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Abstract

The paper deals with the study on conservative C-Bochner curvature tensor
in a trans-Sasakian manifold admitting semi-symmetric metric connection.
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1. Introduction

In 1924, Friedman and Schouten [8] introduced the notion of semi-symmetric
linear connection on a differentiable manifold. Then in 1932, Hayden [10] intro-
duced the idea of metric connection with a torsion on a Riemannain manifold.
A systematic study of semi-symmetric metric connection on a Riemannain man-
ifold has been given by Yano [14] in 1970 and later studied by K.S.Amur and
S.S.Pujar, [1] C.S.Bagewadi, [2] U.C.De et al, [7] Sharafuddin and Hussain [13]
and others.

The authors U.C.De and Absos Ali Shaikh, [7] C.S.Bagewadi and Venkate-
sha, [4] have obtained results on the conservativeness of different curvature
tensors like projective, pseudo projective, conformal in K- contact and trans-
Sasakian manifolds. The authors C.S. Bagewadi, D.G. Prakasha and Venkatesha
[3] have extended the above study to trans-Sasakian manifolds admitting semi-
symmetric metric connection.
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In this paper we study conservative C-Bochner curvature tensor in a trans-
Sasakian manifold admitting semi-symmetric metric connection and obtain some
results.

2. Preliminaries

Let M™ be an almost contact metric manifold [5] with an almost contact
metric structure (¢, &, n,g), where ¢ is a (1,1) tensor field, £ is a vector field, n
is a 1-form and ¢ is a compatible Riemannian metric such that

¢*=—-I+n@¢& nE)=1, (€ =0, n.¢=0, (2.1)
9(¢X,9Y) = g(X,Y) — n(X)n(Y), (22)
g(X7 d)Y) = _g(¢X7Y)7 g(X7£) = n(X)> (23)

for all X, Y € TM™".

An almost contact metric structure (¢,£,7n,9) on M™ is called a trans-
Sasakian structure [11] if (M™ x R, J,G) belongs to the class wy, [9] where J
is the almost complex structure on M™ x R defined by J(X,Ad/dt) = (¢X —
A, n(X)d/dt) for all vector fields X on M™ and smooth functions A on M" x R
and G is the product metric on M" x R. This may be expressed by the condition
(6]

(Vxo)Y = a(g(X,Y)§ —n(Y)X) + B(g(¢X,Y)E —n(Y)pX), (2.4)

for some smooth functions o and S on M", and we say that the trans-Sasakian
structure is of type («, ).

Let M™ be a trans-Sasakian manifold. From (2.4) it is easy to see that

Vx§ = —adpX + (X —n(X)E), (2.5)
(Vxn)Y = —ag(¢X,Y)+ Bg(¢X,¢Y). (2.6)

In an n-dimensional trans-Sasakian manifold, we have

R(¢, X)¢ = (o = B = £B)(n(X)¢ - X), (2.7)
208 + o = 0, 2.8
S(X,8) = ((n—1)(a® = %) = B)n(X) — (n — 2) X3 — (pX)a. (2.9)

Further in a trans-Sasakian manifold of type («, ) we have

¢(grada) = (n — 2)gradp. (2.10)
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Using (2.10) the equations (2.7) and (2.9) reduces to

R(§, X)¢ = (a? = B (n(X)¢ - X), (2.11)
S(X,€) = (n—1)(a® = 2)n(X). (2.12)

In this paper we study trans-Sasakian manifold under the condition (2.10).

Let (M™,g) be an n-dimensional Riemannian manifold of class C*° with
metric tensor g and V be the Levi-Civita connection on M"™. A linear connection
V on (M™,g) is said to be semi-symmetric [14] if the torsion tensor T of the
connection V satisfies

T(X,Y)=r(Y)X — n(X)Y, (2.13)

where 7 is a 1-form on M™ with the associated vector field p, i.e. 7(X) = g(X, p)
for any differentiable vector field X on M™.

A semi-symmetric connection V is called semi-symmetric metric connection
[10] if Vg = 0.
In an almost contact manifold, semi-symmetric metric connection is defined
by identifying the 1-form 7 of (2.13) with the contact form 7, i.e. by setting [13]
T(X,Y) = n(Y)X - n(X)Y, (2.14)
with & as associated vector field. i.e., g(X, &) = n(X).

The relation between the semi-symmetric metric connection V and the
Levi-Civita connection V of M"™ has been obtained by K.Yano, [14] which is
given by

VxY = VxY +7(Y)X — g(X,Y)E. (2.15)
Further a relation between the curvature tensor R and R of type (1,3) of the
connections V and V respectively are given by

R(X,Y)Z = R(X,Y)Z — &Y, 2)X + &(X, Z)Y
—g(Y,2)FX 4+ g(X,2)FY, (2.16)
where & is a tensor field of type (0,2) defined by
- 1
aY,z) =g(rY,z2) = (Vyn)(Z) —nY)n(Z) + 5n(&)9(Y, 2),
~ 1
= (Vyn)(2) = 5n(&)g(Y, 2), (2.17)
for any vector fields Y, Z and for a tensor field F' of type (1,1).
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From (2.16), it follows that

S(Y,2)=S(Y,2)— (n—2)a(Y,Z) — A-g(Y, Z), (2.18)
where S denotes the Ricci tensor with respect to V, A = T - a.
Differentiating (2.18) covariantly with respect to X, we obtain

(VxS)(Y,Z) = (VxS)(Y,Z) — (n=2)(Vx@)(Y, Z) = n(Y)S(X, Z)
+n=2)n(YV)a(X, Z) + 9(X,Y)S(, Z) — (n = 2)9(X, Y)a(E, 2)
—n(Z)S(X,Y) + (n = 2)n(2)a(Y, X) + 9(X, 2)5(Y, )

—(n —2)g9(X, Z)a(Y,¢§). (2.19)
From (2.19), it follows that
Vx#=di(X) =Vxr— (n—2)(VxA). (2.20)

3. Some Basic Results

Theorem 3.1. For a trans-Sasakian manifold M™, n > 1 under the condition
(2.10), we have

[(VeS)(Y, Z) = (Vv S)(&, 2)) = BS(Y, Z) — (n —1)(a” = 6)Bg(Y, Z)
—(n—1)(a® = B*ag(Y,$Z) + aS(Y,$Z). (3.1)
Proof. For a symmetric endomorphism @ of the tangent space at a point of
M™, we express the Ricci tensor S as
S(X,Y) =g(QX,Y). (3:2)
Further, it is known that [6]
(Leg)(X,Y) = 2B[g(X,Y) = n(X)n(Y)], (3.3)
for all X and Y, where L is the Lie derivation.
In a trans-Sasakian manifold, from (3.2) and (3.3) we have
(LeS)(X,Y) = 2BS(X,Y) —28(n—1)(a® = B n(X)n(Y),  (3.4)
(Lea)(X,Y) = 2Ba(X,Y)+ Bn(X)n(Y).
Consider
(VeS)(Y,2) = &5(Y,Z2) = S(VeY, Z) = S5(Y, Ve Z)
= (LeS)Y,2) = S(Vy¢, Z) = S(Y, V z9).
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Using (2.5), (2.12) and (3.4) in the above equation, we obtain
(VeS)(Y,Z) = 0. (3.6)
Consequently,
(Ver)(Y,Z) = dr(§) = 0. (3.7)
Also, we know that
(VyS)(§,2) =Y S5, 2) = 5(Vy€, Z) = 5(E, Vv Z).

By virtue of (2.5) and (2.12), then using (2.6) above equation takes the form
(Vy8)(&,2) = (n—1)(a® —%)By(Y,Z) - BS(Y, Z)
+(n —1)(? = 8%)ag(Y,6Z) —aS(Y,0Z).  (3.8)
We have

(Vea)(Y, 2) = &a(Y,2) —a(VeY, Z) — a(Y,VeZ)
(Lfa>(Y7 Z) - a(vY§7 Z) - a(Ya vZé)

Using (2.17) and (3.5) in above equation, we obtain
(Ved)(Y, 7) = 0. (39)
Consequently,
(VeA) (Y, Z) = dA(€) = 0. (3.10)
We know that
(Vya)(§, 2) =Ya(§ Z2) — a(Vy¢, Z) — a(§, Vy§).
Using (2.17) in the above equation and simplifying we get

(Vy@)(& 2) = ag(eY, Z) + 2aBg(¢Y, Z) + [a® — B(B + D](9(Y, 2)
—n(Y)n(Z)). (3.11)

4. Trans-Sasakian Manifold Admitting a Semi-symmetric metric Con-
nection with Div B =0

The C-Bochner curvature tensor with respect to semi-symmetric metric
connection is given by
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B(X,Y)Z = R(X,Y)Z + %[ (X,2)QY — S(Y,2)X — g(Y, 2)QX
+8(X, 2)Y + g(¢X, 2)Q8Y — S(8Y, 2)¢X — g(6Y, Z)Q¢

<
S(6X, Z)¢Y +28(6X,Y)pZ + 29(¢X,Y)Q0Z +n<Y>n<Z>©X
( )S (X Z)E+n(X)S(Y, Z)¢ —n(X)n(Z)QY]

DN GX, 7)Y — g6, 2)0X + 29(6X, Y )62

n-+3

m(Y)g(X, Z)¢ —=n(Y)n(Z)X +n(X)n(2)Y

—n(X)g(Y, Z)¢] - T_[Q(X, 2)Y —g(Y, 2)X], (4.1)

where, D = (T(‘nfl')r )

D1fferent1at1ng (4.1) covariantly followed by contraction and simplification we
get divB. By virtue of conservativeness of B i.e. divB = 0 and using (2.17),
(2.18), (2.19) and (2.20)

we obtain,

P (VRS)(Y, 2) — (VyS)(X,2) - (n = 2)(Vxa)(Y, 2) — n(Y)S(X, 2)]
)

—(n=2)n(Y)ag(6X, Z) + (n = 2)n(Y)Bg(6X, ¢Z)

+2(n = 2)n(2)ag(eX,Y) + 9(X, 2)S(Y,€)

+(n=2)n(Y)g(X, Z) + (n = 2)(Vya)(X, Z) + n(X)S(Y, Z)
+(n = 2)n(X)ag(9Y, Z) - (n—2)77(X)5 (¢Y ¢Z) —g(Y, 2)S(X,€)
—(

)
n—2m(X)g(Y, 2)] + — 20X, 2)(Vy A)

g(X Z)Vyr —

n+3
— SV 2+ "2V, 2) (Vi A) — (6%, ) (Vo r)
+(n—2)9(6X. 2)(Voy A) — (VoxS)(6Y. 2) + (n — 2)(Voxa) (6. 2)
+(n— 2)n(Z)ag(8Y, 6X) — g(6X, Z)S(6Y, ) — g(8Y, Z)(Vx7)
+n—2)g(8Y, 2)(Vox A) + (Vv S)(0X, 2)
(1= D(Var@)(9X, 2) — (n = 2n(2)ag(d* X, Y) + (Y, 2)S(6X. &)
+2(Vez8)(6X,Y) — 200 — 2)(Voz) (6X, V) + 29(67,6X)S(E,Y)
+2(n—2n(Y)g(67, 6X) — 21(Y)S(67,6X) — 2(n — 2n(¥)g(6*X, 62)
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+2(n = 2)n(Y)Bg(¢* X, $*Z) + 29(¢Z,Y)S(¢X, ) — 29(¢X.Y)(Vgz7)
+(n = 2)29(6X,Y)(VozA) — (VeS)(X, Z)n(Y) + (n — 2)(Ve@) (X, Z)n(Y)
£ (2)Vxr = "V n(Z)(Vx A) + n(X)(VeS)(Y, 2)
~ (= 2)(Ved) (¥, Z)1(X) = Zn(X)n(Z)Vyr+ " Zn(X)n(2)(Vy A)

+ m[g(@ﬁ Z)(Vyr) — (n = 2)g(6X, Z)(V sy A)
—9(8Y, Z)(Voxr) + (n = 2)g(8Y, Z)(Vox A) + 29(6X,Y)(Vyzr)

(F+n—1)
T Dt 3) @9 e X)n(Z)
+ag(Z,¢Xn(Y) - Bg(Z, X)n(Y) — g(Z, X)n(Y) — ag(X,¢Y )n(Z)
)

—ag(Z, oY )n(X) + B9(Z,Y )n(X) + 9(Z, Y )n(X)]

—(n—2)29(¢X,Y)(VyzA)] +

1 ~
+ m[ﬂ@@ Zn(Y)(Ver) — (n—2)g(X, Z)n(Y)(VeA)

—n(Y)n(Z)(Vxr) + (n = 2)0(Y )n(Z)(Vx A) + n(X)n(Z)(Vyr)
—(n = 2)0(X)n(Z)(Vy A) = g(Y, Z)n(X)(Ver) + (n = 2)g(Y, Z)n(X) (Ve A)]

T X D) - (1= 2g(X. 2Ty )

(n+1)
—g(Y, Z)(Vxr) + (n—2)g(Y, Z)(Vx A)] = 0.

Now putting X = £ in the above equation and using (2.12), (3.6), (3.8), (3.9)
and (3.11)
and on simplification we obtain

22— 20 0(Z) — (0 = 1)(0® = F)Bg(Y, 2) + BS(Y, 2)

—(n—1)(a® = f)ag(Y, ¢Z) + aS(Y,¢Z) +2(n — 2)ag(¢Y, Z)
+2(n = 2)afg(Y, Z) + (n = 2)[a® = BB+ V)](9(Y, Z) = n(Y)n(2)) (4.2)
+S(Y,Z) = (n = 2)Bg(¢Y,¢Z) — (n = 1)(a” = 6%)g(Y, Z) — (n = 2)g(Y, Z)]

(F+n—1) )
m[(ﬁ +1)(g(Y,Z2) —n(Y)n(2)) — ag(Z,¢Y)] = 0.

Replacing Z by ¢Z in (4.2) and on simplification we get

Z j: ;H” —1)(a® = B*)Bg(Y,¢Z) + BS(Y, ¢ Z)

—(n—1)(a® = B)ag(Y,¢*Z) + aS(Y,¢*Z) + 2(n — 2)ag (Y, ¢2)
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+2(n — 2)aBg(¢Y, ¢Z) + (n —2)[a® — B(B+ V))(g(Y, $2)) + S(Y, ¢Z)
—(n—2)Bg(#Y,¢°Z) — (n— 1)(a® = B*)g(Y,¢Z) — (n— 2)g(Y, p2)]

(F+n-—1) B
T Dm B 62) —agleY,92))] = 0. (4.3)

Again replace Z by Y and Y by Z in (4.3), we get

Z i ;Hn —1)(® = 8%)Bg(Z,9Y) + BS(Z,¢Y)

—(n—1)(a® = *)ag(Z,¢°Y) + aS(Z,¢*Y) + 2(n — 2)ag(¢Z, ¢Y)
+2(n = 2)afg(¢Z,¢Y) + (n — 2)[0® = BB+ 1)](9(Z,¢Y)) + S(Z,¢Y)
—(n—2)Bg(¢Z,¢*Y) — (n — 1)(* = B*)g(Z,¢Y ) — (n — 2)g(Z, ¢Y))

(r+n-1) B
T Dt 3) B+ D(Z9Y) = ag(9Z,¢Y))] = 0. (4.4)

Now adding equations (4.3) and (4.4) and on simplification we have

S, 2) = [(n=1)(e®= 5 +2(n-2)(1+5)

(n—2){-2n—-1)8-n+2} —2n(A—-1)+2(7 - 1)
- { 2(n+ 1)(n +2) } (v, 2)
(n—2){=2(n—1)8 —n+2}
+ [—2(n—2)(1+ﬁ)+{ 2+ 1)(n+2)
2n(A —1) +2(7 — 1)
T T2+ D(n+2) } n(Y)n(2).
This equation is of the form
SY,Z)=ag(Y,Z)+n(Y)n(Z).
From this it follows that
ri =n(n—1)(a® - %) +2(n—2)(1+ B)(n— 1)
(n—2){-2(n—-1)8-n+2} —2n(A—-1)+2(7 - 1)
- { 2(n+ 1)(n + 2) } (n=1) (45)

Wheref:T—(n—l)(n—Q)ﬁ—{@}+(n—2)—fln.

Theorem 4.2. If M™ be a trans-Sasakian manifold with the condition (2.10)
admit semi-symmetric metric connection and let B denote C-Bochner curvature
tensor with respect to this connection and divB = 0. Then the manifold is
n-Einstein with respect to Levi-Civita connection.
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5. Example

We consider 3-dimensional manifold M = {(z,y,2) € R3;z # 0}, where
(x,7, z) are the standard co-ordinates in R3. Let {E1, Eo, E3} be linearly inde-
pendent global frame field on M given by

0 0 0 0
Bl =2 +y—), Ey=z—, BEy=—.
1= 2( +y(‘)z)’ 2 z(‘)y’ 3= 3,
Let g be the Riemannian metric defined by g = z%[(l —y?2)dx @ dx +dy @ dy +
22dz ® dz]. Then (¢,&,n) is given by

(5.1)

0
n:dZ—ydﬂf, £:E3:77
0z
OE| = Es, ¢Ey = — Ly, ¢E3 = 0.
By definition of Lie bracket we have
1 1
[E1, B3] = yFo — 2°F3, [Fy, F3] = — B, [Ea, E3] = — B (5.2)

Let V be the Levi-Civita connection with respect to the above metric g given
by Koszula formula

29(VxY,Z) = X(9(Y,2))+Y(9(Z,X)) - Z(9(X,Y))
—g(X, [K Z]) - g(}/a [Xv Z]) +g(Z, [X7Y])

Then

1 1 1 1
—SEy+ =22y,  Vg,E3=0, VpgFEy=—-Ey— -2,
z 2 z 2

1 1 1
Vi, B2 =yE + ;E:z, Vg Ey = —522E3, Ve, E = 522E3 —ykEs,

Vi, B =

1 1 1
Vi Br = —Fs, VB = —§z2E1, Vi, Bl = §Z2E2. (5.3)

The tangent vectors X and Y to M are expressed as linear combination of
FEq, By, B3, ie., X =a1Fy+asFEs+azEs and Y = by E1 + by Es + bsE3, a;, b; are
scalars. Clearly ¢,&,7n,g9 and X, Y satisfy equations (2.1), (2.2), (2.3) and (2.5)
with a = —% 2+40and B = —% # (0. Thus M is a trans-Sasakian manifold.

The Ricci tensor S(X,Y) is given by
3
S(X,Y) = ) ¢g(R(X,E)E;Y)
i=1

= g(R(X,Er)ErY) + g(R(X, Ea)Es, Y) (5.4)
+ g(R(X,Eg)Eg,Y)
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The non vanishing components of the curvature tensors by virtue of (5.3) are

given by
34,1 2 2
R(Er, E1)Ey = — 2ttty Ey — yz"Es,
2 2 14
R(E?),El)El = —yz ks — ng - ZZ Es,
34,1 2 )
R(Ey, Ea)Ey = — | 2" + 5 +y° | BE1 — = E3,
4 z z
Y 2 L 4
By BBy = 2B — (= -4 E
R(E3, Es) Es g <z2 4Z> 3
1, 2
R(E1, E3)E3 = <4Z - 2:2> E,

2 1
R(E,FE3)E3 = — ( - z4> Bs.
Using these in (5.4), we have

S(X,Y) = (;z 42 S+ > g(X,Y) + (24 — ; + y2> n(X)n(Y)

—[9(X, Ex)n(Y) + g(Y, E2)n(X)]yz* — [g(X, E1)n(Y) + g(Y, E1)n(Y)]

IS

Now using X = E1, Y = E and Z = F3 in divB we have
- 5 2 7
(divB)(Ey, E2)Bs = = [4@/222 a5y zz n g 20— 2]

1 ~-242_ 34
+[2y222—z6—z2—y—a+2}+(r il Jo

6 22 12
ie. (dZ’UB)(El,EQ)Eg 75 0, since the component (d’LUB)(El,EQ)E3 of (divB)

(X,Y)Z, where X = Z a; B, Y = Z b;E; and Z = Z ¢, By, is not zero.
=1 Jj= k=1

Hence it is shown that if M is a generalized n-FEinstein with respect to Levi-
Civita connection then it is not C-Bochner conservative with respect to semi-
symmetric metric connection. Hence the converse of Theorem 4.2 is not true.
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