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Abstract

In this paper, the study of an invariant submanifold of Lorentzian a-
sasakian manifold is carried out and it is shown that, it is also Lorentzian
a-sasakian. Further we prove that, if the second fundamental form of an in-
variant submanifold of Lorentzian a-sasakian manifold is recurrent, 2-recurrent
and generalized 2-recurrent then the submanifold is totally geodesic and also
an invariant submanifold of Lorentzian a-sasakian manifold with parallel third
fundamental form is again totally geodesic. It is proved that pseudoparallel
and 2-pseudoparallel invariant submanifolds of Lorentzian a-sasakian manifolds
is also totally geodesic. Further, we also show that this property of totally
geodesic holds true if C - o = L1Q(g,0) and C Vo= L1Q(g, 60’).

Key Words : Invariant submanifold, Lorentzian a-sasakian manifold, Pseu-
doparallel, 2-pseudoparallel and totally geodesic.
2000 AMS Subject Classification : 53C25, 53D15, 53C21, 53C40.

1. Introduction

The study of invariant submanifolds of different contact manifolds is car-
ried out by M. Kon and B.Y. Chen ([7], [14]) from 1970 onwards. Further, it is
carried out by H. Endo, D. Chinea, D. Chinea and P.S. Prestelo, B. Ravi and
C.S. Bagewadi, K. Yano and M. Kon ([8], [9], [12], [18], [21]) during eighties
and nineties. From 2000 onwards there are many papers by C.E. Hretcanu and
M. Crasmareasu, recently Aysel Turgut Vanli and Ramazan Sari, S. Sular and
C. Ozgur, C. Murathan etal, C. Ozgur and C. Murathan ([5], [13], [15], [16],
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[20]) also studied invariant submanifolds of LP-sasakian manifolds. These au-
thors Ahmet Yildiz and Cengizhan Murathan, A.C. Asperti, G.A. Lobos and
F. Mercuri, C. Ozgur, S. Sular and C. Murathan ([2], [4], [17]) have studied
pseudoparallel invariant submanifolds of contact manifolds. In this paper, we
extend the study to invariant submanifolds of Lorentzian a-sasakian. Further,
the study of invariant submanifolds of Lorentzian a-sasakian satisfying the con-
ditions C - ¢ = L1Q(g,0) and C - Vo = L1Q(g, Vo), where C is concircular
curvature tensor.

The paper is organized as follows: In section 2, we have given a necessary in-
formation about submanifolds. In section 3, some definitions and notions about
Lorentzian a-sasakian manifolds and their invariant submanifolds are given. In
section 4, deals with an invariant submanifold of Lorentzian a-sasakian mani-
fold whose second fundamental form o is recurrent, 2-recurrent and generalized
2-recurrent and shown that these type of submanifolds are totally geodesic.
Also proved that an invariant submanifold of a Lorentzian a-sasakian mani-
fold with parallel third fundamental form is again totally geodesic. In section
5, pseudoparallel and 2-pseudoparallel invariant submanifolds of Lorentzian a-
sasakian manifolds and shown that these type of submanifolds are totally geo-
desic. In the last section, we have proved that if 6(X,Y) -0 = L1Q(g,0) and
C(X,Y) Vo = L1Q(g, Vo) then M is totally geodesic.

2. Basic Concepts

The covariant differential of the pt* order, p > 1 of a (0, k)-tensor field T,
k > 1 denoted by VPT, defined on a Riemannian manifold (M, g) with the Levi-
Civita connection V. The tensor T is said to be recurrent [19], if the following
condition holds on M:

respectively.
(V2T (X1, ooy Xis X, V)T (Vi 0oy Vi) = (V2T) (Y, o Vs X, Y)T(X, s X,

where X, Y, X1,Y1, ..., Xg, Y € TM. From (2.1) it follows that at a point z € M,
if the tensor T' is non-zero then there exists a unique 1-form ¢ respectively, a
(0, 2)-tensor 1), defined on a neighborhood U of x such that

VT =T®g, ¢=dlog|T]) (2.2)

respectively.
VT =T @, (2.3)



Pseudoparallel Invariant Submanifolds of Lorentzian a-sasakian Manifolds 13

holds on U, where ||T| denotes the norm of T and ||T||> = g(T,T). The tensor
T is said to be generalized 2-recurrent if

((VZT)(XL vy X5 X Y) - (VT ® ¢)(X17 ey X5 X, Y))T(Y17 ety Yk)
= (VPT)(Y1, ., Vi X, Y) = (VT @ ¢) (Y1, .., Yi; X, V)T (X1, oo, X,
holds on M, where ¢ is a 1-form on M. From this it follows that at a point

x € M if the tensor T is non-zero then there exists a unique (0, 2)-tensor 1,
defined on a neighborhood U of z, such that

VT =VT ® ¢+ T, (2.4)
holds on U.

Let f:(M,g) — (M ,g) be an isometric immersion from an n-dimensional
Riemannian manifold (M, g) into (n + d)-dimensional Riemannian manifold
(M, g), n > 2,d > 1. We denote by V and V the Levi-Civita connection
of M™ and M"+d respectively. Then the formulas of Gauss and Weingarten are
given by

VxY = VxY +0(X,Y), (2.5)

VxN = —AnX 4+ V%N, (2.6)

for any tangent vector fields X, Y and the normal vector field N on M, where o,
A and V+ are the second fundamental form, the shape operator and the normal
connection respectively. If the second fundamental form o is identically zero
then the manifold is said to be totally geodesic. The second fundamental form
o and Ay are related by

5(0(X7Y)7N) = g(ANXa Y)’

for tangent vector fields X, Y. The first and second covariant derivatives of the
second fundamental form o are given by

(Vxo)(Y,Z) = Vi (a(Y,2)) —o(VxY, Z) — o(Y,VxZ) (2.7)
(V20)(Z,W,X,Y) =(VxVyo)(Z, W),
=Vx(Vyo)(Z,W)) - (Vyo)(VxZ,W) (2.8)
— (Vx0)(Z,VyW) — (Vy,yo)(Z, W)

respectively, where V is called the vander Waerden-Bortolotti connection of M
[7]. If Vo =0, then M is said to have parallel second fundamental form [7] and
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if Vo = 0, then f is called parallel [11]. We next define endomorphisms R(X,Y")
and X ApY of x(M) by

R(X,Y)Z =VxVyZ - VyVxZ — VixyZ,

(X ApY)Z = B(Y,2)X — B(X,2)Y (2.9)
respectively. where X,Y,Z € x(M) and B is a symmetric (0, 2)-tensor.

Now, for a (0, k)-tensor field T', k > 1 and a (0, 2) -tensor field B on (M, g),
we define the tensor Q(B,T) by

Q(B,T)(Xl,...,Xk;X, Y) = — (T(X A Y) Xy, ,Xk)

2.10
= = T(Xy, ey X1, (X ABY) X). (210)

Putting into the above formula T' = o, Vo and B = g, we obtain the tensor
Q(g,0) and Q(g, Vo).

Definition 2.1. An immersion is said to be semiparallel if
E(X,Y) ‘0= (%Xﬁyfﬁyﬁxfﬁ[x’y})azo, (2.11)

holds for all vector fields X,Y tangent to M [10], where R denotes the cur-
vature tensor of the connection V. An immersion is said to be 2-semiparallel
if R(X,Y).Vo = 0 holds for all vector fields X,Y tangent to M. Further an
immersion is said to be pseudoparallel and 2-pseudoparallel [2], if

R-0=1,Q(g,0), (2.12)

R-Vo = LiQ(g,Vo). (2.13)
If Q(g,0) = 0, Q(g,%a) = 0 and it reduces to (2.11), ie., the definition of

semiparallel.

From the Gauss and Weingarten formulas, we obtain

(RX.Y)Z)" = R(X,Y)Z+ Aoy )Y — Agpy 1 X. (2.14)

9(X,2)

By (2.11), we have

(é(Xv Y) : U)(Ua V) = RJ_ (Xv Y)U(U7 V) - U(R(Xa Y)Ua V) - U(Ua R(Xa Y)V>7
(2.15)
for all vector fields X,Y,U and V tangent to M, where

RY(X,Y) =[Vx, V¥] - Vixy (2.16)
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Similarly, we have
(R(X,Y) - Vo)(U,V.W) =R(X,Y)(Vo)(U.V.W) = (Vo)(R(X,Y)U, V. W)
= (Vo) (U, R(X,Y)V,W) = (Vo) (U, V. R(X,Y)W),
(2.17)
for all vector fields X, Y, U, V, W tangent to M, where (Vo )(U,V,W) = (Vyo)
(V. W) [3].

3. Lorentzian a-sasakian manifolds and their submanifolds

A differentiable manifold of dimension n = (2m + 1) is called Lorentzian
a-sasakian manifold if it admits a (1,1)-tensor field ¢, a contravariant vector
field &, a covariant vector field n and a Lorentzian metric g which satisfy

¢ = I+n®¢ g(X,€)=n(X),
9(6X,0Y) = g(X,Y)+n(X)n(Y), (3.3)
for all X, Y € TM.
Also a Lorentzian a-sasakian manifold M satisfies [1]
(Vxo)(Y) = a{g(X,Y)E+n(Y)X},

where V denotes the operator of covariant differentiation with respect to the
Lorentzian metric g.

Further, on a Lorentzian a-sasakian manifold M the following relations
hold [1]:

n(R(X,Y)Z) = o*{g(Y,Z)n(X) - g(X, Z)n(Y)}, (3.6)
R X)Y = o*{g(X,Y)§—n(Y)X}, (3.7)
R(&,X)¢ = o {n(X)¢+ X}, (3.8)
R(X,Y)¢ = o {n(Y)X —n(X)Y}, (3.9)
S(X,8) = (n—1a’n(X), (3.10)

Q¢ = (n—1)a’%, (3.11)
5,6 = —(n—1)0?, (3.12)

where @ is the Ricci operator, i.e., g(QX,Y) = S(X,Y).
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A submanifold M of a Lorentzian a-sasakian manifold M is called an invari-
ant submanifold of M , if for each x € M, ¢(T, M) C T, M. As a consequence, &
becomes tangent to M. In an invariant submanifold of a Lorentzian a-sasakian
manifold

o(X,€) =0, (3.13)

for any vector X tangent to M.

Proposition 3.1. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then the following equalities holds on M.

Vxé = a¢pX, (3.14)
RIX,Y)E = o {n(Y)X —n(X)Y}, (3.15)
Q¢ = (n—1)a%, (3.16)
S(X,6) = (n—1)an(X), (3.17)
(Vxo)(YV) = a{g(X,Y)E+n(Y)X}, (3.18)
o(X,9Y) = ¢o(X,Y), (3.19)
where @) denotes the Ricci operator of M defined by S(X,Y) = g(QX,Y).

Proof. Since M is an invariant submanifold of a Lorentzian a-sasakian M.
Then ¢ is tangent to M
Vxé=apX. (3.20)
Using (2.5), we get
apX = Vx&=Vxé+o(X,9),
which gives us
Vx§=a9X, o(X,{) =0,

so we get (3.14). Since M is Lorentzian a-sasakian manifold, we get from (3.5),

(Vxo)(Y) = a{g(X,Y){+n(Y)X}. (3:21)
Then, in view of Gauss formula, we have
(Vxd)Y = VxoY + o(X,9Y) — ¢VxY — ¢o(X,Y). (3.22)

Comparing the tangential and normal parts of (3.18) and (3.19), we get
(Vxo)(Y) = afg(X,Y)E+n(Y)X} and o(X,¢Y) = ¢o(X,Y).
So we obtain (3.18), (3.19). From (2.14), we have
R(X,Y)Z = RH(X,Y)E+ Ay(x0)Y — Agive) X.
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Then using o(X, &) =0, we find
R(X,Y)Z = R(X,Y)¢.
One can get (3.15). A suitable contraction of (3.15) gives us

S(X,€) = (n—1)a’n(X), Q= (n—1)a’.

So we can state the following theorem.

Theorem 3.2. An invariant submanifold M of a Lorentzian a-sasakian mani-
fold M is a Lorentzian a-sasakian manifold.

4. Recurrent invariant submanifolds of Lorentzian a-sasakian man-
ifolds

We consider invariant submanifold of a Lorentzian a-sasakian when o is
recurrent, 2-recurrent, generalized 2-recurrent and M has parallel third funda-
mental form and prove the following results.

Theorem Aﬁl.3. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then o is recurrent if and only if M is totally geodesic.
Proof. Since o is recurrent, from (2.2) we get

(Vxo)(Y, Z) = ¢(X)a(Y, 2),

where ¢ is a 1-form on M. Then in view of (2.7) in the above equation can be
written as

Vxo(Y,Z) —o(VxY,Z2) —o(Y,VxZ) = ¢(X)o(Y, Z). (4.1)
Taking Z = £ in (4.1), we have
Vxo(Y,6) = o(VxY,€) — (Y, Vx&) = $(X)a(Y,€). (4.2)

Making use of relation (3.2), (3.4), (3.13) in (4.2), we get ac(X,Y) = 0. Since
a # 0, we have 0(X,Y) = 0 i.e., M is totally geodesic. The converse statement
is trivial. This completes the proof of the theorem.

Theorem Ail.4. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then M has parallel third fundamental form if and only if M is
totally geodesic.
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Proof. Suppose that M has parallel third fundamental form. Then we can
write

(VxVyo)(Z,W) =0.

Replacing W with £ in the above equation and using (2.8), we have

Vx((Vyo)(Z,€) = (Vyo)(VxZ,€) — (Vx0)(Z,VyE) = (Vuygyo)(Z,€) = 0.
(4.3)
Taking account of (2.7) in (4.3) and using (3.13) we get
0 = —Vyvao(Z,¢Y)+ao(VxZ ¢Y) - Vyxao(Z,¢Y) (4.4)
+aoc(VxZ, oY)+ 0(Z,VxapY)+ aoc(Z,¢VxY).
Putting ¥ = ¢ in (4.4) and taking account of (3.2), (3.4), (3.13), we get
a?0(X,Z) = 0. Since a # 0, we have o(X,Z) = 0 i.e.,, M is totally geo-
desic. The converse statement is trivial. Hence, the proof of the theorem is
completed.

Corollary 4.1. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then o is 2-recurrent if and only if M is totally geodesic.

Proof. Since o is 2-recurrent, from (2.3), we have
(VxVya)(Z,W) = a(Z,W)p(X,Y). (4.5)

Taking W = ¢ in (4.5) and using the proof of the Theorem 4.4, we get a0 (X, Z) =
0. Thus M is totally geodesic. The converse statement is trivial. This completes
the proof of the corollary.

Theorem 4.5. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then o is generalized 2-recurrent if and only if M is totally
geodesic.

Proof. Since o is generalized 2-recurrent, from (2.4), then one can write
(VxVyo)(Z,W) = (X, Y)o(Z,W) + $(X)(Vyo)(Z, W),  (46)

where ¢ and ¢ are 2-recurrent and 1-form, respectively. Taking W = ¢ in (4.6)
and taking account of the equation (3.13), we get

(VxVyo)(Z,€) = ¢(X)(Vyo)(Z,€).



Pseudoparallel Invariant Submanifolds of Lorentzian a-sasakian Manifolds 19
Then making use of (2.7) and (2.8) in above equation and in view of (3.13), we
have
—V%ao(Z,¢Y) +ao(VxZ,¢Y) — Vvao(Z,¢Y) + ao(Vx Z,¢Y)
+0(Z,VxapY)+ao(Z,¢VxY) = —ap(X)o(Z,¢Y).

Putting Y = ¢ in the above equation and using (3.2), (3.4), (3.13), we get
o?0(X,Z) = 0. Since a # 0, we have o(X,Z) = 0 i.e., M is totally geodesic.
The converse statement is trivial. Thus our theorem is proved.

5. Pseudoparallel and 2-Pseudoparallel Invariant submanifolds of
Lorentzian a-sasakian manifolds

We consider invariant submanifolds of Lorentzian a-sasakian manifolds sat-
isfying the conditions R -0 = L1Q(g,0) and R- Vo = L1Q(g, Vo).

Theorem 5.6. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then the condition R - o = L1Q(g,0) and R Vo = Li1Q(g, 60)
hold on M. i.e., M is (i) pseudoparallel, if Li # o2, (ii) 2-pseudoparallel if and
only if M is totally geodesic.

Proof. (i) Since M is pseudoparallel, i.e., R-o= LiQ(g,0). Put X =V =¢
and using (3.1), (3.13) in (2.10), (2.15), we get
RH(£,Y)o(U,&) = o(R(§,Y)U,€) = o(U,R(£,Y)E) = Lio(U)Y). (5.1

Using (3.8) and (3.13) in (5.1), we get (L1 —a?)o(U,Y) = 0. Since Ly # o2, we
have o(U,Y) = 0 i.e., M is totally geodesic. The converse statement is trivial.
(ii) Since M is 2-pseudoparallel, i.e., R-Vo = L1Q(g, 60). Put X =V =¢ and
using (3.1), (3.4), (3.13) in (2.10), (2.17), we get

RYEY)(Vo)(U, &, W) — (Vo) (R(E,Y)U,E W) — (Vo) (U, R(E, Y)E, W)
~(Vo)(U,& R(EYIW) = ~Li[n(W) { VEa (Y, U) — o(VeY, U)
~o(Y,VeU)} + Vipo(Y,U) — o(VwY,U) — o(Y, Vi U)
—n(Y) {VE(W,U) = o(TeW,U) = o(W, VeU) }
—n(U) {vga(Y, W) — o(VeY, W) — o(Y, vgvv)}]. (5.2)
In view of (2.7), (3.4) and (3.13), we have
(Vo) (U,&,W) = (Vuo)(&, W)
=VEo(&, W) — o (Vu&, W) =0 (6, VW) = —ac(¢U,W).  (5.3)
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Also, in view of (2.7), (3.4), (3.7), (3.8) and (3.13), we have the following equal-
ities:
(Vo) (R YU, & W) = (Ve yywo) (& W), (5.4)
= V}Lz(g,y)UU(fa W) —o(Vreyywé& W) — o VreyyioW),
= o’n(U)o(¢Y, W),

(Vo)(U,R(,Y)E, W) = (Vuo)(R(E Y)E, W),
= Vio(R(EY)EW) — o(VuR(EY)EW) = o(R(EY)E VuW),
= ija (a2 {NY)E+Y}, W) -0 (VUa2 {NY)§E+Y}, W)
—a2a (Y, VyW) (5.5)
and
(Vo) (U,&, R(£,Y)W) = (Vyo) (&, R(EY)W), (5.6)
= Vio(&, R(EY)W) — o(Vué, R(E,Y)W) — o(&, VuR(E,Y)W),
= —a’ {o(¢U, g(Y,W)&) — n(W)o(¢U,Y)} .
Substituting (5.3) — (5.6) into (5.2), we obtain
—aRM(&,Y)a(¢U, W) — &*n(U)a(¢Y, W) — Vo (o® {(n(Y)E+ Y}, W)
+o (Vo2 (n(Y)E+ Y}, W) + a?o(Y, Vo W) + o {o(¢U, g(Y, W)E)
— n(W)o(6U,Y)} = ~Laln(W) { Vo(Y,U) = 0(VeY,U) = o(¥, VeU) }
+Viyo(Y,U) — o(VwY,U) — o(Y, Vi U)
—n(Y) {VEa(W,U) = o(VeW,U) = o(W, VeU) }
—n(U) {vga(Y, W) = o(VeY, W) — a(Y, V§W)}]. (5.7)

If W = ¢ and using (3.1), (3.4), (3.13) in (5.7), we get 2230 (U,Y) = 0. Since
a # 0, we have o(U,Y) = 0 i.e., M is totally geodesic. The converse statement
is trivial. This proves the theorem.

Using Theorems 4.3, 4.4, 4.5, 5.6 and corollary 4.1, we have the following
result

Corollary 5.2. Let M be an invariant submanifold of Lorentzian a-sasakian
manifold M. Then the following statements are equivalent:

(1) o is recurrent;

(2) o is 2-recurrent;
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(3) M has parallel third fundamental form;
(4) M is pseudoparallel and L; # a?;
(5)
(6)

M is 2-pseudoparallel;
M is totally geodesic.

6. Pseudoparallelism and 2-Pseudoparallelism with respect to con-
circular curvature tensor

We consider invarijmt submanifold of a Lorentzijm a—sasa};ian manifold | sat-
isfying the conditions C(X,Y) -0 = L1Q(g,0) and C(X,Y) Vo = L1Q(g, Vo),

where C' is concircular curvature tensor.

Definition 6.1. An immersion f : (M, g) — (]\7 ,g) is said to be pseudoparallel
with respect to concircular curvature tensor if C(X,Y) -0 = L1Q(g,0) and
2-pseudoparallel C(X,Y) - Vo = L1Q(g, Vo).

Now study of invariant submanifolds of Lorentzian a-sasakian manifolds
which satisfy the following

C(X,Y) -0 =L1Q(g,0) and C(X,Y)-Vo = L,Q(g, Vo).

Theorem 5.7. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Prove that M is (i) pseudoparallel and L; # (ﬁ —a?), a? #
ﬁ, (ii) 2-pseudoparallel with respect to concircular curvature tensor if and
only if M is totally geodesic.

Proof. The concircular curvature tensor is given by

Cx1Z=REZ - | L W 2X (X 2V, (6)
where r is the scalar curvature.
Similar to (2.15) and (2.17) the tensors C(X,Y) - o and C(X,Y) - Vo are
defined by
(CX.Y) 0)(U,V) = RH(X.Y)o(U,V) — o(C(X,Y)U, V)
~o(U,C(X,Y)V), (6.2)

(C(X,Y)-Vo)(U,V,W) = R~(X,Y)(Vo)(U,V,W) — (Vo) (C(X,Y)U,V,W)
—(Vo)(U,C(X,Y)V,W) — (Vo )(U,V,C(X,Y)W) (6.3)

respectively.
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Putting X =& Y =X, Z=Yand X =& Y =X, Z=¢ in (6.1) and using
(3.7), (3.8), we have

n(n —1)
n(n—1)

G XY = {oﬂ - ] WX YE—gX),  (64)

O(e. X)e = {oﬂ ]{n<x>s+X}. (6.5)

(i) Since M satisfies the condition C(X,Y) -0 = L1Q(g,0). Put X =V =¢
and using (3.1), (3.13) in (2.10) and (6.2), we get

RYEY)o(U,€) = o(C(E,Y)U,E) — o(U,C(§,Y)E) = Lio(U,Y).  (6.6)
So, using (3.13) the above equation is reduces to
—o(U,C(£,Y)€) = Lo (U,Y).
Making use of (6.5) in above equation, we have

r

—0 (U, [o? T 1)] n(Y)€+ Y}> = Lio(U,Y).

In view of (3.13), we obtain [L; + (a? — m)]a(U, Y) = 0. Suppose L; #

(m —a?) then o(U,Y) = 0 i.e., M is totally geodesic. The converse state-
ment is trivial.

(ii) Since M satisfies the condition é(X, Y)- Vo = L1Q(g, 60), Put X =
V = ¢ and using (3.1), (3.4), (3.13) in (2.10) and (6.3), we get

RM(&,Y)(Vo)(U,&,W) = (Vo) (C(&, Y)U,E W) — (Vo) (U,C(€,Y)E, W)
~(Vo)(U.& C(, V)W) = ~Lin(W) { VEa (Y, U) - o(VeY, U)

—o(Y, ng)} + VoY, U) — o(VwY,U) — oY, VigU)

() {vga(W, U) — o(VeW,U) — o(W, ng)}

—n(U) {vga(Y, W) — o(VeY, W) — o(Y, VgW)}]. (6.7)

In view of (2.7), (3.4), (6.4), (6.5) and (3.13), we have the following equalities:
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(Vo) (C(EY)U,E W) = (Ve yyy0) (& W), (6.8)
= v$(£7y)UU(§7 W) - U(VG(E7Y)U§7 W) - 0-(57 VG(E,Y)UW)’

=a [a2 - n(n_l)} (U)o (oY, W),

(Vo)(U,C(&,Y)E,W) = (Vyo)(C(EY)E, W), (6.9)
= Vo (CEY)EW) — o(VuC(EY)E,W) — o(C(£,Y)E, VW),

= Vo <[oz2 - n(nr_ 1)} {n(Y)§+ Y}, W) e (VU [QZ a n(nr— 1)]

e N

} o(Y,VyW)

and
(Vo) (U,&,C(E,YI)W) = (Vyo) (& C(E, V)W), (6.10)
= Vo (&, C(&, V)W) = o(Vug, C(EYI)W) — (¢, VuC(&, V)W),
——aa = | folotg )8 — (W)ater,v)).

Substituting (5.3) and (6.8) — (6.10) into (6.7), we obtain

n(n —1)

~Vho (|2 = o | e+ v W) o (Vo o2 -
x {n(Y)¢ + Y},W) + [aQ - n(nr—l)] o(Y,VgW) + « [042 - n(nr_ 1)}
x {o(oU, g(Y,W)E) — n(W)o(¢U,Y)} = — Ly [n(W) {Véa(K U)

—aRM(&,Y)o(¢U, W) — a [cﬂ — ] n(U)o (oY, W)

—o(VeY,U) - o(Y, va)} 4 Vio(Y,U) — o(ViY,U) — oY, ViyU)
—n(¥) {VES(W,U) = o(VeW. U) = a(W, VeU) |
—n(U) {vga(Y, W) — o(VeY, W) — o(Y, V§W)}]. (6.11)

Taking W = ¢ and using (3.1), (3.4), (3.13) in (6.11), we get a[aQ—M]U(U, Y)
= 0. Suppose [a? — ﬁ} # 0 then o(U,Y) = 0 i.e., M is totally geodesic.
The converse statement is trivial. Hence the theorem is proved.
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Using corollary 5.2 and Theorem 6.7, we have the following result

Corollary 6.3. Let M be an invariant submanifold of a Lorentzian a-sasakian
manifold M. Then the following statements are equivalent:

(1) o is recurrent;

(2) o is 2-recurrent;

(3) M has parallel third fundamental form;
(4) M is pseudoparallel, if L; # o?;

(5) M is 2-pseudoparallel;

(6) M satisfies the condition C(X,Y)-0 = L1Q(g,0) and Ly # (————a?),

n(n—1)
a? 7& n(nT—l);
(7) M satisfies the condition C~'(X,Y) Vo = L1Q(g, %O‘) and o # 0, a? #
n(nr—l);

(8) M is totally geodesic.
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