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Abstract

Through dimensional reduction and one-loop quantum correction of scalar
and spinor fields, time-dependent cosmological constant Ay, effective gravita-
tional constant Gy and fine structure constant are derived in 5-dimensional
Kaluza-Klein model for cosmology. If the internal manifold contracts with time
and stabilizes itself at some later time, one possibility gets fine-structure con-

stant equal to
1

37 Gerf ~Gn and Agpp ~0.
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1. Introduction

In the context of unification of gravity with other fundamental forces,
Kaluza-Klein theory is important. Basically, in this theory 5-dimensional mani-
fold is considered as M* x S' where M* is the 4-dimensional manifold and S* is
a circle. Our observable universe is 4-dimensional, so it is expected that radius
of S! is extremely small (undetectable). Hence, it is very natural to think that
if extra manifold was a reality at very high energy scale and is undetectable
now because of nonavailability of energy of required order, it should manifest
itself in some way or the other. Employing the method of heat - Kernel method,
Toms [3] calculated one-loop effective action in 5-dimensional background geom-
etry and obtained induced cosmological constant, gravity and Maxwell’s term
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as manifestation of fifth dimension of the space. But the cosmological constant
obtained by him is very large. The model, considered by him (Toms) contains
static component of metric tensor corresponding to extra space which completely
ignores its dynamical contribution.

This note offers calculation of time-dependent cosmological constant, ef-
fective gravitational constant(time dependent) as well as Maxwell’s terms using
the heat-Kernal method (adapted by Toms) to evaluate one-loop effective action
for scalar fields as well as Dirac spinors. The 5-dimensional cosmological model
proposed here is given by the line-element

ds? = dt* — a*(t)[(dz")? + (do?)? + (d2®)?] — b*(t)(dy — kA, (z)dz")? (1)

where t is the cosmic time, a(t) is the expanding scale factor for spatially flat
subspace of M4, b(t) is the contracting scale factor for S*, Au(p=0,1,2,3)
is the four-dimensional electromagnetic field and k is a constant of (mass)~!

dimension to make kA, (x) dimensionless.

Using horizontal lift basis [4,5] the action in the background geometry given
by (1) is written as

1 1 'y
S—— / d ady/~gs R + / d 2 dy/—gss [g™™ (Dy @)
167G 2

1 R
(D ®) — ER5®*® — M2D*®] + 3 /d4ﬂcdy\/—g5\11(irm Dy — M)W
2

(2)

where G5 = GyL (G is the Newtonian gravitational constant equal to M, 2
where M), is Planck mass, 0 < y < L). 5-dim. Ricci scalar R5 = R4—%k2FWF“”
(R4 is 4-dim. Ricci scalar, Fy,, = D, A, — D,A,, D,, = </, + kA,, Ds = s
(v and /5 are convariant derivatives in curved space). 5-dim. Dirac matrices
4™ (m’ = 0,1,2,3,5) in curved space are given as 7™ = A7 3%(3°, 3,32, 7%) are
Dirac matrices in 4-dimensional flat space and 7° = 79315253, hz;”/ are defined as
hgl/h;)nab = ¢"™'" with no = diag(1l,—1,—1,—1,—1), & is a coupling constant,
® is a scalar field with mass M,, ¥ is the Dirac spinor with mass M 1 and g5 is
the determinant of the metric tensor g,,.,, given as

I = diag(1, —a2, —a?, —a?, —b2)

in horizontal lift basis. 7 = ¢ = 1 is used as fundamental unit where A and ¢
have their usual meaning.
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2. Gravity

5-dimensional action for gravity given by (2) can be reduced to 4-dimensional
action employing the method of Pollock[6]. In this method, ¢, can be con-

formally transformed to g/, ., as

:VO
it = V(0 =0 () 3

where g is the resulting metric tensor on M*%. So, on ignoring term of total
divergence,

1 4 z 3|5 2% e L9092
= — — — 12 - - F,F* 4
S0 =g | dedn/ 0, [ - 127 (G 02 - e, @

where @ is the covariant derivative, Ry is Ricci scalar and F; v 1s electromagnetic
field strength corresponding to g, .

Further conformal transformation is done over 5#,, only as
g,uz/ = e%gw/ (5)

where v is function of b(t). Now using this conformal transformation and inte-
grating over y,

1
5’54) =— /d4x\/—g4(;v)6362”

167Gy

1 b b (6)
Ry — Zb_sze‘z”F“”FW —12(0)% - 12(5)2 —18i(3)

3
where dot (.) denotes derivative with respect to ¢(time). Choosing v = —§ln b(t),

one gets 4-dimensional action for gravity as

1
4) — _ do/—

constant k was introduced with intention to keep the theory dimensionally cor-

b2
5

1
Ry — ZkQF,WlW —12( (7)

rect. So, without any harm to physics, k£ may be identified with (167G N)%
3. Scalar fields

The extra manifold is a circle which is not simply-connected, hence any
field on it can be either untwisted(periodic in y) or twisted(anti-periodic in
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y)[7]. Hence, in either case, one may write

oo

®(at,y) = [Lo(1)] 2 Y Bu(ah)eapli(n + a)My] (8)
1
where M = 2rL~! (L is circumference of S!) and a = 0 <2> for untwisted
(twisted) field.

Substituting ®(z#,y) given by (8) in the action for scalar field given by (2) and
integrating over Y

1 — * n
s =5 Y [ davai@le (D2, (D 2,) -
n=—oo (9)
1
M@y, @y, — §(Ry — K2 Fyu F1) 0] 0,

where
DM@, = 7, Py + ignAn®n, (10a)
. . 2 .
+ «)? 3ab 1 (b 1d (b
M2 = M2 LM2_,,,_, 2 =202 10b
n 0t T 2ab 4 \b 2dt \ b (106)
and
gn=n+a)e=(n+a)kM (10c)

Here gy, is the charge of the scalar particle in nth mode which is integral (half-
integral) multiple of e (= kM) for untwisted (twisted) field.

Now one loop effective action for ®,, is calculated for nth mode and summed up
over all modes to get [3]

Y =2 %" indeta, (11)

where A,, is the operator defined as
1
A, =g"DMD + M2 +¢ <R4 — 4k:2FM,,F‘”’> (12)

Using the kernal ky(s,z,x) for A,, (11) can be re-written as

i & 7 ds
) =3 > [devma [ o) (13)
0

n=—oo
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where

e}

kn(s,x,x) = i,u4_N(4m’5)_%exp —iM?2s) Z
k=0

(N is the space-time dimension used as dimensional regulator with N — 4 and
i is a constant of mass dimension to get dimensionless action). For A,, given
by (12) [8,9]

ap(z) =1 (14a)
m(r) = (3~ ORs+ TR R ™ (140)
as(z) = —%kzMQ(n + oz)2 4+ ... (14c)

Only relevant terms are mentioned here.

Integrating over s in (13) and using (14)

Iy == 2(4;)2/614"” o [#ﬂ[(_g>n§m{W+M2(7ﬁ)}g+
timy [0 3) i [0 ) G - o
}V@l{%ékz (1- ];)niw[w + ()] F -

F 2 HMinta [(n+:)2M2+M2(t)]¥—2}+...]
(15)

where

Using the formulae (B6) of ref.[10],

0o ) ()\ _
2 21-X _ 3 412X
nzg_oo[(n +c)*+d| " =m2d 7\5
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1 _
(where Re A > = and c and d are real), series in (15), for M2(¢) > 0 is summed

to yield when o = 0,

M) == e [ VRSSO 1+ T 1O
(16)
<5—5>R4 (L nwp + L) Bupe s
where ¢(p) is the Riemann-zeta function.
1
When o = >
r) =~ g [ eV T OF + (10
Ameh . M(3) ) (7
(5 -or+ i (e roy - D) pupe s

If Ny (N; ) is the number of untwisted (twisted) scalar fields in the theory,

1 8t b . -
F(l):— / 4 “adl— 2= M 5(NT 4+ N=
T NG+ NI (5~ Rt
3M 6 !
k% [ Am€b P o M%(3), . 3 .
¢ (ap BIOPOT +855) + LR 0 = 85) ) B+
(18)
4. Dirac spinors
Like scalar fields, ¥(x*, y) may also be written as
U(at,y) = [Lb(e)] 72 D Wa(a")eapli(n + o) My (19)

Using this anstaz for ¥(z#,y) in the action for ¥(z#,y) given by (2) and inte-
grating over y,

P (n+a)M

Z /d4$\/—g\ll [w“D(”) T—M% v, (20)

n=—oo
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Under chiral rotations [11,12], the mass term for ¥,, gets the canonical form

T, [(nza) - MQ] W, (21)

Now one-loop correction terms for ¥,, can be calculated by repeating the pro-
cedure adopted for scalar fields with

trag(z) =p (22a)
by (z) = ——pR L F F™ (22b)

o 1277 16
tras(z) = —%k2M2 +(n+a)’F, F" + ... (22¢)

Here also only relevant terms are mentioned, p in (22) is the number of
spinor components which is 4 for ¥,,. If number of untwisted (twisted) spinors
are N (N)

2

2

327b
) — T/ ——M5 N+ Ny
v 471' / 91 [= g My (VY + N+
Arh —dmb
QLMMS(N++N)R4+*{ CMINF N (29)
2 2
2M?
3 <(3)<N+—*N )} F1 +

5. Effective action for gravity

From (7), (18) and (23), effective action for 4-dimensional gravity is written
as

1 b _ 1
Werf _ [ 4 ——1_ 3N+ o N—Y (L
Sy /d v/ —ga [ Tora. + s MY (Ng + No ) (g = &)+

b
27T M

S\ 2
ME(NY + Ny )R4+4WZN (2) +6(1)7TM{M( )PPx (24)

b
NS +Ny) - 7M5 N+ Ny
(No + Ny ) 157 M (NY + Ny
which yields the effective 4-dimensional gravitational constant as

1 1 b
167Gesr 167Gy T o

BT P (NG + Ny ) (5 — &) + MJ(N] + N7
(25a)
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and effective cosmological constant A.ry as

/\eff — 3 9)2_’_ b
87Gesy 4rGN b 60w M

[{M ()} (N + Ny) —4M} (N + N; )] (25b)
2 2 2

Thus, one finds that G,y and A.yy are time dependent. Also it is interesting

to see that if & > 6 and at a particular time ¢/

1 - b(t")
167G N 72w M

BT PG + N )€ - 5) - MYV +N])] (250

Gerr < 0. It means that under above circumstances, gravity becomes repulsive
contrary to its usually believed nature. Possibility of anti-gravity has also been
discussed by Yoshimura[l3] in the context of his finite temperature theory of

1
higher-dimensional Kaluza-Klein type cosmology. But if £ < 5 Gepr > 0.

1
Even if £ > 5 Gess > 0 is possible provided that a particular time ¢’
_ 1
MI(NT + Ny) > 3{M(t")}*(Ny + Ny )(€ - )
2 2 2

6. Induced Maxwell’s terms

From (7),(18) and (23), induced Maxwell’s term in the action is given as

1 e? b 4réb M?¢(3)
5(4):/d4 — M®¥(NS + Ny
F2 4 x g4M2[167TGN + 3M { ( >} ( 0 + 0 )+ 671'2 X
3 47b 2M? 3
Ny —SNy) — —M3(Nf + N7) - N — SN[ )F,, F*™
(Ng 20) Vi %(%‘1’ %> 37r2§(3)(% 5 %)# ]
(26)
The normalization condition for A, yields [14,15,16]
M?  Amg 4
b(t) | L + -2 { M)} (Ny +Ny) — —M3(NF + Ny
()[167r+3M{ (t)}*(Ng + Ng) Vi %(%‘F %)‘F o)
M?¢(3) 3 2M? 3 M?
N —SN7) = S5 ¢(3)(Nf — SN7) = —
62 o~ aNo) = s BW — o) =
If Nt =4N{ and N = 4N, (27) gets a more convenient from as
2 2
M?  16wE . - 4 M?
b(t) | L + 2 {Mt)}* — —MI(NT +Ny)| = — 2
()[167T+3M{ )} M %( %—'_ %) e? (28)
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It is interesting to see from (27) and (28) that e (gauge coupling constant for
electromagnetic field) is time-dependent. As a result fine structure constant (for
Ny =4Ny and Ny = 4N; ) is given as

2 2

-1
—1 Mg 1671'5 3 41

¢t _ M Y 3(NT
- P TSN (¢ M3(NT + N7 2
167r+3M{ (1)} M %< 1t %) (29)

i E[b(t)]

2 2
e
is time-dependent which shows that when b — oo, = — 0 and as b — 0, = —
iy s

2

oo. But we know that at low mass scale (large t),:— o~ 37 This well-known
7
result puts a constraint on b(t) that b(t) should stabilize itself at some time ¢,

during the course of evolution of the universe around the value b; = b(¢1) given
by
~1

1 M? M2  16m¢M3 Ax
— = 71)_1 _p U050 7M3 N+ N~ 30
37 a0 | ter T e MV N (30)

In (30), if My and M 1 are sufficiently small,

N 548 M2

by ~ ——— 1

The effective radius of the extra manifold (circle) is Lb(t). If extra manifold is
hidden, at the compactification time .

Lb(te) S Ly (32)

Constraint obtained above and the fact that b(¢) is a contracting scale factor,
imply that

b(te) > by (33)
Thus, one gets
Lby < Lb(te) S Ly (34)
. . . Mp —.3
Now (31) and (34) imply compactification mass M < 18 and b < 1.8 x 10°.
From (25a) and (34), one gets at ¢t = t;
1 1 M,"! 1 1
< 2 {1203 (< - &) + M} J(NT + NT) ~ 35
167Goyy ~ 167Gy | 721 ol ~ O T MNP NI~ gy 39
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(25b) and (34) imply that at t = ¢;

-1

Neff  ~ M, + - 5 5
N7 + N7 (M3 — N 36
8nGepr ~ 157 ( 3 %)( 0 %) (36)

which shows that if Mo ~ M1, A.rr = 0, otherwise also A.ryr ~ 0.
2

10.

11.

12.

13.

14.

15.

16.

References

. Kaluza,Th., Stzungsber, Preuss, Akad. : Wiss. Phys. Math. K1, LIV(1921),

966.

Klein,O. : Z. Phys. 37(1926), 875 ; Nature(London), 118(1926), 516.
Toms,D.J. : Induced Einstein-Maxwell Action in Kaluza-Klein Theory, Phys.
Lett. B,129(1983), 31-35.

Misner,C.W., Thorne,K.S. and Wheeler,J.A. : Gravitation (Freeman,W.H. San
Francisco 1973).

Huggins,S.R. and Toms,D.J. : Quantum Effects in 5-Dimensional Kaluza-Klein
Theory, Nucl. Phys. B.,263(1986), 433-457.

Pollock,M.D. : ICTP preprint I C/90/89.

Isham,C.J. : Proc. R. Soc. (Lond.) A,362(1978), 383.

Dewitt,B.S. : ‘The dynamical theory of groups and fields’ in Relativity, groups
and topology eds. Dewitt,B.S. and Dewitt,C.(New York, Garden & Breach)
1965; Phys. Rep.19¢(1975), 297.

Gilkey,P.B. : J.Diff Geo. 10(1973), 601.

Ford,L.H. : Vacuum polarization in a nonsimply connected space time, Phys.
Rev. D,21(1980), 933-948.

Wetterich,C. : Dimensional reduction of Weyl, Majorana and Majorana- Weyl
spinors, Nucl. Phys. B,222(1983),20.

Tsokos,K. : Stability and Fermions in Kaluza-Klein Theories, Phys. Lett.
B,126(1983),451-454.

Yoshimura,M. : Effective action and cosmological evolution of scale factors in
higher-dimensional curved space-time, Phys. Rev. D.30(1984),344-356.
Candelas,P. and Weinberg,S. : Calculation of gauge couplings and compact
circumferences from self-consistent dimensional reduction, Nucl. Phys. B.
237(1984),397-441.

Elizalde,E., Nojiri,S. and Odintsov,S.D. : Late-time cosmology in a (phan-
tom) scalar-tensor theory : Dark energy and the cosmic speed-up, Phys. Rev.
D.70(2004),043539.

Carroll,S.M., Duvvuri,V., Trodden,M. and Turner,M.S. : Is cosmic speed-up
due to new gravitational physics 7, Phys. Rev.D. 70(2004),043528.





