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Abstract

Semi-invariant submanifold of an almost contact metric manifold were de-

fined and studied by A. Bejancu [1] and later developed by several authors [2],

[3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14] etc.

The purpose of the present paper is to define and study the semi-invariant

submanifold of nearly hyperbolic β−Kenmotsu manifold.
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1. Preliminaries

An n dimensional differential manifold M on which there are defined a

tensor field F of type (1, 1) a vector field ξ, 1-form u and a Riemannian metric

g satisfying for arbitrary vector field X,Y, Z, . . ..

(a) F 2 = 1 + u⊗ ξ,

(b) u(ξ) = −1,

(1.1) (c) u0F = 0,

(d) F (ξ) = 0,

(1.2) g(FX,FY ) = −g(X,Y )− u(X)u(Y )

and

(1.3) u(X) = g(X, ξ), for all X,Y ∈ TM
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is called almost hyperbolic contact metric manifold and the structures (F, ξ, u, g)

is almost contact hyperbolic metric structure [2].

Definition 1.1. An almost hyperbolic contact metric structure (F, ξ, u, g) on

M is called a hyperbolic β−Kenmotsu manifold if [4]

(1.4) (∇XF )Y = β(g(FX, Y )ξ − u(Y )FX), For function β on M .

Then we say that hyperbolic β−Kenmotsu structure is type β. In particu-

lar, it is a normal.

Then from (1.1) and (1.4) we can easily obtain

(1.5) ∇Xξ = −β(X + u(X)ξ).

Thus the structural equation for nearly hyperbolic β−Kenmotsu manifold

are given by

(1.6) (∇Y F )Y + (∇Y F )X = −β(u(X)FY + u(Y )FX)

and the structural equation for nearly hyperbolic Kenmotsu manifold are defind

by

(1.7) (∇XF )Y + (∇Y F )X = −u(X)FY − u(Y )FX.

2. Semi-invariant submanifold

LetM be a Riemannian manifold isometrically immersed in a β−Kenmotsu

manifold M such that ξ is tangent to M . We denote by same symbol g the

Riemannian metric on M . Denote also by ∇ the Levi Civita connection on M

with respect to g and ∇⊥ the linear connection induced by ∇ on the normal

bundle T⊥M . Then the equation of Gauss andWeingarten are given respectively

by

(2.1) ∇XY = ∇XY + h(X,Y )

and

(2.2) ∇XN = −ANX +∇⊥
XN,

where h and A are both called the second fundamental tensors satisfying

(2.3) g(h(X,Y ), N) = g(ANX,Y ).
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Now, if F is a (1, 1) tensor field on M , for X ∈ TM and N ∈ T⊥M , we

have

(2.4) (∇XF )Y = ((∇XP )Y −AQY X −Bh(X,Y ))

+((∇XQ)Y + h(X,PY )− Ch(X,Y ))

and

(2.5) (∇XF )N = ((∇XB)N −ACNX − PANX)

+((∇XC)N + h(X,BN)−QANX)

where

(2.6) FX = PX +QX (PX ∈ TM,QX ∈ T⊥M)

and

(2.7) FN = BN + CN (BN ∈ TM,CN ∈ T⊥M).

(a) (∇XP )Y = ∇XPY − P∇XY ,

(b) (∇XQ)Y = ∇⊥
QY −Q∇XY,

(2.8) (c) (∇XB)N = ∇XBN −B∇⊥
XN,

(d) (∇XC)N = ∇⊥
XCN −Q∇⊥

XN.

The submanifold M is said to be totally geodesic in M is if h = 0, minimal

in M if H = 0 and totally umbilical in M if

h(X,Y ) = g(X,Y )H.

Applying the distribution D on M , M is called to be D−totally geodesic

if ∀ X,Y ∈ D, we have h(X,Y ) = 0. If for every X,Y ∈ D, we have h(X,Y ) =

g(X,Y )K for same normal vector K, so M is called D−totally umbilical. For

two distributionD and S defined onM , M is defined to be (D,S)−mixed totally

geodesic if for every X ∈ D and Y ∈ S, we have h(X,Y ) = 0.

Now we say that D is S− parallel if for all X ∈ D and Y ∈ D we have

∇XY ∈ D. If D is D parallel then it is called autoparallel. D is called

X−parallel for some X ∈ TM if for all Y ∈ D we have ∇XY ∈ D. D is

said to be parallel if for all X ∈ TM and Y ∈ D, ∇XY ∈ D.
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If a distributionD onM is autoparallel, then it is truly integrable, and from

a Gauss formula D is totally geodesic in M . Suppose that D is parallel then the

orthogonal complementary distribution D⊥ is also parallel, which showing that

D is parallel if and only if D⊥ is parallel. Therefore M is locally the product of

the leaves of D and D⊥.

Suppose M be an almost hyperbolic contact metric manifold. ξ ∈ TM then

we write TM = {ξ} ⊕ {ξ}⊥, where {ξ} is the distribution spanned by {ξ} and

{ξ}⊥ is complementary arthogonal distribution of {ξ} in M then one gets

(2.9) Pξ = 0 = Qξ, u0P = 0 = u0Q,

(2.10) P 2 +BQ = 1 + u⊕ ξ, QP + CQ = 0,

(2.11) C2 +QB = 1, BC + PB = 0.

A submanifold M of almost hyperbolic contact metric manifold M with ξ ∈
TM is called a semi-invariant submanifold of M there exists two differentiable

distribution D1 and Do on M such that

(1) TM = D1 ⊕Do ⊕ (ξ),

(2) The distribution D1 is invariant by F , that is F (D1) = D1 and

(3) The distribution Do is invariant by F , that is F (Do) ⊆ T⊥M .

Here

D1
X = Ker (Q|ξ⊥)X = {XX ∈ |ξ|⊥X : ||XX || = ||PXX || = TXM ∩ (TXM),

Do
X = Ker (P |⊥ξ )X = {XX ∈ |ξ}⊥X : ||XX || = ||QXX ||} = TXM ∩ (TXM),

for X ∈ TM , then we have

(2.12) X = Φ1X +ΦoX + u(X)ξ,

where Φ1 and Φo are projection operators of TM on D1 and Do respectively.

A semi-invariant submanifold of an almost hyperbolic contact metric man-

ifold [6] becomes an invariant submanifold (resp. Anti-invariant submanifold) if

Do = {0} (resp. D1 = {0}).

So we have

T⊥M = D
1 ⊕D

o

where
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D
1
= Ker (B) = T⊥M ∩ F (T⊥M),

D
o
= Ker (C) = T⊥M ∩ F (TM),

QDo = D
o
, and BD

o
= Do.

3. Nijenhuis tensor

An almost hyperbolic contact metric manifold is said to be normal if the

torsion tensor N (1) vanishes [5]

(3.1) N1 ≡ [F, F ] + 2du⊕ ξ = 0,

where [F, F ] is the Nijenhuis tensor of F and d denotes the exterior derivatives

operator.

Now we get the Nijenhuis tensor [F, F ] of the structure tensor field F is

(3.2) [F, F ](X,Y ) = ((∇FXF )Y − (∇FY F )X)− F ((∇XF )Y − (∇Y F )X).

Lemma 3.1. In an almost hyperbolic metric manifold we have

(3.3) (∇Y F )FX = −F (∇Y F )X + ((∇Y u)X)ξ + u(X)∇Y ξ.

Proof. If X,Y ∈ TM , we get

(∇Y F )FX = ∇Y (F
2X)−F (∇Y FX) +F (F∇Y X)−F 2∇Y X.

(∇Y F )FX = ∇Y (X + u(X)ξ)−F (∇Y FX)+F (F∇Y X)− (∇Y X + u(∇Y X)ξ)

= ((∇Y u)X)ξ + u(X)∇Y ξ − F ((∇Y F )X + F (∇Y X)) + F (F∇Y X).

(3.4) (∇Y F )FX = ((∇Y u)X)ξ + u(X)∇Y ξ − F (∇Y F )X.

Theorem 3.1. In a nearly hyperbolic β−Kenmotsu manifold the Nijenhuis

tensor [F, F ] of F is given by

(3.5) [F, F ](X,Y ) = 4F (∇Y F )X + 2du(X,u)ξ − u(X)∇Y ξ

−u(Y )∇Xξ + β(u(Y )F 2X + 3u(X)F 2Y ).

Proof. In view of Lemma ( 3.1) and u0F = 0 in (1.6)

(∇FXF )Y = −(∇Y F )FX − βu(Y )F 2X.

(3.6) (∇FXF )Y = F (∇Y F )X − (∇Y u)X)ξ + u(X)∇Y ξ − βu(Y )F 2X.
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Therefore

[F, F ](X,Y ) = ((∇FXF )Y − (∇FY F )X)− F ((∇XF )Y − (∇Y F )X)

= F (∇Y F )X − ((∇Y u)X)ξ − u(X)∇Y ξ − β(u(FX)oFY

+ u(y)F 2X)− F (∇XF )Y + ((∇Xu)Y )ξ − u(Y )∇Xξ

+ β(u(FY )oFX + u(X)F 2Y ) + F (∇XF )Y + F (∇Y F )

[F, F ](X,Y ) = 2F [(∇Y F )X − (∇XF )Y ]− ((∇Y u) + ((∇Xu)Y )ξ

− u(X)∇Y ξ + u(Y )∇Xξ − β(u(Y )F 2X − u(X)F 2Y )

(3.7)
[F, F ](X,Y ) = 2F (∇Y F )X − 2F (∇XF )Y + 2du(X,Y )ξ

− u(X)∇Y ξ + u(Y )∇Xξ − β(u(Y )F 2X − u(X)F 2Y ).

[F, F ](X,Y ) = 2F (∇Y F )X − 2F (∇Y F )X − β(u(X)FY + u(Y )FX)

+ 2du(X,Y )ξ − u(X)∇Y ξ + u(Y )∇Xξ − β(u(Y )F 2X − u(X)F 2Y )

= 4F ((∇Y F )X) + 2Fβ(u(X)FY − u(Y )FX) + 2du(X,Y )ξ

− u(X)∇Y ξ + u(Y )∇Xξ − β(u(Y )F 2X − u(X)F 2Y )

[F, F ](X,Y ) = 4F ((∇Y F )X) + 2du(X,Y )ξ − u(X)∇Y ξ

+ u(Y )∇Xξ + β(u(Y )F 2X + 3u(X)F 2Y ).

From (3.5) we obtain

u(N1(X,Y ) = u([F, F ](X,Y ) + 2du(X,Y )ξ)

= u[4F ((∇Y F )X) + 2du(X,Y )ξ − u(X)∇Y ξ

+ u(Y )∇Xξ + β(u(Y )F 2X + 3u(X)F 2Y ) + 2du(X,Y )ξ

ξu(N1(X,Y ) = −4du(X,Y ).

In particular, if X and Y are perpendicular to ξ then (3.6) gives

[F, F ](X,Y ) = 4F (∇Y F )X − 2u(|X,Y |)ξ, ∀X,Y ⊥ξ.

4. Some basic results

Taken M be a submanifold of a nearly hyperbolic β−Kenmotsu manifold.

Applying (2.4) and (2.6) in (1.6) ∀X,Y ∈ TM then we find

(∇XP )Y −AQY X−Bh(X,Y )+((∇XQ)Y +h(X,PY )−Ch(X,Y )+((∇Y P )X

−AQXY −Bh(X,Y )) + ((∇Y Q)X + h(PX, Y )− Ch(X,Y )

= −β(u(X)PY + u(X)QY + u(Y )PX + u(Y )QX).
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(∇XP )Y −AQY X − 2Bh(X,Y ) +∇XQ)Y − 2Ch(X,Y ) + (∇Y P )X −AQXY

+(∇Y Q)X + h(PX, Y ) + h(X,PY )

= −β(y(X)PY + u(Y )PX + u(X)QY + u(Y )QX).

As a result, we have

Proposition 4.1. Let M be a submanifold of a nearly hyperbolic β−Kenmotsu

manifold. Then for all X,Y ∈ TM we have

(4.1) (∇XP )Y + (∇Y P )X −AQY X −AQXY − 2Bh(X,Y )

= −β(u(X)PY + u(Y )PX).

(4.2) (∇XQ)Y + (∇Y Q)X + h(X,PY ) + h(PX, Y )− 2Ch(X,Y )

= −β(u(X)QY + u(Y )QX).

Therefore, we have

Proposition 4.2. Let M be a submanifold of a nearly hyperbolic β−Kenmotsu

manifold. Then for all X,Y ∈ TM , we find that

(4.3) ∇XFY −∇Y FX − F [X,Y ]

= 2((∇XP )Y −AQY X −Bh(X,Y )) + 2((∇XQ)Y + h(X,PY )

−(h(X,Y )) + β(u(Y )PX + u(X)PY ) + β(u(Y )QX + u(X)QY ).

Therefore, we have

(4.4) P [X,Y ] = −∇XPY −∇Y PX +AQXY +AQY X + 2P∇XY

+2Bh(X,Y ) + β(u(Y )PX + u(X)PY ),

(4.5) Q[X,Y ] = −∇⊥
XQY −∇⊥

Y QX − h(X,PY )− h(PX, Y )

+2Q∇XY + 2(h(X,Y )− β(u(Y )QX + u(X)QY ).

Proposition 4.3. Let M be a semi-invariant submanifold of nearly hyperbolic

β−Kenmotsu manifold. Then (P, ξ, u, g) is a nearly hyperbolic β−Kenmotsu

structure on the distribution D1⊕{ξ} if Bh(X,Y ) = 0, for all X,Y ∈ D1⊕{ξ}.

Proof. In view of D1 ⊕ {ξ} = ker (F ) and (2.10), we get P 2 = 1 + u ⊕ ξ on

D1 ⊕ {ξ} consequently we have

Pξ = 0, u(ξ) = −1, uoP = 0.

Applying D1 ⊕ {ξ} = ker (F ) and Bh(X,Y ) = 0 in (4.1), we obtain
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(4.6) (∇XP )Y + (∇Y P )X = −β(u(X)PY + u(Y )PX).

Theorem 4.1. Let M be a semi-invariant submanifold of a nearly hyperbolic

β−Kenmotsu manifold. we have

(a) If Do ⊕ {ξ} is autoparallel then

AQXY +AQY X + 2Bh(X,Y ) = 0, X, Y ∈ Do{ξ},

(b) If D1 ⊕ {ξ} is autoparallel then

h(X,PY ) + h(PX, Y ) = 2Ch(X,Y ), X, Y ∈ D1 ⊕ {ξ}.

Proof. From (4.1) and autoparallel of Do⊕{ξ} we get (a). Consequently from

(4.2) and autoparallel of D1 ⊕ {ξ} we get (b).

Moreover proposition (4.3) and theorem (4.1), we have

Theorem 4.2. Let M be a submanifold of a nearly hyperbolic β−Kenmotsu

manifold with ξ ∈ TM . IfM is invariant thenM is nearly hyperbolic β−Kenmotsu.

Therefore

h(X,PY ) + h(PX, Y )− 3Ch(X,Y ) = 0, X, Y ∈ TM

Proof. From D1 ⊕ {ξ} = ker (F ) and equation (4.2).

5. Integrability of the distribution D1 ⊕ {ξ}

Lemma 5.1. Let M be a semi-invariant submanifold of a nearly hyperbolic

β−Kenmotsu manifold. For X,Y ∈ D1 ⊕ {ξ} we get

(5.1) Q[X,Y ] = −h(X,PY )− h(PX, Y ) + 2Q∇XY + 2Ch(X,Y ).

Consequently

(5.2) −h(X,PX) +Q∇XX + Ch(X,X) = 0.

Proof. Using D1⊕{ξ} = ker {Q} and (4.5) we get equation (5.1) and applying

X = Y in equation (5.1) we get (5.2).

From (5.2) and D1 ⊕ {ξ} = ker {Q}, we present the following theorem:

Theorem (5.1) : The distribution D1 ⊕ {ξ} on a semi-invariant submanifold

of a nearly hyperbolic β−Kenmotsu manifold is integrable if and only if

h(X,PY ) + h(PX, Y ) = 2(Q∇XY + Ch(X,Y )).

Then we required the following :
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Definition 5.1. Let M be a Riemannian manifold with the Riemannian con-

nection ∇. A distribution D on M will be called nearly autoparallel if for all

X,Y ∈ D we have (∇XY +∇Y X) ∈ D or equivalently ∇XX ∈ D.

Thus we get following flow chart

Parallel ⇒ Autoparallel ⇒ nearly autoparallel,

Parallel ⇒ Integrable,

Autoparallel ⇒ Integrable and

Nearly autoparallel + Integrable ⇒ Autoparallel.

Theorem 5.2. Let M be a semi-invariant submanifold of a nearly hyperbolic

β−Kenmotsu manifold. Then the following four statements holds

(a) the distribution D1 ⊕ {ξ} is autoparallel,

(b) h(X,PY ) + h(PX, Y ) = 2Ch(X,Y ), X, Y ∈ D1 ⊕ {ξ},

(c) h(X,PX) = 2Ch(X,X), X ∈ D1 ⊕ {ξ},

(d) the distribution D1 ⊕ {ξ}, is nearly autoparallel are related by (a) ⇒
(b) ⇒ (c) ⇒ (d). In particular if D1 ⊕ {ξ} is integrable then the above four

statements are equivalent

Proof. (a) ⇒ (b) follows from theorem (5.1) putting X = Y in (b) ⇒ (c),

from (4.8) we get (c) ⇒ (d).

This completes the proof of theorem.

6. Integrability of the distribution Do ⊕ {ξ}

Lemma 6.1. Suppose M be a semi-invariant submanifold of a nearly hyper-

bolic β−Kenmotsu manifold. Then

(6.1) 3(AFXY −AFY X) = P [X,Y ], for X,Y ∈ Do ⊕ {ξ}.

Proof. Suppose X,Y ∈ Do ⊕ {ξ} and Z ∈ TM. Then we have

−AFXZ +∇⊥
ZFX = ∇ZFX = (∇ZF )X + F∇ZX

= (∇XF )Z − u(X)FZ − u(Z)FX + F∇ZX + Fh(Z,X).

Therefore

Fh(Z,X) = −AFXZ +∇⊥
ZFX + u(X)FZ − u(Z)FX − F∇ZX + (∇XF )Z
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and hence we have

g(Fh(Z,X), Y ) = −g(AFXZ, Y )+g((∇XF )Z, Y )−g(AFXY, Z)−g((∇XF )Y, Z).

It means that

g(Fh(Z,X), Y ) = −g(h(Z,X), FY ) = −g(AFY X,Z).

Therefore from the above two relations , we get

(6.2) g(AFXX,Z) = g(AFXY,Z) + g((∇XF )Y,Z),

for X,Y ∈ Do ⊕ {ξ} we drive (∇XF )Y as followed

∇XFY −∇Y FX = AFXY −AFY X +∇⊥
XFY −∇⊥

Y FX

and

∇XFY −∇Y FX = (∇XF )Y − (∇XF )X + F [X,Y ].

We get

(∇XF )Y − (∇Y F )X = AFXY −AFY X +∇⊥
XFX − F [X,Y ].

From (1.7) we get

(6.3) (∇XF )Y = 1
2(AFXY )−AFY X+∇⊥

XFY−∇⊥
Y FX−F [X,Y ]−u(Y )FX−

u(X)FY ).

In view of (6.2) and (6.3) we get the required result (6.1).

Theorem 6.1. Let M be a semi-invariant submanifold of nearly hyperbolic

β−Kenmotsu manifold. Then the distribution Do⊕{ξ}, is integrable if and only

if

AFXY = AFY X, X, Y ∈ Do ⊕ {ξ}.

Proof. Taking (6.1) in (6.2) for X,Y ∈ Do ⊕ {ξ} we obtain AFXY = AFY X.

Corollary 6.1. Let M be a semi-invariat submanifold of a nearly hyperbolic

β−Kenmotsu manifold. Then the distribution Do ⊕ {ξ} is integrable.

7. Totally umbilical and totally geodesic submanifolds

Lemma 7.1. Let M be a submanifold of nearly hyperbolic β−Kenmotsu

manifold, tangent to ξ. Then the integral curve of ξ in M is a geodesic in M ,

and ξ is an asymptotic direction.

Proof. Since in a nearly hyperbolic β−Kenmotsu manifold we have ∇ξξ = 0.

Now in view of equation (2.1) we get h(ξ, , ξ) = 0, this completes the proof.
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Proposition 7.1. Let D be a distribution on a submanifold M of nearly

hyperbolic β−Kenmotsu such that ξ ∈ TM . If MD−totally umbilical then M

is D−totally geodesic.

Proof. Since D−totally umbilical we get

h(X,Y ) = g(X,Y )K, ∀X,Y ∈ D

A direction ξ at a point of M is an asymptotic direction if normal vector field

K = 0, which implies that h(X,Y ) = 0, which shows that M is totally geodesic.

In view of this proposition we get the theorem:

Theorem 7.1. Every totally umbilical submanifold of a nearly hyperbolic

β−Kenmotsu manifold, tangent to u, is totally geodesic.

8. Totally hyperbolic contact umbilical and totally hyperbolic con-

tact geodesic submanifolds

Let M be a submanifold of an almost hyperbolic contact metric manifolds,

tangent to ξ. In this case TM = {ξ} ⊕ {ξ}⊥, where {ξ} is the distribution

spanned by {u} and {u}⊥ is the complementary orthogonal distribution of {ξ}
in M .

Definition 8.1. A submanifold M of an almost hyperbolic contact metric

manifold, tangent to ξ is called [16].

(1) Totally hyperbolic contact umbilical if it is ξ⊥ totally umbilical and

(2) Totally hyperbolic contact geodesic if it is {ξ}⊥ totally geodesic.

The condition of totally hyperbolic contact umbilical and totally hyperbolic

contact geodesic are respectively

(8.1) h(F 2X,F 2Y ) = g(F 2X,F 2Y )K, ∀X,Y ∈ TM ,

(8.2) h(F 2X,F 2Y ) = 0, ∀X,Y ∈ TM

where K is normal vector field.

From (1) in (8.1), we have

(8.3) h(X,Y ) = −g(FX,FY )K − u(X)h(Y, ξ)− u(Y )h(X, ξ)

and

(8.4) h(X,Y ) = −u(X)h(Y, ξ)− u(Y )h(X, ξ) respectively.
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Theorem 8.1. It M is a totally hyperbolic contact umbilical semi-invariant

submanifold of nearly hyperbolic β−Kenmotsu manifold then M is (D1, Do)

mixed totally geodesic.

Proof. We have h(X,Y ) = g(X,Y )K and for X,Y ∈ {u}⊥, h(ξ, , ξ) =

g(ξ, , ξ)K

g(ξ, , ξ)K = 0, by using gauss equation ⇒ K = 0.

Therefore M is (D1, Do) mixed totally geodesic.

Theorem 8.2. Let M be a totally hyperbolic contact umbilical submanifold

of a nearly hyperbolic β−Kenmotsu manifold, then either Do = {0} or (Dim

Do) = 1 or the normal vector field K is orthogonal to FDo.

Proof : If Dim (Do) > 1, for each H ∈ Do, ∃X ∈ Do. Such that g(X,H) = 0

and ||X|| = 1. Then

g(K,H) = g(h(X,X), Qh) = g(AQHX,X)

= g(AQXH,X) = g(h(X,H)QX) = 0.

This prove theorem.
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