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Abstract

Tachibana (1967), Singh (1971) studied and defined the Bochner curvature
tensor and Kaehlerian spaces with recurrent Bochner curvature tensor. Further
, Negi and Rawat (1994), (1997) studied some bi-recurrence and bi-symmetric
properties in a Kaehlerian space and Kaehlerian spaces with recurrent and sym-
metric Bochner curvature tensor.

In the present paper, we have studied Kaehlerian recurrent and symmetric
spaces of second order by taking different curvature tensor and relations between
them. Also several theorems have been established therein.

1. Introduction

Let X5, be a 2n—dimensional almost-complex space and its almost-complex
structure, then by definition, we have

FJFg = 0;. (1.1)

An almost-complex space with a positive definite Riemannian metric gj;

satisfying
grsFJrﬂs = Gji (12)

is called an almost-Hermitian space. From (1.2) it follows that Fj; = griF; is
skew-symmetric.

If an almost-Hermitian space satisfies
ViFip + Vil + Vi Fj =0, (1.3)

where V; denotes the operator of covariant derivative with respect to the sym-
metric Riemannian connection, then it is called an almost-Kaehlerian space and


https://doi.org/10.56424/jts.v4i01.10422


70 K. S. Rawat and Nitin Uniyal
if it satisfies
ViFip + Vi, =0 (1.4)
Then it is called a K —space. In an almost-Hermitian space, if
V;Fi, = 0. (1.5)
Then it is called a Kaehlerian space or briefly a K, space.

The Riemannian curvature tensor which are denoted by thjk is given by
(Weatherburn 1938)

me-af §) o (4] LA HA-(5)E) on

The Ricci-tensor and scalar curvature are respectively given by
Rij = Rgij and R = Rijgij.

If we define a tensor S;; by

Sij = F{'Ryj, (1.7)
Then, we have
Sij = — Sji, (1.8)
and
Fi'Sej = — Sia F}'. (1.9)

The holomorphically projective curvature tensor and the H-Concircular curva-
ture tensor are respectively given by

ph—ph 4+ =
ijk ijk + (TL + 2)(

leéjh — R]k(S? + Sszjh — Sijih + QFI?SZ']') (1.10)
and

R
Cijk = Rijy. + m(giw? — gk + FyF} — FypFj' + 2F5 Ff) - (L11)

The equation (1.10), in view of (1.11) may be expressed as

Pl = Clin + M(Rz’m? — R0} + SirF) — Sl + 28, Fl')—
B (niQ)(gik‘S? - gjkfszh + E’kFJh - ijFih + QEJ‘F;?) (1.12)
If we put
Lij = Rij — ggz’j (1.13)
and .

7

Mij = Fi'Saj = Sij — —Fij, (1.14)
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Then (1.12) reduces to the form

h R

Pz}glk = Czjk: + m(Lik(S? — ij(Slh + MikF]h - Mijih + 2MijFl?)- (1-15)

Now, we have the following :
2. Kaehlerian Recurrent Space of Second Order

Definition (2.1) : A Kaehler space K, satisfying the relation
ViVa Rl = Aab Rl (2.1)

For some non- zero tensor Ay, will be called a Kaehlerian recurrent space of
second order and is called Ricci-recurrent (or, semi-recurrent) space of second
order, if it satisfies

ViVa Rij = Ay Rij, (2.2)

Multiplying the above equation by g%, we have

VyVa R = A\ R, (2.3)

Remark (2.1) : From (2.1) and (2.2), it follows that every Kaehlerian recurrent
space of second order is Ricci-recurrent space of second order but the converse
is not necessarily true.

Definition (2.2) :A Kaehler space K, satisfying the condition
ViVa Pl = Aab Pl (2.4)

For some non-zero tensor Ay, will be called a Kaehlerian H—Projective
recurrent space of second order or, briefly a K, — P space.

Definition (2.3) : A Kaehler space K, satisfying the relation
ViVa Ol = Aap Ol (2.5)

For some non-zero tensor Ay, will be called a Kaehlerian H —Concircular
recurrent space of second order or, briefly a K,, — C space.

Theorem (2.1) : Every Kaehlerian recurrent space of second order is K,, — C
space.
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Proof : Differentiating (1.11) covariantly with respect to 2%, again differentiate
the result thus obtained covariantly with respect to z°, we have
ViV R

m(gﬁﬁf — gkl + FikFJh — FjF} + 2F;F})

(2.6)

ViV Cii = ViV Rl +

Multiplying (1.11) by Ag, then subtracting from (2.6), we obtain

(VVoR — AapR)

h h h h
vaa Cij - )\abcijk - vaa Rij - )\(leijk + n(n + 2)

(90} — gjdl

+FyF)' — FjpF + 2F; Ff) (2.7)

Now, let the space be Kaehlerian recurrent space of second order, then equation
(2.7) with the help of equations (2.1) and (2.3) becomes

ViVa Cli = AaCliy = 0,

Or,
VVa Clit. = AabClip
Which shows that the space is K,, — C space.

Similarly, in view of equations (1.10),(2.1),(2.2) and (1.7), we have the
following :

Theorem (2.2) :Every Kaehlerian recurrent space of second order is K,, — P
space.

Theorem (2.3) : The necessary and sufficient condition for a K,, — C space to
be a K,, — P space is that

(VsVa Lik — AabLin)0) — (VuVa Lji = AavLji) 8} + (Vo Va M, — Aap M) F}'

—(VVa Mjj, — Aap M) El' + 2(Vy Vo Mij — Aap My ) F = 0. (2.8)

Proof : Suppose K,, — C space is a K,, — P space.

Differentiating (1.15) covariantly w.r.t. z%, again differentiate the result thus
obtained covariantly w.r.t. 2%, we have

1
ViVa Pl = ViV Ol + m(vbva L6} — VyVa Ljdlh + Vy Vo My, F)'

—VoVa M Fl + 2V, YV, My FY) (2.9)
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Transvecting (1.15) by Ay and subtracting from the above equation (2.9), we
have

VoVa Pl = APl = ViVa Ol — AanCllp, + [(VsVa Lik — AapLir)0)!

(n+2)
—(VoVa Lji = AapLji) 00 + (VyVa My — Aoy My ) F'
— (VpVa My, — A M) EP' + 2(Vy Vo Myj — Aap M) Y] (2.10)

Since a K, — C space is a K,, — P space, then equation (2.10), in view of (2.4)
and (2.5) reduces to (2.8).

Conversely, if K,, — C space satisfies the condition (2.8), then (2.10) in view of
(2.5) reduces to

VyVa Pl — APty = 0,
which shows that the space is K,, — P space.

This completes the proof.

Theorem (2.4) : If in a Kaehler space satisfying any two of the following

properties :

(i) the space is Kaehlerian Ricci- recurrent space of second order,

(ii) the space is Kaehlerian Projective recurrent space of second order,
(iii) the space is H-Concircular recurrent space of second order , then it must

also satisfies third.

Proof : Differentiating (1.12) covariantly w.r.t. x%, again differentiate the result
thus obtained covariantly w.r.t. 2%, we have

1
ViV Pl = ViVa Ol + ———= (Vo Va Ried)) — ViV Rji6) + Vi Vo Sk F)'

(n+2)
VsVaR
h h b h h
—ViyVa SjkFy" + 2V Ve S Fy — n(T:%(gz‘k% — gjk0;
+EF) — FjF + 2F; F), (2.11)

Multiplying (1.12) by Ay and subtracting the result from (2.11), we have

Kaehlerian Ricci-recurrent space of second order, Kaehlerian Projective recur-
rent space of second order and Kaehlerian H—Concircular recurrent space of
second order are respectively characterized by the equations (2.2), (2.4) and
(2.5).
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The statement of the above theorem follows in view of equations (2.2), (2.4),
(2.5) and (2.12).

3. Kaehlerian Symmetric Space of Second Order

Definition (3.1) : A Kaehler space K, satisfying the condition
ViVa Rl =0, or equivalently — V,V, Rijx =0, (3.1)

Will be called Kaehlerian symmetric space of second order and is called Kaehlerian
Ricci-symmetric or (semi-symmetric) space of second order, if it satisfies

ViVe Ri; =0, (3.2)
Multiplying the above equation by g%, we have
VyVe R =0, (3.3)

Remark (3.1) :From (3.1) and (3.2), it follows that every Kaehlerian symmetric
space of second order is Kaehlerian Ricci-symmetric space of second order , but
the converse is not necessarily true.

Definition (3.2) : A Kaehler space K, satisfying the condition

ViV ng =0, or equivalently ViV Piji = 0, (3.4)
will be called a Kaehlerian H—Projective symmetric space of second order or,
briefly a *K,, — P space.
Definition (3.3) : A Kaehler space K, satisfying the condition

ViV Czhjk =0, or equivalently ViV Cijrr =0, (3.5)
will be called a Kaehlerian H—Concircular symmetric space of second order or,

briefly *K,, — C space.

Theorem (3.1) : The necessary and sufficient condition for a *K,, — C space

to be a *K,, — P space is that

ViV Ligd! — Vi Va Ligdl! + ViV My F)' — ViV Mjp F]' + 2V, Vo My F! = 0.
(3.6)

Proof : From equations (1.5), (2.9) and (3.5), we have

1
VyVa Pl = ) (VuVa Ligd — ViV L0} + VyNo Mip FJ' — Vy Vo My, F!

+2V,V, M FJ' = 0. (3.7)
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Since *K, — C space is a *K,, — P space, hence equation (3.7) reduces to the
form

VoVa Lid! — VyVa Lidl + VoVo Mg Fl' — Vy Vo My Fl' + 2V Vo My Ff = 0.
(3.8)
Conversely, if a *K,, — C' space satisfies equation (3.6), then (3.7) reduces to the
form
VyVe Pl =0
which shows that the space is *K,, — P space.
Theorem (3.2) :A necessary and sufficient condition for a H—Concircular

symmetric space of second order to be Kaehlerian-Ricci symmetric space of
second order is that

R
h h h h h h
VioVa Ry + Aap|Cilip — R — n(n+2) (9ir0; — gjkd;" + FirF;
BB 2B )] = 0 (39)

Proof : If the space is a H—Concircular symmetric space of second order, then
equation (2.7) in view of (3.5) reduces to the form

. . n o (VoVaR = AuR)
vaa Rijk - )\abRijk + )\abCijk + n(n —+ 2)

FF 4 2 F)] = 0 (3.10)

9k} — gjrd) + FypF)

Now, if the space is Kaehlerian- Ricci symmetric space of second order then
(3.2) is satisfied and equation (3.10), in view of (3.2) reduces to (3.9).

Conversely, if H—Concircular symmetric space of second order satisfies the con-
dition (3.9), then equation (2.7) gives
M[gim} — gjk0l + Fy P — Fyp ' + 2F F)] = 0
which gives V,V,R =0
VbVaginij = (0 since R = Rijgij
Or V,V,R;; = 0 since g7 #0

which shows that the space is Kaehlerian Ricci-symmetric space of second order.
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