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Abstract

In this paper we have defined various kinds of H —connexions and stated

x
and proved many theorems related to them. Some useful results have been
derived in the form of corollaries. We have also generalized Gauss Characteristic
and Mainardi-Codazzi equations and obtained the equations in the hypersurface
therein.

1. Introduction

Let us consider two differentiable manifolds V;,, and V,,(m > n) of class C*
with the structures {F, G} and {f, g} of dimensions m and n respectively.

Let b be the inclusion map defined by
b:V, — Vi,
such that
peV,=bpeV,.
The inclusion map b induces a Jacobian map B, defined by
B:T! - T},

where T)! is the tangent space at p in Vj, and T}, is the tangent space at bp in
Vim, such that X in V,, at p and BX in V,, at bp. Let g be the induced metric
tensor in V,,, then

(G(BX, BY))ob = g(X,Y). (1.1)a
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Let N:x=n+1,.en. ,m be a system of C"*° mutually orthogonal
unit normal vector fields in V,, at p. Then
(G(N,BX))ob =0, (1.1)b
T 1if z=y
b=§ = 1.1
Gy e =3={ o1 20 (11)c

Let E be the Riemannian connexion in V,,, and D the induced Riemannian
connexion in V,,. The Gauss and the Weingarten equations are given by

EpxBY = BDxY +' H(X,Y) N, (1.2)a
Yy
Epx N=-BHX+ L(X)N, (1.2)b
x T x Y

where ' H are the symmetric bilinear function, called second fundamental mag-
T

nitudes in V,, and

g(HXY)E 'HX,Y) = "HY.X) = g(HY. X) = g(X.HY),  (13)

x xT

y
where H are known as Weingarten maps and [, are called third fundamental
T x

forms in V,.
If the submanifold be totally geodesic, then

'éI(X, Y)=0. (1.4)
The submanifold V,, is said to be hypersurface of V,,, if m =n + 1.

If V,, is hypersurface of V,,, the equations (1.1)b and (1.1)c assume the
forms

(G(N,BX))ob =0, (1.5)a
(G(N,N))ob = 1. (1.5)b
Equations (1.2)a and (1.2)b reduce to
EpxBY = BDxY +' H(X,Y)N, (1.6)
EpxN = —-BHX. (1.7)
The hypersurface Vn is said to be totally geodesic, if
'"H(X,Y) = 0. (1.8)

The map b is called conformal or (strictly conformal ), if

(G(BX,BY))ob = hg(X,Y), (1.9)
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where h is C* real-valued positive function, called the scale function.

The map H are strictly conformal, if
x

H(H(X)) = hX, (1.10)a
9(H(X), HY)) = hg(X,Y). (1.10)b

2. General H —Connexion
xr

A connexion D in V,, is called general H —connexion, if
x

(Dx H)Y =0, (2.1)a
X
or equivalently

Dx HY = H DxY. (2.1)b
xr X

Theorem (2.1). Let E be an arbitrary connexion in V;,,, then the connexion
D defined by

DxY = Py(hExY + I;[EX ];TY) + P5(I§ExY + Ex Igy)
+P6(Efjxij+IngxY)+P7(hngY+Ingx§IY), (2.2)
is an ]g —connexion.
Proof. Let us put
DxY = PlEXY+P2EgXY+P3];CIEXY+P4€IEX€IY
+P5EX€IY—|—PGEngY+P7€IEgX€IY+P8€IEgXY (2.3)

Applying H on Y in equation (2.3) and using (1.10)a in the resulting equation,
xT

we get

DxHY =P ExHY+PEyxHY+PHExHY +hPyHExY
xr xr x xr xT x x
+hPsExY + hPsEg xY + hPr H(EgxY)+ PsH(Egx HY). (2.4)
xT xT x xT xT xT

Applying H in equation (2.3) throughout and using the equation (1.10)a, then
xX

subtracting the resulting equation from (2.4),we get
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(Dx H)Y = (P = hPa)(Ex H)Y + (P — hPr)(Ey x H)Y

x
+(Ps— P5) H(Ex H)Y) + (Ps — Ps) H(Enx H)Y). (2.5)
€T x x x €T
Now the connexion D is general H —connexion, iff
x

P, =hP;,, Py=hP;, Py=Ps, Ps=DP;. (2.6)

Since E being arbitrary connexion, substituting from (2.7) in (2.3), we have
(2.2).

Corollary (2.1). For the H — connexion D in V,,, we have
x

DgX[jY:[jD,jXK (2.7)a
éngXl;IYZhDgXK (2.7)b
éIDX in = hDxY. (2.7)c
Proof. We know that
DXlchIY: (DXIj)Y+€IDXY. (2.8)

Replacing X by H X in (2.1)b, we obtain (2.7)a. Applying H on (2.7)a and

(2.1)b, using (1.10)a in the resulting equations, we get (2.7)b and (2.7)c respec-
tively.

3. Nearly I;I —Connexion
A connexion D in V,, is called nearly Ig —connexion, if
(DX];I)Y—i—(DyH)X:O, (3.1)
z
or equivalently

DxHY +DyHX =HDxY + HDyX. (3.2)

Theorem (3.1). Let E be an arbitrary connexion in V;,, then the connexion
D defined by

DxY = P4(hEXy + H Ex HY) +P5(HE)(Y+E)(HY)
T T T T
z T =z T P T T @

is a nearly H —connexion.
X
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Proof. Applying [j on Y in equation (2.3) and using (1.10)a, we get
DXIZ‘!Y:PlEXIjY‘FPQEgXIgY+P3€IEX€IY+hP4lgEXY
+hP5EXY—i—thEgXY—i-hPﬂ;IEgXY—i—PS [gEgXIjY. (3.4)

Interchanging X and Y in equation (3.4) and adding the resulting equation with
the equation (3.4), we get

DxHY+DyHX =PI(ExHY+EyHX)+ P(EgxHY + Egy HX)
T T T x x x T xT

+Ps(HExHY + HEy HX)

xX xr xX X
+ hPy(H ExY + HEyX) 4+ hP;(ExY + Ey X)

x x
+ hPG(EH)(Y + EHyX) + hP7(HEHXy +HEHyX)
x T x x xT x

+P(HEgxHY + HEpyy HX). (3.5)

X x X xX x xX

Applying H in equation (2.3) and using (1.10)a in the resulting equation, we
x
get

HDxY =P HExY+P,HEgxY +hPsExY +hPiEx HY
x x x = x
+PsHExHY +PsHEgxHY +hPrEgx HY + hPsEp xY. (36)
T T x x x T T x

Interchanging X and Y in equation (3.6) and adding the resulting equation with
the equation (3.6), we get

HDxY + HDyX =PI(HExY + HEyX)+ P.(HEyxY + HEpyX)
xX X x T xr x xX T
+ hPy(ExY + BEyX) + hPy(Ex HY + Ey HX)
x x
+Ps(HExHY + HFEy HX)
x x x x
+P(HEyxHY +HEyy HX)
x x X X x X
—|—hP7(EHxHY—|—EHyHX)—I—th(EHXy—I—EHyX). (37)
Substituting the values from the equations (3.5) and (3.7) in (3.2), we get
P(Ex HY +Ey HX)+P(Eyx HY +Epy HX)+Ps(H Ex HY +H Ey H X)
x x x xT x €T x x x x
VhPy(HExY + HEyX) + hPy(ExY + Ey X) + hPs(Ey xY + Eyy X)
x €T xT x
+hPr(HEyxY + HEgy X))+ R(HEgx HY + HEyy HX)
€T T xX x €T x x x x x
=PI(HExY +HEyX)+P(HEyxY + HEyyX)+ hP35(ExY + Ey X)
T T xZ x T x
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+hP4(EX1;1Y+Ey1;[X) +P5(1;1EX é[Y + J;IEy[jX)
+Ps(HEyx HY + H Egy HX) +hPr(Egx HY + Egy H X)
+hP(EgxY + EgyX), (3.8)
which gives I 1‘
Pi=hPy, Py=hP;, Py=Ps, Ps=Dh. (3.9)
Substituting from the equation (3.9) in equation (2.3), we get the equation (3.3).

Corollary (3.1). For nearly H —connexion D in V,,, we have
T

DgX[jYJthyX:ngXYJrIij[gX, (3.10)a
hDé,XYJthgYX:[ngX[jYJrIjD,jy[gX, (3.10)b
éIDxéfY—i-éIDy]x{X:h(DXY—i-DyX), (3.10)c
h(]jDHwa—l—]ngyX) :h(DHgCX[ngLDgy[gX). (3.10)d

Proof. Applying H on X in equation (3.2) and using (1.10)a, we get (3.10)a.
Similarly, applyingx H on Y in equation (3.10)a then using (1.10)a, we obtain
(3.10)b. Operating I; throughout in equation (3.2) and (3.10)b respectively and
using (1.10)a, we gef the equations (3.10)c and (3.10)d.

4. NH —Connexion

xr
A connexion D in V,, is called N H —connexion, if
x
(Dx H)Y + H(Dy x H)Y =0, (4.1)
T T z z
or equivalently

DxHY —HDxY+HDgxHY —hDygxY =0. (4.2)
X X xT T X x

Theorem (4.1). Let the connexion D and E be related by the equation (2.3),
then the connexion D is N H —connexion, iff E is also N H —connexion.
x x

Proof. Applying H on Y in equation (2.3) and using (1.10)a, we get
x
DxHY =PI ExHY +PREyxHY +PsHExHY +hPyHExY
x x x x x x x

+hPsExY + hPsEgxY +hPrHEgxY + PsHEgx HY. (4.3)
x xT xT xT x xT
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Applying H throughout in equation (2.3) and using (1.10)a, then subtracting
the resultirgig equation from the equation (4.3), we get
(Dx I:;I)Y = (P — hPy)(Ex I;TY - I;IEXY) + (P — hP?)(EI;rX IgY
—HEyxY)+(Py = P5)(H Ex HY — hEXY) (4.4)
+ (Ps — Pg)(hEgXY - Ix{EQIX é]Y).
Applying H on X in equation (4.4) and using the equation (1.10)a in the re-
sulting eqtfation, we get
(Dyx H)Y = (Pr = hPy)(Eyx HY — H EgxY) + (P2 = hPy)(Epx HY
— HEpxY) + (Ps = P5)(H Eg x HY — hEy xY)
+ (Ps = Ps)(hByxY — H Epx HY),

(4.5)
Applying H throughout in equation (4.5) and using the equation (1.10)a, then
x

adding the resulting equation with the equation (4.4), we get
(Dx j;{)Y—FI;{(DgX [g)Y = (Pi—hPy)(Ex éjY—éj EXY+1;I Ele ];(Y—hEgXY)
+(Py — hP7)(EIgX [jY - IngXY + gEhXIjY — hERxY)
+(P3 — P5)(€[EX€[Y — hExY + hEngY — h[gEgXY)
+(P6—Pg)(hEleY—IQ;IEI;[XIJY%—h]gEhXY—hEhX};IY) (4.6)
If Fis N é[ —connexion, then

(DxH)Y+H(DHxH)Y:0.
X x X

xT

Hence D is N H —connexion.
X

Conversely, suppose D is N H —connexion, then from the equation (4.6),
x

it follows that E is also NV I:;I —connexion.

Corollary (4.1). For N é[ —connexion in V;,, we have
fmjDXgY—hDXYJth,jXéIY—thgXY:0, (4.7)a
DngY—[ngXYjL[gDthY—hDhXY:0, (4.7b

hDgXY—I;[DngYJrhIgDhXY—hthélY:0. (4.7)c
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Proof. Operating H in equation (4.2) and using the equation (1.10)a, we get
the equation (4.7)a. ycOpelratimg H on X in equation (4.2) and using the equation
(1.10)a, we obtain (4.7)b. Simifarly operating H in equation (4.7)b and using
the equation (1.10)a in the resulting equations, fzve get (4.7)c.

5. Semi H —Connexion
xr

A connexion D in V, is called a semi H —connexion, if
x

(div H)Y =0, (5.1)a

x

or

(div H) HY = 0. (5.1)b

Theorem (5.1). Let E be an arbitrary connexion in V;,, then the connexion
D defined by

DxY =h(Py+ Ps — P3)ExY + (hPr+ Ps — Ps)EygxY + Ps H ExY

+PLHExHY +PsExHY +PsEgx HY + PPHEgpx HY + PR H By xY,
T X X x T X x X X x
(5.2)

is semi H —connexion.
X

Proof. Applying H on Y in equation (2.3) and using (1.10)a in the resulting
x

equation, we get

DxHY =PI ExHY +PREyxHY +PsHExHY +hPyHExY
X xX x X xX xX xr
+hPsExY +hPsEgxY +hPrHEpxY + PsHEgx HY. (53)
x x x x x xr

Applying H throughout in equation (2.3) and using (1.10)a then subtracting
xX

the resulting equation from (5.3), we get

(DX éI)Y = (P1 — hP4)(EX g)Y + (Pg — hP7)(E[;IX g)Y

+(P3 — Ps) Ig((EX Ij)y) + (P — Fs) H((ng PII)Y)- (5.4)

xT

Contracting the equation (5.4) with respect to X, we get

(div H)Y = (Py—hPy—hPs+hPs)(Div H)Y +(Py—hPr+Ps—Ps)(DivH) HY

(5.5)
where div refers to the connexion D and Div refers to the connexion FE.
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The equation (5.6) is equivalent to

(div H)HY = (Pi.—hPy—hPs+hPg)(Div H) HY +(Po—hP;+P;—Ps)(Div H)Y.
x xT x

T T

(5.6)
Hence from the equations (5.5) and (5.6) we observe that the necessary and

sufficient condition that D be semi H —connexion are
xT

Py = hPy+ hPs — hPs, P, =hP; + P; — Ps. (57)

Since F being an arbitrary connexion (Div H)Y # 0, substituting from
x
(5.7) in equation (2.3), we get the equation (5.2).

6. Almost H —Connexion
xr

A connexion D in V,, is called an almost H —connexion, if
xr

(Dx' H)(Y,Z)+ (Dy' H)(Z,X) + (D7 H)(X,Y) =0, (6.1)a
or equivalently

9(Dx H)Y, 2) + g((Dy H)Z.X) + 9(Dz DX.Y) =0.  (6.1)b

Theorem (6.1). Let the connexion D and E be related by the equation (2.3),
then the connexion D is an almost H —connexion, if
€T

H(DxY,Z) = Pl{’{j(ExY, Z)+g9(ExHY,Z)} + Pz{’{j(EHxY, Z)
+9(Egx HY, Z)} + Ps{hg(ExY. Z) +' H(Ex HY, Z)}  (6.2)
+P{'H(Eyx HY,Z) + hg(EyxY,2Z)}.

Proof. Applying H on Y in equation (2.3) and using the equation (1.10)a then
x
applying ¢ in the resulting equation and using the equation (1.3), we get

(Dx'H)(Y,Z)+ H(DxY,Z)=Pig(Ex HY,Z) + Pag(Ey x HY, Z)
X X xT x X
+ P35 /H(EX HY, Z) + hPy ,H(EXY, Z)
xT T X
+ hPsg(ExY,Z) + hPsg(Ey xY, Z)

+hP7/£I(EHXY72)+P8,§[(EHXHY7Z)
x x X
(6.3)
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Similarly, two more relations of the type (6.3) can be obtained by inter-
changing X,Y, Z cyclically in (6.3) then adding the resulting equations in (6.3)
and using (6.1)a, we get

/H(DXY7Z) +/H(DYZ,X) +/H(DZX7Y)

z z
= Pl[g(ExélY,Z) +9(EY1327 X) +9(EZ];IX7 Y)]
+ PQ[g(EIz{X Iw{Ya Z) +g(Eij1;IZ, X) +9(E€1Z1?X,Y)
+ B['E (ExHY.Z) +'Ig(EZ HX,Y)|
+ hP[H(ExY, Z) +' H(EyZ,X) +'H(EzX.Y)] (6.4)

x

— —

+9(BpyZ,X) + g(By zX,Y)]
+hPH(Ey xY,Z)+' H(EgyZ, X) +' H(Ey 2X,Y)].

T

Applying H on equation (2.3) throughout and using the equation (1.10)a
xT
then applying g in the resulting equation and using the equation (1.3), we get

'"H(DxY,Z) = P\'"H(ExY,Z) + P,’H(Ey xY,Z) + hP3g(ExY, Z)
xT T T x
+hPg(Ex HY, Z) + Ps /J;I(EX HY,Z)+ Ps ’I;I(EHX HY,Z)
xT x x xT
+hPrg(Egx HY, Z) + hPyg(Eg xY, Z). (6.5)
x X x

Similarly, two more relations of the type (6.5) can be obtained by inter-
changing XY, Z cyclically in (6.5), adding the resulting equations in (6.5), we
get

'H(DxY,Z)+'H(DyZ,X) +'H(DzX,Y)

=P[H(ExY,Z)+ HEyZ,X)+ H(EzX,Y))

x
+P2[/£I EHXY,Z)‘F/{?(EHYZ;X)+/€I(EHZX,Y)]
+ hPs]
+hPg(ExHY,Z)+9(Ey HZ, X))+ g(Ez HX,Y)]
xr xr xr

(
9(ExY,Z)+g(EyZ,X) + g(EzX,Y)]
(
+P[H(Ex HY,Z)+ H(BEy HZ, X)+' H(Ez HX,Y)
X xr X X xX
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+ P H(Eyx HY,Z) +'H(Eyy H Z,X) +'H(Eg 2 H X, Y)]
+hPrlg(Eyx HY, Z) + 9(Egy HZ,X) + g(Ey z HX,Y) (6.6)
+ hPS[g(EgXK Z) + Q(EfmeZ’ X) + Q(EgZX» Y)].
Comparing the equations (6.4) and (6.6), we get
P) = hPy, P, = hPy, P; = P, Ps = Py (6.7)

Substituting these values from equation (6.7) in equation (6.5), we get the equa-
tion (6.2).

7. Generalization of Gauss Characteristic and Mainardi-Codazzi Equa-

tions

Let K and K be the curvature tensors at p and bp in V;, and V;,, respectively,
then

K(BX, BY,BZ) = EgxEpyBZ — EgyEpxBZ — Ejgx.py\BZ.  (7.1)
In consequence of (1.2)a and (1.2)b, we have
EpxEpyBZ = BDxDvyZ + H(X, DyZ) N—,H(K Z)BHX
€T €T x x

+ H(Y, Z)é(X) N+NX(H(Y,2). (7.2)

Similarly
EpyEpxBZ = BDyDxZ + H(Y, DXZ) N—/H(X, Z)BHY
x x x

x

y
+'HX,Z)LY)N+NY(H(X, Z)), (7.3)
T T Y T T
and
Eipx.py|BZ = BDxy|Z + if([X7 Y], Z) N (7.4)

Substituting from (7.2), (7.3) and (7.4) in (7.1), we get
K(BX,BY,BZ) = BK(X,Y,Z) ' H(Y,Z)BH(X)+ 'H(X,Z)BHY

(X)N

+'H(X,DyZ)N —'H(Y,DxZ) N+'H(Y, Z)
T T T x x Yy
(7.5)

8] Ne

~ H(X.Z)L(Y) N + N X(H(Y. 2)
~ NY(H(X,2)) - 'H(X,Y],Z)N .

T
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Let us put
'"K(BX,BY,BZ,BU) = (G(K(BX,BY,BZ),BU))ob, (7.6)

and
'F(BX, BY,BZ,N) = (G(F(BX7 BY,BZ), N))ob. (7.7)

Then from the equations (7.5), (7.6), (1.1)a and (1.1)b, we have

'K(BX,BY,BZ,BU) = K(X,Y,Z,U)—"H(Y, Z)H(X,U)+'H(X, Z)H(Y,U).

/
(7.8)
Similarly, from the equations (7.5) and (7.7), we have
"K(BX,BY,BZ,N) = G(BK(X.,Y,Z),N)ob— 'H(Y, Z)G(B H X, N)ob

+'H(X,Z2)G(BHY, N)ob+'H(X, Dy Z)G(N, N)ob

—'H(Y,DxZ)G(N,N)ob+ 'H(Y,Z)G(L(X) N, N)ob
xr x Yy

z Yy r T

- ’fyI(X, 2)G é(Y) N, N)ob+ X (H(Y, Z))G(N, N)ob

— Y’é[(X, Z)G(];/, ]X)Ob — ’[;r([X, Y], Z)G(z;r, ];/)ob.
(7.9)

Now in consequence of (7.9), (1.1)b and (1.1)c, we have

"K(BX, BY,BZ,N) = 'H(X, Dy Z) — 'H(Y, Dx Z) + 'H(Y, Z) L(X) —'H(X,
x x x i Yy Y
(

2)L(Y) + X(H(Y, 2)) =Y (H(X, 7)) = H(X. Y], 2),
(7.10)
but
X(’[j(Y, 7)) = (Dx ’g)(y, Z) +’£{(DXY, Z) + ’{c{(Y, DxZ, (7.11)a
and
DxY — Dy X = [X,Y]. (7.11)b
Then

X(H(Y,2) = Y(H(X, 2)) = (Dx 'H)(Y. Z) - (Dy 'H)(X, 2)

xr
+'H([X,Y],Z)+'H(Y,DxZ) —'H(X,Dy Z).
xr xX xr
(7.11)c
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Substituting the value from (7.11)c in (7.10), we get

"K(BX,BY,BZ,N) = +'H(Y, Z) L(X) — "H(X, Z) L(Y)
@ y y v y (7.12)

+ (Dx MY, 2) = (Dy'H)(X, 2)

The equations (7.8) are the generalization of Gauss Characteristic equations and
the equations (7.12) are the generalization of Mainardi-Codazzi equations.

Let

K(BX,BY,N) = EpxEpy N —EpyEpx N —Eipx gy| N (7.13)
x X xX

N
In consequence of (1.2)a and (1.2)b, we have

Yy
EpxEpy N = Epx(—BHY + L(Y) N)
X xT Yy

T

Y Yy z
=-BDxHY " HX,HY)N-LY)BHX+L(Y)L(X)N
T Y x Yy T Yy z Yy

y
y
+X(L(Y))N,
x y
(7.14)
and
y
E[BX,BY]]X: —B[g([X,Y])jL%([X,Y])JyV. (7.15)
Substituting from (7.14) and (7.15) in (7.13), we get
_ y y
K(BX,BY,N)=B{DyHX -DxHY - L(Y)HX+ L(X)HY
+H(X, Y]} = "HX,HY)N+"H(Y,HX)N
T Y T Y Y & Y
Yy z Y z Yy (716)
+LY)L(X)N-L(X)LY)N+(Dx L)(Y)N
T y y T Y Y z Y
y
-0, Hx) N
Let us put
"K(BX,BY,N,N)< G(K(BX, BY, N), N)ob. (7.17)
z oy zy
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Then

S Yy
'K(BX,BY,N,N)="HHX,Y)-"HHY,X)+ (Dx L)(Y)
r Yy y x Yy x

Y Y z Y z
—(Dy D0 + ) L0 = ) ).
This equation is identically satisfied for x = y.

If V,, be a hypersurface then the generalization of Gauss characteristic and
Mainardi-Codazzi equations reduce to

'K(BX,BY,BZ,BU) = K(X,Y,Z,U) — 'H(Y,Z)H(X,U)
+ H(X,Z2)H(Y,U)
"K(BX,BY,BZ,N) = (Dx'H)(Y, Z) — (Dy'H)(X, Z). (7.20)

(7.19)

Also when V,, is a hypersurface, these equations are identically satisfied.
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