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Abstract

In this paper we have defined various kinds of H
x
−connexions and stated

and proved many theorems related to them. Some useful results have been

derived in the form of corollaries. We have also generalized Gauss Characteristic

and Mainardi-Codazzi equations and obtained the equations in the hypersurface

therein.

1. Introduction

Let us consider two differentiable manifolds Vm and Vn(m > n) of class C∞

with the structures {F,G} and {f, g} of dimensions m and n respectively.

Let b be the inclusion map defined by

b : Vn → Vm,

such that

p ∈ Vn ⇒ bp ∈ Vm.

The inclusion map b induces a Jacobian map B, defined by

B : T 1
n → T 1

m,

where T 1
n is the tangent space at p in Vn and T 1

m is the tangent space at bp in

Vm, such that X in Vn at p and BX in Vm at bp. Let g be the induced metric

tensor in Vn, then

(G(BX,BY ))ob = g(X,Y ). (1.1)a
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Let N
x

: x = n + 1, .................,m be a system of C∞ mutually orthogonal

unit normal vector fields in Vn at p. Then

(G(N
x
, BX))ob = 0, (1.1)b

(G(N
x
, N
y
))ob =

x
δ
y
=

{
1 if x = y

0 if x ̸= y

}
(1.1)c

Let E be the Riemannian connexion in Vm and D the induced Riemannian

connexion in Vn. The Gauss and the Weingarten equations are given by

EBXBY = BDXY +′
H
x
(X,Y )N

x
, (1.2)a

EBX N
x

= −BH
x
X +

y

L
x
(X)N

y
, (1.2)b

where ′H
x

are the symmetric bilinear function, called second fundamental mag-

nitudes in Vn and

g(H
x
X,Y)

def
= ′

H
x
(X,Y ) = ′

H
x
(Y,X) = g(H

x
Y,X) = g(X,H

x
Y ), (1.3)

where H
x

are known as Weingarten maps and
y

L
x
are called third fundamental

forms in Vn.

If the submanifold be totally geodesic, then

′
H
x
(X,Y ) = 0. (1.4)

The submanifold Vn is said to be hypersurface of Vm if m = n+ 1.

If Vn is hypersurface of Vm, the equations (1.1)b and (1.1)c assume the

forms

(G(N,BX))ob = 0, (1.5)a

(G(N,N))ob = 1. (1.5)b

Equations (1.2)a and (1.2)b reduce to

EBXBY = BDXY +′ H(X,Y )N, (1.6)

EBXN = −BHX. (1.7)

The hypersurface Vn is said to be totally geodesic, if

′H(X,Y ) = 0. (1.8)

The map b is called conformal or (strictly conformal ), if

(G(BX,BY ))ob = hg(X,Y ), (1.9)
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where h is C∞ real-valued positive function, called the scale function.

The map H
x

are strictly conformal, if

H
x
(H
x
(X)) = hX, (1.10)a

or

g(H
x
(X), H

x
(Y )) = hg(X,Y ). (1.10)b

2. General H
x

−Connexion

A connexion D in Vn is called general H
x
−connexion, if

(DX H
x
)Y = 0, (2.1)a

or equivalently

DX H
x
Y = H

x
DXY. (2.1)b

Theorem (2.1). Let E be an arbitrary connexion in Vm, then the connexion

D defined by

DXY = P4(hEXY +H
x
EX H

x
Y ) + P5(H

x
EXY + EX H

x
Y )

+P6(EH
x
X H

x
Y +H

x
EH

x
XY ) + P7(hEH

x
XY +H

x
EH

x
X H

x
Y ), (2.2)

is an H
x
−connexion.

Proof. Let us put

DXY = P1EXY + P2EH
x
XY + P3H

x
EXY + P4H

x
EX H

x
Y

+P5EX H
x
Y + P6EH

x
X H

x
Y + P7H

x
EH

x
X H

x
Y + P8H

x
EH

x
XY. (2.3)

Applying H
x

on Y in equation (2.3) and using (1.10)a in the resulting equation,

we get

DX H
x
Y = P1EX H

x
Y + P2EH

x
X H

x
Y + P3H

x
EX H

x
Y + hP4H

x
EXY

+hP5EXY + hP6EH
x
XY + hP7H

x
(EH

x
XY ) + P8H

x
(EH

x
X H

x
Y ). (2.4)

Applying H
x

in equation (2.3) throughout and using the equation (1.10)a, then

subtracting the resulting equation from (2.4),we get
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(DX H
x
)Y = (P1 − hP4)(EX H

x
)Y + (P2 − hP7)(EH

x
X H

x
)Y

+(P3 − P5)H
x
((EX H

x
)Y ) + (P8 − P6)H

x
((EHX

x
H
x
)Y ). (2.5)

Now the connexion D is general H
x
−connexion, iff

P1 = hP4, P2 = hP7, P3 = P5, P6 = P8. (2.6)

Since E being arbitrary connexion, substituting from (2.7) in (2.3), we have

(2.2).

Corollary (2.1). For the H
x
− connexion D in Vn, we have

DH
x
X H

x
Y = H

x
DH

x
XY, (2.7)a

H
x
DH

x
X H

x
Y = hDH

x
XY, (2.7)b

H
x
DX H

x
Y = hDXY. (2.7)c

Proof. We know that

DX H
x
Y = (DX H

x
)Y +H

x
DXY. (2.8)

Replacing X by H
x
X in (2.1)b, we obtain (2.7)a. Applying H

x
on (2.7)a and

(2.1)b, using (1.10)a in the resulting equations, we get (2.7)b and (2.7)c respec-

tively.

3. Nearly H
x

−Connexion

A connexion D in Vn is called nearly H
x
−connexion, if

(DX H
x
)Y + (DY H)

x
X = 0, (3.1)

or equivalently

DX H
x
Y +DY H

x
X = H

x
DXY +H

x
DY X. (3.2)

Theorem (3.1). Let E be an arbitrary connexion in Vm, then the connexion

D defined by

DXY = P4(hEXY +H
x
EX H

x
Y ) + P5(H

x
EXY + EX H

x
Y )

+P7(hEH
x
XY +H

x
EH

x
X H

x
Y ) + P8(EH

x
X H

x
Y +H

x
EH

x
XY ), (3.3)

is a nearly H
x
−connexion.
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Proof. Applying H
x

on Y in equation (2.3) and using (1.10)a, we get

DX H
x
Y = P1EX H

x
Y + P2EH

x
X H

x
Y + P3H

x
EX H

x
Y + hP4H

x
EXY

+hP5EXY + hP6EH
x
XY + hP7H

x
EH

x
XY + P8H

x
EH

x
X H

x
Y. (3.4)

Interchanging X and Y in equation (3.4) and adding the resulting equation with

the equation (3.4), we get

DX H
x
Y +DY H

x
X = P1(EX H

x
Y + EY H

x
X) + P2(EH

x
X H

x
Y +EH

x
Y H

x
X)

+ P3(H
x
EX H

x
Y +H

x
EY H

x
X)

+ hP4(H
x
EXY +H

x
EY X) + hP5(EXY + EY X)

+ hP6(EHX
x
Y + EHY

x
X) + hP7(H

x
EHX

x
Y +H

x
EH

x
Y X)

+P8(H
x
EH

x
X H

x
Y +H

x
EH

x
Y H

x
X). (3.5)

Applying H
x

in equation (2.3) and using (1.10)a in the resulting equation, we

get

H
x
DXY = P1H

x
EXY + P2H

x
EH

x
XY + hP3EXY + hP4EX H

x
Y

+P5H
x
EX H

x
Y + P6H

x
EH

x
X H

x
Y + hP7EH

x
X H

x
Y + hP8EH

x
XY. (3.6)

Interchanging X and Y in equation (3.6) and adding the resulting equation with

the equation (3.6), we get

H
x
DXY +H

x
DY X = P1(H

x
EXY +H

x
EY X) + P2(H

x
EH

x
XY +H

x
EH

x
Y X)

+ hP3(EXY + EY X) + hP4(EX H
x
Y +EY H

x
X)

+ P5(H
x
EX H

x
Y +H

x
EY H

x
X)

+ P6(H
x
EH

x
X H

x
Y +H

x
EH

x
Y H

x
X)

+hP7(EH
x
X H

x
Y + EH

x
Y H

x
X) + hP8(EH

x
XY + EH

x
Y X). (3.7)

Substituting the values from the equations (3.5) and (3.7) in (3.2), we get

P1(EX H
x
Y+EY H

x
X)+P2(EH

x
X H

x
Y+EH

x
Y H

x
X)+P3(H

x
EX H

x
Y+H

x
EY H

x
X)

+hP4(H
x
EXY +H

x
EY X) + hP5(EXY + EY X) + hP6(EH

x
XY + EH

x
Y X)

+hP7(H
x
EH

x
XY +H

x
EH

x
Y X) + P8(H

x
EH

x
X H

x
Y +H

x
EH

x
Y H

x
X)

= P1(H
x
EXY +H

x
EY X) + P2(H

x
EH

x
XY +H

x
EH

x
Y X) + hP3(EXY + EY X)
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+hP4(EX H
x
Y + EY H

x
X) + P5(H

x
EX H

x
Y +H

x
EY H

x
X)

+P6(H
x
EH

x
X H

x
Y +H

x
EH

x
Y H

x
X) + hP7(EH

x
X H

x
Y + EH

x
Y H

x
X)

+hP8(EH
x
XY + EH

x
Y X), (3.8)

which gives

P1 = hP4, P2 = hP7, P3 = P5, P6 = P8. (3.9)

Substituting from the equation (3.9) in equation (2.3), we get the equation (3.3).

Corollary (3.1). For nearly H
x
−connexion D in Vn, we have

DH
x
X H

x
Y + hDY X = H

x
DH

x
XY +H

x
DY H

x
X, (3.10)a

hDH
x
XY + hDH

x
Y X = H

x
DH

x
X H

x
Y +H

x
DH

x
Y H

x
X, (3.10)b

H
x
DX H

x
Y +H

x
DY H

x
X = h(DXY +DY X), (3.10)c

h(H
x
DHX

x
Y +H

x
DH

x
Y X) = h(DHX

x
H
x
Y +DH

x
Y H

x
X). (3.10)d

Proof. Applying H
x

on X in equation (3.2) and using (1.10)a, we get (3.10)a.

Similarly, applying H
x

on Y in equation (3.10)a then using (1.10)a, we obtain

(3.10)b. Operating H
x
throughout in equation (3.2) and (3.10)b respectively and

using (1.10)a, we get the equations (3.10)c and (3.10)d.

4. NH
x

−Connexion

A connexion D in Vn, is called N H
x
−connexion, if

(DX H
x
)Y +H

x
(DH

x
X H)

x
Y = 0, (4.1)

or equivalently

DX H
x
Y −H

x
DXY +H

x
DH

x
X H

x
Y − hDH

x
XY = 0. (4.2)

Theorem (4.1). Let the connexion D and E be related by the equation (2.3),

then the connexion D is N H
x
−connexion, iff E is also N H

x
−connexion.

Proof. Applying H
x

on Y in equation (2.3) and using (1.10)a, we get

DX H
x
Y = P1EX H

x
Y + P2EH

x
X H

x
Y + P3H

x
EX H

x
Y + hP4H

x
EXY

+hP5EXY + hP6EH
x
XY + hP7H

x
EH

x
XY + P8H

x
EH

x
X H

x
Y. (4.3)
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Applying H
x

throughout in equation (2.3) and using (1.10)a, then subtracting

the resulting equation from the equation (4.3), we get

(DX H
x
)Y = (P1 − hP4)(EX H

x
Y −H

x
EXY ) + (P2 − hP7)(EH

x
X H

x
Y

−H
x
EH

x
XY ) + (P3 − P5)(H

x
EX H

x
Y − hEXY )

+ (P6 − P8)(hEH
x
XY −H

x
EH

x
X H

x
Y ).

(4.4)

Applying H
x

on X in equation (4.4) and using the equation (1.10)a in the re-

sulting equation, we get

(DH
x
X H

x
)Y = (P1 − hP4)(EH

x
X H

x
Y −H

x
EH

x
XY ) + (P2 − hP7)(EhX H

x
Y

−H
x
EhXY ) + (P3 − P5)(H

x
EH

x
X H

x
Y − hEH

x
XY )

+ (P6 − P8)(hEhXY −H
x
EhX H

x
Y ).

(4.5)

Applying H
x

throughout in equation (4.5) and using the equation (1.10)a, then

adding the resulting equation with the equation (4.4), we get

(DX H
x
)Y+H

x
(DH

x
X H

x
)Y = (P1−hP4)(EX H

x
Y−H

x
EXY+H

x
EH

x
X H

x
Y−hEH

x
XY )

+(P2 − hP7)(EH
x
X H

x
Y −H

x
EH

x
XY +H

x
EhX H

x
Y − hEhXY )

+(P3 − P5)(H
x
EX H

x
Y − hEXY + hEH

x
X H

x
Y − hH

x
EH

x
XY )

+(P6 − P8)(hEH
x
XY −H

x
EH

x
X H

x
Y + hH

x
EhXY − hEhX H

x
Y ) (4.6)

If E is N H
x
−connexion, then

(DX H
x
)Y +H

x
(DH

x
X H

x
)Y = 0.

Hence D is N H
x
−connexion.

Conversely, suppose D is N H
x
−connexion, then from the equation (4.6),

it follows that E is also N H
x
−connexion.

Corollary (4.1). For N H
x
−connexion in Vn, we have

H
x
DX H

x
Y − hDXY + hDH

x
X H

x
Y − hH

x
DH

x
XY = 0, (4.7)a

DH
x
X H

x
Y −H

x
DH

x
XY +H

x
DhX H

x
Y − hDhXY = 0, (4.7)b

hDH
x
XY −H

x
DH

x
X H

x
Y + hH

x
DhXY − hDhX H

x
Y = 0. (4.7)c
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Proof. Operating H
x

in equation (4.2) and using the equation (1.10)a, we get

the equation (4.7)a. Operating H
x
on X in equation (4.2) and using the equation

(1.10)a, we obtain (4.7)b. Similarly operating H
x

in equation (4.7)b and using

the equation (1.10)a in the resulting equations, we get (4.7)c.

5. Semi H
x

−Connexion

A connexion D in Vn is called a semi H
x
−connexion, if

(div H
x
)Y = 0, (5.1)a

or

(div H
x
) H

x
Y = 0. (5.1)b

Theorem (5.1). Let E be an arbitrary connexion in Vm, then the connexion

D defined by

DXY = h(P4 + P6 − P8)EXY + (hP7 + P5 − P3)EH
x
XY + P3H

x
EXY

+P4H
x
EX H

x
Y + P5EX H

x
Y + P6EH

x
X H

x
Y + P7H

x
EH

x
X H

x
Y + P8H

x
EH

x
XY,

(5.2)

is semi H
x
−connexion.

Proof. Applying H
x

on Y in equation (2.3) and using (1.10)a in the resulting

equation, we get

DX H
x
Y = P1EX H

x
Y + P2EH

x
X H

x
Y + P3H

x
EX H

x
Y + hP4H

x
EXY

+hP5EXY + hP6EH
x
XY + hP7H

x
EH

x
XY + P8H

x
EH

x
X H

x
Y. (5.3)

Applying H
x

throughout in equation (2.3) and using (1.10)a then subtracting

the resulting equation from (5.3), we get

(DX H
x
)Y = (P1 − hP4)(EX H

x
)Y + (P2 − hP7)(EH

x
X H

x
)Y

+(P3 − P5)H
x
((EX H

x
)Y ) + (P8 − P6)H

x
((EH

x
X H

x
)Y ). (5.4)

Contracting the equation (5.4) with respect to X, we get

(div H
x
)Y = (P1−hP4−hP6+hP8)(DivH

x
)Y +(P2−hP7+P3−P5)(DivH

x
)H

x
Y

(5.5)

where div refers to the connexion D and Div refers to the connexion E.
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The equation (5.6) is equivalent to

(div H
x
)H

x
Y = (P1−hP4−hP6+hP8)(DivH

x
)H

x
Y+(P2−hP7+P3−P5)(DivH

x
)Y.

(5.6)

Hence from the equations (5.5) and (5.6) we observe that the necessary and

sufficient condition that D be semi H
x
−connexion are

P1 = hP4 + hP6 − hP8, P2 = hP7 + P5 − P3. (5.7)

Since E being an arbitrary connexion (Div H
x
)Y ̸= 0, substituting from

(5.7) in equation (2.3), we get the equation (5.2).

6. Almost H
x

−Connexion

A connexion D in Vn is called an almost H
x
−connexion, if

(DX
′
H
x
)(Y, Z) + (DY

′
H
x
)(Z,X) + (DZ

′
H
x
)(X,Y ) = 0, (6.1)a

or equivalently

g((DX H
x
)Y, Z) + g((DY H

x
)Z,X) + g((DZ H

x
)X,Y ) = 0. (6.1)b

Theorem (6.1). Let the connexion D and E be related by the equation (2.3),

then the connexion D is an almost H
x
−connexion, if

H
x
(DXY, Z) = P1{′H

x
(EXY,Z) + g(EX H

x
Y, Z)}+ P2{′H

x
(EH

x
XY, Z)

+ g(EH
x
X H

x
Y,Z)}+ P3{hg(EXY, Z) +′

H
x
(EX H

x
Y,Z)}

+ P6{′H
x
(EH

x
X H

x
Y, Z) + hg(EH

x
XY,Z)}.

(6.2)

Proof. Applying H
x

on Y in equation (2.3) and using the equation (1.10)a then

applying g in the resulting equation and using the equation (1.3), we get

(DX
′
H
x
)(Y, Z) +′

H
x
(DXY, Z) = P1g(EX H

x
Y, Z) + P2g(EH

x
X H

x
Y, Z)

+ P3
′H
x
(EX H

x
Y,Z) + hP4

′H
x
(EXY,Z)

+ hP5g(EXY, Z) + hP6g(EH
x
XY,Z)

+ hP7
′H
x
(EH

x
XY, Z) + P8

′H
x
(EH

x
X H

x
Y, Z).

(6.3)
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Similarly, two more relations of the type (6.3) can be obtained by inter-

changing X,Y, Z cyclically in (6.3) then adding the resulting equations in (6.3)

and using (6.1)a, we get

′H
x
(DXY, Z) +′ H

x
(DY Z,X) +′ H

x
(DZX,Y )

= P1[g(EX H
x
Y, Z) + g(EY H

x
Z,X) + g(EZ H

x
X,Y )]

+ P2[g(EH
x
X H

x
Y, Z) + g(EH

x
Y H

x
Z,X) + g(EH

x
Z H

x
X,Y )

+ P3[
′H
x
(EX H

x
Y, Z) +′

H
x
(EZ H

x
X,Y )]

+ hP4[
′
H
x
(EXY,Z) +′

H
x
(EY Z,X) + ′H

x
(EZX,Y )]

+ hP5[g(EXY, Z) + g(EY Z,X) + g(EZX,Y )] + hP6[g(EH
x
XY, Z)

+ g(EH
x
Y Z,X) + g(EH

x
ZX,Y )]

+ hP7[
′H
x
(EH

x
XY, Z) +′

H
x
(EH

x
Y Z,X) +′

H
x
(EH

x
ZX,Y )].

(6.4)

Applying H
x

on equation (2.3) throughout and using the equation (1.10)a

then applying g in the resulting equation and using the equation (1.3), we get

′H
x
(DXY, Z) = P1

′H
x
(EXY,Z) + P2

′H
x
(EH

x
XY, Z) + hP3g(EXY, Z)

+hP4g(EX H
x
Y, Z) + P5

′H
x
(EX H

x
Y,Z) + P6

′H
x
(EH

x
X H

x
Y, Z)

+hP7g(EH
x
X H

x
Y,Z) + hP8g(EH

x
XY,Z). (6.5)

Similarly, two more relations of the type (6.5) can be obtained by inter-

changing X,Y, Z cyclically in (6.5), adding the resulting equations in (6.5), we

get

′H
x
(DXY, Z) + ′H

x
(DY Z,X) + ′H

x
(DZX,Y )

= P1[
′H
x
(EXY, Z) +′

H
x
(EY Z,X) +′

H
x
(EZX,Y )]

+ P2[
′H
x
(EH

x
XY, Z) + ′H

x
(EH

x
Y Z,X) + ′H

x
(EH

x
ZX,Y )]

+ hP3[g(EXY, Z) + g(EY Z,X) + g(EZX,Y )]

+ hP4[g(EX H
x
Y, Z) + g(EY H

x
Z,X) + g(EZ H

x
X,Y )]

+ P5[
′H
x
(EX H

x
Y, Z) +′

H
x
(EY H

x
Z,X) +′

H
x
(EZ H

x
X,Y )]
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+ P6[
′H
x
(EH

x
X H

x
Y, Z) + ′H

x
(EH

x
Y H

x
Z,X) + ′H

x
(EH

x
Z H

x
X,Y )]

+ hP7[g(EH
x
X H

x
Y, Z) + g(EH

x
Y H

x
Z,X) + g(EH

x
Z H

x
X,Y )

+ hP8[g(EH
x
XY,Z) + g(EH

x
Y Z,X) + g(EH

x
ZX,Y )].

(6.6)

Comparing the equations (6.4) and (6.6), we get

P1 = hP4, P2 = hP7, P3 = P5, P6 = P8 (6.7)

Substituting these values from equation (6.7) in equation (6.5), we get the equa-

tion (6.2).

7. Generalization of Gauss Characteristic and Mainardi-Codazzi Equa-

tions

LetK andK be the curvature tensors at p and bp in Vn and Vm respectively,

then

K(BX,BY,BZ) = EBXEBY BZ − EBY EBXBZ − E[BX,BY ]BZ. (7.1)

In consequence of (1.2)a and (1.2)b, we have

EBXEBY BZ = BDXDY Z +′
H
x
(X,DY Z)N

x
−′

H
x
(Y, Z)BH

x
X

+′
H
x
(Y, Z)

y

L
x
(X)N

y
+N

x
X(′H

x
(Y,Z)). (7.2)

Similarly

EBY EBXBZ = BDY DXZ +′
H
x
(Y,DXZ)N

x
−′

H
x
(X,Z)BH

x
Y

+′
H
x
(X,Z)

y

L
x
(Y )N

y
+N

x
Y (′H

x
(X,Z)), (7.3)

and

E[BX ,BY ]BZ = BD[X,Y ]Z +′
H
x
([X,Y ], Z)N

x
. (7.4)

Substituting from (7.2), (7.3) and (7.4) in (7.1), we get

K(BX,BY,BZ) = BK(X,Y, Z)−′
H
x
(Y, Z)BH

x
(X) + ′

H
x
(X,Z)BH

x
Y

+ ′
H
x
(X,DY Z)N

x
− ′

H
x
(Y,DXZ)N

x
+ ′

H
x
(Y, Z)

y

L
x
(X)N

y

−′
H
x
(X,Z)

y

L
x
(Y )N

y
+N

x
X(′H

x
(Y, Z))

−N
x
Y (′H

x
(X,Z))− ′

H
x
([X,Y ], Z)N

x
.

(7.5)
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Let us put

′K(BX,BY,BZ,BU) = (G(K(BX,BY,BZ), BU))ob, (7.6)

and
′K(BX,BY,BZ,N

x
) = (G(K(BX,BY,BZ), N

x
))ob. (7.7)

Then from the equations (7.5), (7.6), (1.1)a and (1.1)b, we have

′K(BX,BY,BZ,BU) = ′K(X,Y, Z, U)− ′
H
x
(Y, Z)′H

x
(X,U)+ ′

H
x
(X,Z)′H

x
(Y, U).

(7.8)

Similarly, from the equations (7.5) and (7.7), we have

′K(BX,BY,BZ,N
x
) = G(BK(X,Y, Z), N

x
)ob− ′

H
x
(Y, Z)G(BH

x
X,N

x
)ob

+ ′
H
x
(X,Z)G(BH

x
Y,N

x
)ob+ ′H

x
(X,DY Z)G(N

x
, N
x
)ob

− ′H
x
(Y,DXZ)G(N

x
, N
x
)ob+ ′

H
y
(Y,Z)G(

x
L
y
(X)N

x
, N
x
)ob

− ′
H
y
(X,Z)G

x
L
y
(Y )N

x
, N
x
)ob+X(′H

x
(Y,Z))G(N

x
, N
x
)ob

− Y ′
H
x
(X,Z)G(N

x
, N
x
)ob− ′

H
x
([X,Y ], Z)G(N

x
, N
x
)ob.

(7.9)

Now in consequence of (7.9), (1.1)b and (1.1)c, we have

′K(BX,BY,BZ,N
x
) = ′

H
x
(X,DY Z)− ′

H
x
(Y,DXZ) + ′

H
y
(Y, Z)

x
L
y
(X)−′

H
y
(X,

Z)
x
L
y
(Y ) +X(′H

x
(Y, Z))− Y (′H

x
(X,Z))−′

H
x
([X,Y ], Z),

(7.10)

but

X(′H
x
(Y,Z)) = (DX

′
H
x
)(Y,Z) + ′H

x
(DXY,Z) + ′H

x
(Y,DXZ, (7.11)a

and

DXY −DY X = [X,Y ]. (7.11)b

Then

X(′H
x
(Y,Z))− Y (′H

x
(X,Z)) = (DX

′
H
x
)(Y, Z)− (DY

′
H
x
)(X,Z)

+ ′H
x
([X,Y ], Z) + ′H

x
(Y,DXZ)− ′H

x
(X,DY Z).

(7.11)c
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Substituting the value from (7.11)c in (7.10), we get

′K(BX,BY,BZ,N
x
) = + ′

H
y
(Y, Z)

x
L
y
(X)− ′

H
y
(X,Z)

x
L
y
(Y )

+ (DX
′
H
x
)(Y, Z)− (DY

′
H
x
)(X,Z).

(7.12)

The equations (7.8) are the generalization of Gauss Characteristic equations and

the equations (7.12) are the generalization of Mainardi-Codazzi equations.

Let

K(BX,BY,N
x
) = EBXEBY N

x
−EBY EBX N

x
−E[BX,BY ]N

x
. (7.13)

In consequence of (1.2)a and (1.2)b, we have

EBXEBY N
x

= EBX(−BH
x
Y +

y

L
x
(Y )N

y
)

= −BDX H
x
Y −′

H
y
(X,H

x
Y )N

y
−

y

L
x
(Y )BH

y
X +

y

L
x
(Y )

z
L
y
(X)N

y

+X(
y

L
x
(Y ))N

y
,

(7.14)

and

E[BX,BY ]N
x

= −BH
x
([X,Y ]) +

y

L
x
([X,Y ])N

y
. (7.15)

Substituting from (7.14) and (7.15) in (7.13), we get

K(BX,BY,N
x
) = B{DY H

x
X −DX H

x
Y −

y

L
x
(Y )H

x
X +

y

L
x
(X)H

x
Y

+H
x
([X,Y ]} − ′

H
y
(X,H

x
Y )N

y
+ ′

H
y
(Y,H

x
X)N

y

+
y

L
x
(Y )

z
L
y
(X)N

y
−

y

L
x
(X)

z
L
y
(Y )N

y
+(DX

y

L
x
)(Y )N

y

− (Dy

y

L
x
)(X)N

y
.

(7.16)

Let us put

′K(BX,BY,N
x
, N
y
)
def
= G(K(BX,BY,N

x
), N

y
)ob. (7.17)
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Then

′K(BX,BY,N
x
, N
y
) = ′

H
y
(H
x
X,Y )− ′

H
y
(H
x
Y,X) + (DX

y

L
x
)(Y )

− (DY

y

L
x
)(X) +

y

L
x
(Y )

z
L
y
(X)−

y

L
x
(X)

z
L
y
(Y ).

(7.18)

This equation is identically satisfied for x = y.

If Vn be a hypersurface then the generalization of Gauss characteristic and

Mainardi-Codazzi equations reduce to
′K(BX,BY,BZ,BU) = ′K(X,Y, Z, U)− ′H(Y,Z)′H(X,U)

+ ′H(X,Z)′H(Y,U)
(7.19)

′K(BX,BY,BZ,N) = (DX
′H)(Y,Z)− (DY

′H)(X,Z). (7.20)

Also when Vn is a hypersurface, these equations are identically satisfied.

References

[1] Goldberg, S. I. : Globally Framed F-manifolds, Illinois J. Math., 15 (1971), 456-474.

[2] Goldberg, S. I. : Framed manifold, Differential Geometry, In honour of Kentao Yano,

Kinokunight, Tokyo, (1972), 121-132.

[3] Goldberg, S. I. and Yano, K. : On normal Globally Framed F-manifold, Tôhoku Math.
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