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Abstract

Semi-invariant submanifold of an almost contact metric manifold were de-
fined and studied by A. Bejancu [1] and later developed by several authors [2],
3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14] etc.

The purpose of the present paper is to define and study the semi-invariant
submanifold of nearly hyperbolic f—Kenmotsu manifold.
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1. Preliminaries

An n dimensional differential manifold M on which there are defined a
tensor field F of type (1, 1) a vector field &, 1-form v and a Riemannian metric
g satisfying for arbitrary vector field X,Y, Z,. ...

(a) F’=1+u®¢,

(b)  u(@)=-1,
(1.1) (¢)  wOF =0,

(A  F()=0,
(1.2) g(FX,FY) = —g(X,Y) — u(X)u(Y)
and

(1.3) u(X)=g(X,¢§, forall X, Y € TM
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is called almost hyperbolic contact metric manifold and the structures (F, &, u, g)
is almost contact hyperbolic metric structure [2].

Definition 1.1. An almost hyperbolic contact metric structure (F,&, u,g) on
M is called a hyperbolic 3—Kenmotsu manifold if [4]

(1.4) (VxF)Y = B(9(FX,Y)¢ —u(Y)FX), For function 8 on M.

Then we say that hyperbolic f—Kenmotsu structure is type 8. In particu-
lar, it is a normal.

Then from (1.1) and (1.4) we can easily obtain
(1.5) Vx& = —B(X +u(X)).

Thus the structural equation for nearly hyperbolic f—Kenmotsu manifold
are given by

(1.6) (VyF)Y + (VyF)X = —B(u(X)FY +u(Y)FX)

and the structural equation for nearly hyperbolic Kenmotsu manifold are defind
by

(1.7) (VxF)Y + (VyF)X = —u(X)FY —u(Y)FX.
2. Semi-invariant submanifold

Let M be a Riemannian manifold isometrically immersed in a f—Kenmotsu
manifold M such that ¢ is tangent to M. We denote by same symbol g the
Riemannian metric on M. Denote also by V the Levi Civita connection on M
with respect to g and V+ the linear connection induced by V on the normal
bundle 7M. Then the equation of Gauss and Weingarten are given respectively
by

(2.1) VxY =VxY + h(X,Y)
and
(2.2) VxN = —AxX + VN,

where h and A are both called the second fundamental tensors satisfying

(2.3) g(h(X,Y),N) =g(AnNX,Y).
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Now, if F is a (1, 1) tensor field on M, for X € TM and N € T+M, we
have

(2.4) (VxF)Y = ((VxP)Y — Agy X — Bh(X,Y))
+((VxQ)Y + h(X,PY) — Ch(X,Y))

and

(2.5) (VxF)N = (VxB)N — AcnX — PANX)
+((VxC)N + h(X,BN) — QAN X)

where

(2.6) FX=PX+QX (PXecTM,QX cT+M)

and

(2.7) FN=BN+CN  (BNe&TM,CN €T+M).

(@)  (VxP)Y = VxPY — PVyxY,
(b)  (VxQ)Y =VgY - QVxY,

(2.8) (

¢) (VxB)N=VxBN — BV%N,
d

VxC)N = V{CN — QV+N.

The submanifold M is said to be totally geodesic in M is if h = 0, minimal
in M if H = 0 and totally umbilical in M if

hX,Y)=g(X,Y)H.

Applying the distribution D on M, M is called to be D—totally geodesic
if V X,Y € D, we have h(X,Y) = 0. If for every X,Y € D, we have h(X,Y) =
9(X,Y)K for same normal vector K, so M is called D—totally umbilical. For
two distribution D and S defined on M, M is defined to be (D, S)—mixed totally
geodesic if for every X € D and Y € S, we have h(X,Y) = 0.

Now we say that D is S— parallel if for all X € D and Y € D we have
VxY € D. If D is D parallel then it is called autoparallel. D is called
X —parallel for some X € TM if for all Y € D we have VxY € D. D is
said to be parallel if for all X e TM and Y € D, VxY € D.
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If a distribution D on M is autoparallel, then it is truly integrable, and from
a Gauss formula D is totally geodesic in M. Suppose that D is parallel then the
orthogonal complementary distribution D= is also parallel, which showing that
D is parallel if and only if D+ is parallel. Therefore M is locally the product of
the leaves of D and D+.

Suppose M be an almost hyperbolic contact metric manifold. £ € T'M then
we write TM = {¢} @ {€}+, where {¢} is the distribution spanned by {¢} and
{€}+ is complementary arthogonal distribution of {¢} in M then one gets

(2.9) P& =0=Q¢, u0P =0 = u0Q,
(2.10) P2+ BQ=1+u®E, QP+ CQ =0,
(2.11) C?+QB =1, BC + PB = 0.

A submanifold M of almost hyperbolic contact metric manifold M with & €
TM is called a semi-invariant submanifold of M there exists two differentiable
distribution D' and D° on M such that

(1) TM=D'eD°® (&),

(2) The distribution D! is invariant by F, that is (D) = D! and
(3) The distribution D° is invariant by F, that is F/(D°) C T+ M.
Here

DY =Ker (Q¢")x = {Xx € [¢|x : || Xx]|| = ||PXx]|| = Tx M N (Tx M),

D% = Ker (Plg)x = {Xx € [€}% : |[Xx|| = [|QXx][} = Tx M N (Tx M),
for X € TM, then we have
(2.12) X =0LX + 0°X + u(X)¢,
where ®! and ®° are projection operators of TM on D! and D° respectively.

A semi-invariant submanifold of an almost hyperbolic contact metric man-
ifold [6] becomes an invariant submanifold (resp. Anti-invariant submanifold) if
D° = {0} (resp. D! = {0}).

So we have
T*M=D'aD°

where
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D' = Ker (B) = T*M N F(T+M),
D’ = Ker (C)=T+M N F(TM),
QD° =D°, and BD’ = D°.
3. Nijenhuis tensor

An almost hyperbolic contact metric manifold is said to be normal if the
torsion tensor N(1) vanishes [5]

(3.1) Nl =[F, F]+2du® ¢ =0,

where [F, F| is the Nijenhuis tensor of F' and d denotes the exterior derivatives
operator.

Now we get the Nijenhuis tensor [F, F| of the structure tensor field F is
(3.2) [FF)(X,Y)=((VrxF)Y — (VpyF)X) - F(VxF)Y — (VyF)X).
Lemma 3.1. In an almost hyperbolic metric manifold we have
(3.3)  (VyF)FX =-F(VyF)X + (Vyu)X)& + u(X)Vyé&.

Proof. If XY € TM, we get

(VyF)FX =Vy(F?’X) - F(VyFX)+ F(FVyX) - F*VyX.

(VyF)FX =Vy(X +u(X)¢) — F(VyFX)+ F(FVyX) — (Vy X +u(Vy X)§)
= (Vyu)X){ +u(X)VyE& — F(VyF)X + F(Vy X)) + F(FVy X).

(3.4) (ﬁyF)FX = ((vyu)X)f + U(X)vyf — F(va)X

Theorem 3.1. In a nearly hyperbolic f—Kenmotsu manifold the Nijenhuis
tensor [F, F] of F' is given by

(3.5) [F,FI(X,Y) =4F(VyF)X + 2du(X,u) — u(X)Vy¢
—u(Y)Vxé+ Bu(Y)F2X + 3u(X)F?Y).
Proof. In view of Lemma ( 3.1) and v0F =0 in (1.6)

(VexF)Y = —(VyF)FX — pu(Y)F?X.

(36)  (VexF)Y = F(VyF)X — (Vyu)X)& + u(X)Vy€ — Bu(Y) F2X.
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Therefore
[F,FI(X,Y) = (VExF)Y = (VryF)X) = F((VxF)Y — (VyF)X)
(VyF)X = (Vyw)X)§ — u(X)Vy& = B(u(FX)°FY
+u(y)F2X) = F(VxF)Y + (Vxu)Y)& — u(Y)Vx¢
+ Bu(FY)°FX +u(X)F?*Y) + F(VxF)Y + F(VyF)
[F,F|(X,Y) =2F[(VyF)X — (VxF)Y] = (Vyu) + (Vxu)Y)¢
—u(X)Vy& +u(Y)Vx€ = Bu(Y)F?X — u(X)F?Y)
[F,F|(X,Y) =2F(VyF)X — 2F(VxF)Y + 2du(X,Y)¢
—u(X)Vyé +u(Y)Vxé - Bu(Y)F2X — u(X)F?Y).
[F,F|(X,Y) =2F(VyF)X —2F(VyF)X — B(w(X)FY 4+ u(Y)FX)
+ 2du(X, V)¢ — u(X)Vy €+ u(Y)Vxé — B(u(Y)F?X — u(X)F?Y)
=4F(VyF)X) + 2FBu(X)FY —u(Y)FX) + 2du(X,Y)¢
—u(X)Vyé +u(Y)Vxé - Bu(Y)F2X —u(X)F%Y)
[F,FI(X,Y) =4F((Vy F)X) + 2du(X,Y)¢ — u(X)Vy¢
+u(Y)Vx€ + Bu(Y)F2X + 3u(X)F2Y).

(3.7)

From (3.5) we obtain
u(NY(X,Y) = u([F, FI(X,Y) + 2du(X,Y)¢)
= udF((VyF)X) + 2du(X,Y )¢ — u(X)Vyé
+u(Y)Vx&+ Bu(Y)F?X + 3u(X)F?Y) + 2du(X, Y )¢
Eu(NY(X,Y) = —4du(X,Y).
In particular, if X and Y are perpendicular to £ then (3.6) gives
[F,F|(X,Y)=4F(VyF)X — 2u(|X,Y])¢,  VX,Yle

4. Some basic results

Taken M be a submanifold of a nearly hyperbolic f—Kenmotsu manifold.
Applying (2.4) and (2.6) in (1.6) VX,Y € T'M then we find

(VxP)Y —Agy X — BR(X,Y) +((VxQ)Y +h(X, PY) = Ch(X,Y) + ((VyP)X
—AgxY — Bh(X,Y)) + (VyQ)X + h(PX,Y) — Ch(X,Y)
= —Bu(X)PY +u(X)QY +u(Y)PX +u(Y)QX).
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(VxP)Y — Agy X — 2BRh(X,Y) + VxQ)Y —20h(X,Y) 4+ (VyP)X — AgxY
+(VyQ)X + h(PX,Y) + h(X, PY)
= —B(y(X)PY + u(Y)PX + u(X)QY +u(Y)QX).

As a result, we have

Proposition 4.1. Let M be a submanifold of a nearly hyperbolic §—Kenmotsu
manifold. Then for all X,Y € TM we have

(4.1) (VxP)Y + (VyP)X — Agy X — AgxY — 2Bh(X,Y)
= —Bu(X)PY +u(Y)PX).

(4.2) (VxQ)Y 4+ (VyQ)X + h(X,PY) + h(PX,Y) — 2Ch(X,Y)
= —Bu(X)QY +u(Y)QX).

Therefore, we have

Proposition 4.2. Let M be a submanifold of a nearly hyperbolic 8—Kenmotsu
manifold. Then for all X,Y € T'M, we find that

(4.3)  VxFY —-VyFX — F[X,Y]
=2((VxP)Y — Agy X — Bh(X,Y)) +2(VxQ)Y + h(X, PY)
—(h(X,Y)) + Bu(Y)PX + u(X)PY) + Bu(Y)QX + u(X)QY).
Therefore, we have
(4.4) P[X,Y]=-VxPY — VyPX + AgxY + Agy X + 2PV xY
+2Bh(X,Y) + B(u(Y)PX + u(X)PY),

(4.5) Q[X,Y] = -VxQY — V£QX — h(X,PY) — h(PX,Y)
+2QVxY +2(h(X,Y) — B(u(Y)QX + u(X)QY).
Proposition 4.3. Let M be a semi-invariant submanifold of nearly hyperbolic

B—Kenmotsu manifold. Then (P, &, u,g) is a nearly hyperbolic f—Kenmotsu
structure on the distribution D! @ {¢} if Bh(X,Y) =0, for all X,Y € D' @ {¢}.

Proof. In view of D! @ {¢} = ker (F) and (2.10), we get P> = 1 +u @ £ on
D' @ {¢} consequently we have

PE=0, u(§)=—-1, uoP =0.
Applying D! @ {¢} = ker (F) and Bh(X,Y) = 0 in (4.1), we obtain
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(4.6) (VxP)Y + (VyP)X = —B(u(X)PY + u(Y)PX).

Theorem 4.1. Let M be a semi-invariant submanifold of a nearly hyperbolic
BS—Kenmotsu manifold. we have

(a) If D° @ {¢} is autoparallel then
AoxY + Agy X +2Bh(X,Y) =0, X,Y € D°{¢},

(b) If D' @ {¢} is autoparallel then
hX,PY)+h(PX,Y)=2Ch(X,Y), X,YecD'o{¢}.
Proof. From (4.1) and autoparallel of D°@ {¢} we get (a). Consequently from
(4.2) and autoparallel of D' @ {¢} we get (b).
Moreover proposition (4.3) and theorem (4.1), we have

Theorem 4.2. Let M be a submanifold of a nearly hyperbolic 3—Kenmotsu
manifold with £ € T M. If M is invariant then M is nearly hyperbolic 5—Kenmotsu.
Therefore

WX, PY)+ h(PX,Y) - 3Ch(X,Y) =0, XY €eTM

Proof. From D! @® {¢} = ker (F) and equation (4.2).

5. Integrability of the distribution D! @ {¢}

Lemma 5.1. Let M be a semi-invariant submanifold of a nearly hyperbolic
B—Kenmotsu manifold. For X,Y € D! @ {¢} we get

(5.1) Q[X,Y] = —-h(X,PY) - h(PX,Y)+2QVxY +2Ch(X,Y).
Consequently
(5.2) —h(X,PX)+QVxX+Ch(X,X)=0.

Proof. Using D'@®{¢} = ker {Q} and (4.5) we get equation (5.1) and applying
X =Y in equation (5.1) we get (5.2).

From (5.2) and D! @ {¢} = ker {Q}, we present the following theorem:

Theorem (5.1) : The distribution D' @ {¢} on a semi-invariant submanifold
of a nearly hyperbolic §—Kenmotsu manifold is integrable if and only if

WX, PY)+ h(PX,Y) =2(QVxY + Ch(X,Y)).

Then we required the following :
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Definition 5.1. Let M be a Riemannian manifold with the Riemannian con-
nection V. A distribution D on M will be called nearly autoparallel if for all
X,Y € D we have (VxY + VyX) € D or equivalently Vx X € D.

Thus we get following flow chart

Parallel = Autoparallel = nearly autoparallel,
Parallel = Integrable,

Autoparallel = Integrable and

Nearly autoparallel + Integrable = Autoparallel.

Theorem 5.2. Let M be a semi-invariant submanifold of a nearly hyperbolic
B—Kenmotsu manifold. Then the following four statements holds

(a) the distribution D' & {¢} is autoparallel,

(b) h(X,PY)+ h(PX,Y)=2Ch(X,Y),X,Y € D' @ {¢},
(¢)  h(X,PX)=2Ch(X,X), X € D' @ {¢},
(
(

d) the distribution D! @ {¢}, is nearly autoparallel are related by (a) =
b) = (c) = (d). In particular if D! @ {¢} is integrable then the above four
statements are equivalent

Proof. (a) = (b) follows from theorem (5.1) putting X = Y in (b) = (c),
from (4.8) we get (c) = (d).

This completes the proof of theorem.
6. Integrability of the distribution D° @ {&}

Lemma 6.1. Suppose M be a semi-invariant submanifold of a nearly hyper-
bolic f—Kenmotsu manifold. Then

(6.1) 3(AF)(Y*AF§/X)=P[X,Y}, for X,YEDO@{f}.
Proof. Suppose X,Y € D°® {¢} and Z € T'M. Then we have
—ApxZ +VEFX =VzFX = (VzF)X + FVzX

=(VxF)Z —u(X)FZ —uw(Z)FX + FVzX + Fh(Z, X).
Therefore

Fh(Z,X)=—ApxZ +VEFX + w(X)FZ —u(Z2)FX — FV X + (VxF)Z
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and hence we have
9(FMZ,X),Y) = —g(Arx Z,Y)+9(VxF)Z2,Y)~g(ArxY, Z)~g(Vx F)Y, Z).
It means that

9(Fh(Z,X),Y) = —g(h(Z, X), FY) = —g(Ary X, 2).
Therefore from the above two relations , we get
(6.2) 9(Arx X, Z) = g(ArxY, Z) + g(Vx F)Y, Z),
for X,Y € D° @ {£} we drive (VxF)Y as followed

VxFY —=VyFX = ApxY — Apy X + V%FY — V£ FX

and

VxFY —VyFX = (VyF)Y — (VxF)X + F[X,Y].
We get

(VxF)Y — (VyF)X = ApxY — Apy X + VxFX — F[X,Y].

From (1.7) we get
(6.3)  (VxF)Y = L(ApxY)—Apy X4V FY-VEFX—FX,Y]-u(Y)FX—
u(X)FY).
In view of (6.2) and (6.3) we get the required result (6.1).

Theorem 6.1. Let M be a semi-invariant submanifold of nearly hyperbolic
f—Kenmotsu manifold. Then the distribution D°@®{¢{}, is integrable if and only
if

ApxY = Apy X, X,YGD"@{&}.

Proof. Taking (6.1) in (6.2) for X,Y € D° & {{} we obtain ApxY = Apy X.

Corollary 6.1. Let M be a semi-invariat submanifold of a nearly hyperbolic
f—Kenmotsu manifold. Then the distribution D° @ {£} is integrable.

7. Totally umbilical and totally geodesic submanifolds

Lemma 7.1. Let M be a submanifold of nearly hyperbolic f—Kenmotsu
manifold, tangent to £. Then the integral curve of £ in M is a geodesic in M,
and £ is an asymptotic direction.

Proof. Since in a nearly hyperbolic f—Kenmotsu manifold we have ﬁgﬁ = 0.
Now in view of equation (2.1) we get h(&,,&) = 0, this completes the proof.
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Proposition 7.1. Let D be a distribution on a submanifold M of nearly
hyperbolic f—Kenmotsu such that & € TM. If M D—totally umbilical then M
is D—totally geodesic.

Proof. Since D—totally umbilical we get
h(X,Y)=g(X,Y)K, VX, Y €D

A direction £ at a point of M is an asymptotic direction if normal vector field
K = 0, which implies that h(X,Y) = 0, which shows that M is totally geodesic.
In view of this proposition we get the theorem:

Theorem 7.1. Every totally umbilical submanifold of a nearly hyperbolic
[B—Kenmotsu manifold, tangent to wu, is totally geodesic.

8. Totally hyperbolic contact umbilical and totally hyperbolic con-
tact geodesic submanifolds

Let M be a submanifold of an almost hyperbolic contact metric manifolds,
tangent to £&. In this case TM = {¢} @ {€}+, where {¢} is the distribution
spanned by {u} and {u}* is the complementary orthogonal distribution of {£}
in M.

Definition 8.1. A submanifold M of an almost hyperbolic contact metric
manifold, tangent to ¢ is called [16].

(1) Totally hyperbolic contact umbilical if it is £ totally umbilical and
(2) Totally hyperbolic contact geodesic if it is {¢}+ totally geodesic.

The condition of totally hyperbolic contact umbilical and totally hyperbolic
contact geodesic are respectively

(8.1) h(F2X,F?Y) = g(F?X, F?Y)K, VX,Y € TM,
(8.2) h(F%X,F?Y) =0, VX,Y € TM
where K is normal vector field.

From (1) in (8.1), we have
(8.3) hMX,Y)=—g(FX,FY)K —u(X)h(Y,&) —u(Y)h(X,§)
and

(8.4) h(X,Y) = —u(X)h(Y,&) —u(Y)h(X, &) respectively.
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Theorem 8.1. It M is a totally hyperbolic contact umbilical semi-invariant
submanifold of nearly hyperbolic 3—Kenmotsu manifold then M is (D', D)
mixed totally geodesic.

Proof. We have h(X,Y) = g(X,Y)K and for X,Y € {u}*, h(¢,,§) =
9(& K
g(&,,€)K =0, by using gauss equation = K = 0.

Therefore M is (D', D°) mixed totally geodesic.

Theorem 8.2. Let M be a totally hyperbolic contact umbilical submanifold
of a nearly hyperbolic f—Kenmotsu manifold, then either D° = {0} or (Dim
D°) =1 or the normal vector field K is orthogonal to F' D°.

Proof : If Dim (D) > 1, for each H € D°, 3X € D°. Such that g(X,H) =0
and || X|| = 1. Then

9(K, H) = g(h(X, X),Qh) = g(Aqu X, X)
= 9(AoxH, X) = g(h(X, H)QX) = 0.

This prove theorem.
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