where mg is a real constant and s* = —s + c.
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Proof: If m; is non zero constant, then from (57) we obtain that (%)/ =0. So «
is a general helix. Also from the first and third equation of (55) we get ms = 0 and
mg is a real constant, respectively. O

Theorem 6. Let a be a timelike asymptotic line lying in a timelike surface in M.
Let (o, B) be a pair of unit speed curves of constant breadth. If my is not zero, then
the curve B can be expressed as one of the following cases:
. . 1 .
Bs") = als) +miT(s) =i Y (s) + —(rin —m1)U(s), (59)
0
where

i) my = \/;%7_1 <a1 sin(y/c3 — 12) — ag cos(y/c3 — lz)) +az, 2—1>0

it) mlz%z2—|—a2z—|—a3, 2—-1=0

iii) my = \/1%703 (a1 sinh(y/1 — c32) + az cosh(y/1 — c%z)) +az, 2—1<0
where z = fnds and ay,as,as are constants.
Proof: The proof of Theorem (4.6) is done similarly to the proof of Theorem (4.3}

Subcase 2: m; = 0.
If we take as m; = 0 in (55) we get following differential equation system

h(s) = —mak
mh = —m3T (60)
my = MaT.

Then we give the following theorem.

Theorem 7. Let (a; 8) be a curve pair of constant breadth in (M, gs) where a is
a timelike asymptotic curve lying in a timelike surface in M. If my = 0, then the
curve 3 is given by

30y =t e 70e) i f5) | e[ f 70 s ([ )] 1)

Proof: The proof of Theorem (4.7) is done similarly to the proof of Theorem (4.4]1

4.1.3. Case (For Principal line)

We suppose that o is a non-planar timelike principal line. Then we have 7, = 0.
Then it follows that 7 = 8. By using (36), we have the following differential equation
system

my = maksing — mok cosf — h(s)

mh = —myk cos 6 (61)

mhy = miksing.
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By mean of changing of the independant variable s with 6§ = f Tds, we get

1 = ¢(mzsinf — mg cos ) — g(6)

e = —my¢cos 6 (62)
m3 = ml(bsin 0.
where g(f) = (=95 — <) and ¢ = £. In here we denote the derivative with respect
to 6 with 7.”. From the equations in (62) we have

i+ § — % (Z(ml +g)> - d%( 2my) + (i +9)

—¢ (— sin9/m1¢c059d9+cos¢9/m1¢sin9d0> =0. (63)

Subcase 1: m; # 0 (h(s) = 0).
In this case, we give the following theorem:

Theorem 8. Let (o, 3) be a pair curves of constant breadth in (M, gre). Let o be
a non-planar timelike principal line and a general helix then (B is given by one of
the following cases:

B(s*) = a(s) + miT(s) — c/m1 cos 0dOY (s) + c/m1 sin 0dOU (s), (64)

where
i) my = \/1%7 (a1 sin(v1 = c26) — azcos(vV1—c20)) + a3, 1—c*>0
it) my = “—2192+a29+a3, 2—-1=0

iii) mq = \/% (a1 sinh(V'e? — 10) + az cosh(Vie2 — 16)) +a3, 1—¢c* <0

Proof: If h(s) = 0 then g(f) = 0 and from (63) we have
Ld (o d s T .
iy~ <¢m1> — @(qb mi1) +1m — @ (— sm@/muﬁcos@dﬁ—l— cos@/mubsm@d@) =(05)
If o is helix curve then ¢ = £ = ¢ = constant. From (65) we have
iy + (1 — ¢*)mg = 0. (66)
Then the solution is

= (arsin(v1 = ¢20) — az cos(v1 — ) +as, if 1 —¢* > 0

my = %924-@204—0,3, if 1—82:0
\/% (a1 sinh(Ve2 — 16) + ag cosh(Ve2 — 16)) +as, if 1 —? <0,
where § = [ 7d6. m|

Subcase 2: m; = 0.
The case where my = 0, we have the following the following theorem:
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Theorem 9. Let (o, 8) be a pair curves of constant breadth in (M, gyre). Let o be
a non-planar timelike principal line. If my = 0 then « is general helix. The curve
1s expressed as

B(s*) = a(s) + c2Y(s) + c3U(s), (67)

where co and c3 are constants.

Proof: From (63) we have

Q—dd@@g)ﬂ}: : (68)
On the other hand, from (61) we have mga = co = constant # 0, mz = ¢3 =
constant # 0 and from (62)
g = ¢(—co cosf + c3sinb). (69)
By considering (68) and (69) with together, we get

@(casinf 4 ¢z cosd) = 0. (70)

Then we have qS =0or cosinf + cgcosf = 0. If cosinf + c3 cosf = 0 then we have

that 6 is a constant. So o becomes a planar curve. It is a contridiction. So ¢ = 0.
Then we obtain that ¢ = Z is a constant. Thus « is a general helix. O

4.2. Case where o is spacelike and e = 1 and ez = —1.

Here we suppose that the curve « is spacelike and lying on a timelike surface in Mj.
Differentiating (34) with respect to s and using (21) we obtain

8 dp ds*
ds  ds* ds
*ds* /
=T F (14 mi — maky — maky)T
+(mb — mikg + mary)Y
+(mb + maty + mikn)U, (71)

where T denotes the tangent vector of 5.
Since T'= —T™*, from the equation in (35) we have

my = makg + Mgk, — h(s)
mh = MKy — M3T, (72)
my = —MaTy — M1k,
where h(s) = % + 1L
Since « is spacelike and €5 = 1 andeg = —1, then, if we assume that («, §) is a curve
pair of constant breadth, we have

|8 — | = m? +m3 — m3 = constant, (73)
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which imlplies that

dm1 dm2 dm3

- = 0. 4
mq ds + mo ds ms ds 0 (7 )

If we combine (72) and (74) we get
ma(2m} + h(s)) = 0. (75)

If & and @ are curves of constant breadth then m; = 0 or 2m} — h(s) = 0.
Now we investigate the case where « is geodesic curve or principal line curve because

Kn # 0.

4.2.1. Case (For geodesic curves)

Let o be non-straight line geodesic curve on a timelike surface. Then k4 = xsinh§ =
0. As k # 0, we get sinhf = 0. So it implies that &, = &, 7, = 7. From (72), we
have the following differential equation system

m) = mak — h(s)
mh = —Mik — MaT.
From (76) we have
my = —%(my +h) (77)
Mo = 7% ((%(m’l +h)) + mm) .

Differentiating the third equation of (76) with respect to s and using the first, the
second and the third equations of (77), we obtain the following equation:

1 1 11

Subcase 1: m; # 0 (h(s) = —2m)).
The equation (78) becomes

1ir .\ 1\ 1 oY 2 '
- (m’1> n [() - (%) (m’1> - {(7) + 1] mi+(Z) Zmy = 0. (79)
K\ K K T \K K K K/ T
Theorem 10. Let o be a geodesic curve. Let (c; B) be a pair of unit speed curves
of constant breadth where « is spacelike (e3 = 1, e3 = —1) and lying in a timelike

surface in M¢. If my is non-zero constant then ms = 0 and o is a general heliz in
the three dimensional Walker manifold (M, g;) Also the curve 8 is given as:

(78)

B(s*) = a(s) + mT + cY (80)

where ¢ is a real constant and s* = —s + c.

(2) = 1G] i 0) =Y o= () Smmi =0
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Proof: If m; is non zero constant, then from (79) we obtain that (%)/ =0. So «
is a general helix. Also from the second and third equation of (76) we get mg =0
because h = 0 and my is a real constant. O

Theorem 11. Let a be a geodesic curve. Let (a, ) be a pair of unit speed curves
of constant breadth where « is spacelike curve (e = 1, e3 = —1) and lying in a
timelike surface M. If my is not zero, then the curve 8 can be expressed as one of
the following cases:

B(s*) = a(s) + miT + %(ml —mq)Y + 1y U, (81)

2 _ 2 . .
where m; = \/172 (aleV 14650 _ goe™V 1+c09), ms = —ry and moy = Ci(ml—ml).
1+4cj 0

Proof: Let us consider that « is a general helix in Wlaker 3-manifold. Then we

have T = ¢y = constant. From (79), we have

(1)) i

By means of changing of the independant variable s with z = [ kds, we obtain

,_d’n’h_dml%

™MT e T Tde ds T
From (82), we get
iy — (g + 1)y = 0. (83)
If we solve this equation we get
1
m = —— (ale Ihegb ase” 1“30) . (84)
V1+cg
From (77) we have mg = —ri; and my = é(ml —my). O

Subcase 2: m; = 0.

Theorem 12. Let (o, f) be a pair curves of constant breadth in (M, gse). Let o be

a geodesic spacelike curve (ex =1, €3 = —1) and lying in a timelike surface on M.
If m1 = 0 then the curve B is expressed as
B(s*) = a(s) + Y, (85)

where ¢ 1s a constant real.

Proof: If m}j =0 then h =0 and from (76) we have ms = 0 and mg = constant.O
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4.2.2. Case (For Principal line)

If « is principal line, then 7, = 0 and 7 = —6’. From (72)
mj = morsinh @ + mzk cosh§ — h(s)
mh = mq Kk sinh 6 (86)
mh = —mqk cosh 6,

By mean of changing of the independant variable s with § = [ 7ds, we get

1 = mz% coshf 4+ mo % sinh 6 — ’;8

g = m1 = sinh 0 (87)

s = —mq 2 coshé.
3 T

Denoted by ]Zg; =g(#) and £ = ¢, we have

1 = ¢(ms cosh @ + mgysinh §) — g(6)
Ty = m1¢sinh 0 (88)
Thy = —my ¢ cosh 6.

From the equations in (88) we have

é(ml +9) = mg cosh 6 + mqy sinh 6
1o sinh 6 4 1hg cosh @ = —my¢ (89)
1 cosh 6 = —mgsinh 6.

Differentiating the first equation in (88), we get

i1 + G — d% <¢(m1 +g)> + d%(¢>2m1) = (1 +g)

¢
—¢ (cosh@/mlgbsinh 0do — sinh@/mlqﬁ cosh9d0) =0. (90)
Subcase 1: m; # 0 (m} = —24).
If m} = —% then rm; = —£. From (90) we obtain

—iny + % <zm1> + dile(ngml) + 1 — ¢ (coshQ/mqusinhOdO — sinhH/mlqbcosthH) =(01)

Theorem 13. Let («, 8) be a pair curves of constant breadth in (M, gse). Let o be
principal line and a general helix then 3 is given by

B(s*) = a(s) + miT + maY + m3U, (92)

where

my = ase€

)

\/1172 <a1€' Lhe®d _
+c

ms = ¢ [ mysinh 0dO and ms = —c [ my cosh §d6.

—\/We)
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Proof: If a is helix curve then ¢ = £ = ¢ = constant. From (91) we have

iy — (1 + )y = 0. (93)

my =

1 T2,
(ale 1420 _ e

e ), o8

Subcase 2: m; = 0.
From the equations in (72) we have mg = cg = constant # 0, mg = ¢3 = constant #
0. The first equation in (72) gives
tanh @ = — 2. (95)
C3

Then 0 is a constant and we have 7 = 0.

Theorem 14. Let («, §) be a pair curves of constant breadth in (M, gse). Let o be
principal line. If my; = 0 then «a is planar curve. The curve [ is expressed as

B(s*) = a(s) + oY + ¢3U, (96)

where co and c3 are constants.

4.3. Case where a is spacelike and ez = —1 and ez = 1.

Let o be a spacelike with €3 = —1 and €3 = 1 lying on a timelike surface in M.
Differentiating (34) with respect to s and using (30) we obtain

my = Mmakg + mak, — h(s)
mh = mMmikg —M3Ty (97)
my = —MaTg — Mikny,

where h(s) = % + 1

Since « is spacelike and e = —1 andeg = 1, then, if we assume that («, §) is a curve
pair of constant breadth, we have

|8 — | = m? —m3 + m3 = constant, (98)
which imlplies that
dm1 d’ITLQ dm3 _
mq ds + mo ds — ms ds =0. (99)
If we combine (97) and (99) we get
mah(s) = 0. (100)

If o and § are curves of constant breadth then m; = 0 or h(s) = 0. If my # 0
(that is h(s) = 0) then d = m;T + m2Y + m3zU becomes a constant vector because
d" = 0. So (s*) is a translation of a along the constant vector d. Also h(s) =0
gives s* = —s + ¢, where c is constant.

Since k4 # 0, here we investigate curves of constant breadth for m; # 0 or m; =0
in some special case (asymptotic line or principal line).
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4.3.1. Case (For Asymptotic line)

Let a be non-straight line asymptotic line on a timelike surface. Then &k, =
ksinh® = 0. As k # 0, we get coshf = 0. So it implies that k3 = K, Ty = —7.
From (97), we have following differential equation system

my = mak — h(s)
my = mik + mst (101)
my = —maT.

By differentiating the second equation in (101) with respect to s and using the first
and third equations in (101), we get

£ (ko) + (2) =5 (] i) () msnrs() S =

(102)
Subcase 1: m; # 0 (h(s) = 0).
The equation (102) is given by

(o) [ ) = ] Gome) =[G ]t () 2o

Theorem 15. Let a be a asymptotic curve. Let (c; B) be a pair of unit speed curves
of constant breadth where « is spacelike (with ea = —1 and e3 = 1) lying in a timelike
surface in My. If my is non-zero constant then my = 0 and o is a general heliz in
the three dimensional Walker manifold (M, g?) Also the curve B is given as:

B(s*) = a(s) + miT + m3U (104)
where ms is a real constant and s* = —s + c.
Proof: If m; is non zero constant, then from (103) we obtain that (%)/ = 0. So
a is a general helix. Also from the first and third equation of (101) we get my =0

and ms is a real constant. O

Theorem 16. Let o be a asymptotic line. Let («, 8) be a pair of unit speed curves
of constant breadth where o is timelike curve and lying in a timelike surface My. If
my is not zero, then the curve B can be expressed as one of the following cases:

B(s*) = als) + miT + 1Y + Ci(ml +m1)U, (105)
0

where

1 2 2
my = ———— (ale\/ @tz _ eV °0+lz) .

A+1



18 Ameth Ndiaye

Proof: Let us consider that « is a general helix in Walker 3-manifold. Then we

have T = ¢y = constant. From (103), we have

(i (im1)> —(E+1)m; =0, (106)

By means of changing of the independant variable s with z = [ kds, we obtain
fiiy — (2 4 1)y = 0. (107)
If we solve this equation we get

1
m; = ———— (ale\/ Gtz _ goeV Cg+1z> (108)

A+1

From (101) we obtain mg = iy and mgz = %(ml +my). O

Subcase 2: m; =0
With the same computation as above, we have the following theorem:

Theorem 17. Let (o; 8) be a curve pair of constant breadth in (M, gy). If o is a
spacelike asymptotic curve (with ea = —1 and €3 = 1) lying in a timelike surface in
My. If mp = 0, then the curve B is given by

36 = a1 nos () s [ )] v [ [ ) s )]

4.3.2. Case (For Principal line)

In this case we have the two following theorems:

Theorem 18. Let (c, ) be a pair curves of constant breadth in (M, gyre). Let o

be spacelike principal line (with e2 = —1 and €3 = 1) and a general helix then (3 is
given by
B(s*) = a(s) + maT +m2Y + msU, (109)
where
_ 1 ViTeo _VITP0
my = %[ - 02 (ale — age ) 5

mao = ¢ [ 'my cosh0df and mz = —c [ mq sinh 0df.

Theorem 19. Let (o, f) be a pair curves of constant breadth in (M, gse). Let a
be principal line (with e = —1 and e3 = 1) lying in a timelike surface in My. If
my1 = 0 then « is general helixz or « is planar curve and the curve [ is expressed as

B(s*) = a(s) + Y + ¢3U, (110)

where co and c3 are constants.
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