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Abstract

In this paper, we study the locally dually flatness of the special («, 3)-
metric L satisfying L%(a, ) = c1a® + 2c2 a3 + ¢332, where ¢; are constants,
o = \/a;j(x)y'ys is a Riemannian metric and 8 = b;y’ is a differential 1-form.
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1. Introduction

The concept of the (a, 8)-metric was introduced in 1972 by M. Matsumoto
and has been studied by M. Hashiguchi, Y. Ichijyo, S. Kikuchi, C. Shibata and
others ([2]-[6] and [8, 9]). The well known examples of the (a, §)-metric are the
Randers metric, Kropina metric and the Matsumoto metric.

Locally dually flat Finsler metrics are studied in information geometry and
the notion of dually flat Finsler metrics was first introduced by S. I. Amari and
H. Nagaoka [1] when they studied the information geometry on Riemannian
spaces. Z. Shen [7] extended the notion of dually flatness to Finsler metrics.
The authors Xinyue Cheng, Zhongmin Shen and Yusheng Zhou [11] studied on
locally dually flat Randers metrics and the same team of authors [12] studied on
a class of locally dually flat Finsler metrics. Xinyue Cheng and Yanfang Tian
[10] studied locally dually flat Finsler metrics with special curvature properties.
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A Finsler metric F' is said to be locally dually flat if at every point there
is a coordinate system (z°) in which the spray coefficients are in the following

form
, 1 ..
Gl = _§gZ]Hyj7 (].1)
where H = H(x,y) is a local scalar function on the tangent bundle T'M of M.

Such a coordinate system is called an adapted coordinate system.
2. Preliminaries

Definition 2.1. A Finsler metric on a manifold M is a C* function L :
TM\{0} — [0, 00) satisfying the following conditions:
(1) Regularity: L is C* on TM\{0}.
(2) Positive homogeneity: L(x, \y) = AL(z,y), A > 0.
(3) Strong convexity: The fundamental tensor g;;(x,y) is positive definite
for all (z,y) € TM\{0}, where g;; = 5[L?],i,s(x, ).

Definition 2.2. The fundamental function L of a Finsler space F" = (M, D, L)
is called an («, §)-metric, if L is a positively homogeneous function of degree one
in two arguments a = /a;;j(z)y'y’ and § = bi(z)y’, where a is a Riemannian
metric and § is a differential 1-form. The space R" = (M, «) is called the
associated Riemannian space with F™.

Lemma 2.1. ([7]) A Finsler metric L = L(z,y) on an open subset U C R" is
dually flat if and only if it satisfies the following conditions:

[L2] gy — 2[L%],0 = 0. (2.1)

In this case, H = H(z,y) in (1.1) is given by H = —$[L?]ymy™.

3. Locally Dually Flat Special («, 5)—Metric

In this section, we study the locally dually flat special («, 3)-metric L sat-
isfying L?(a, B) = c10? +2coa8+ ¢3/3%, where ¢; are constants, o = +/a;;(x)y'y?
is a Riemannian metric and 8 = by’ is a differential 1-form. We prove the
following theorem.

Theorem 3.1. Let L be a special (o, 3)-metric on a manifold M satisfying
L*(a, B) = c10® + 2c203 + c33%, where ¢; are constants, a = +/a;;(z)y'y? is
a Riemannian metric and 8 = by’ is a differential 1-form. The special (a, 3)-
metric L is locally dually flat if and only if in an adapted coordinate system,
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the following conditions are satisfied by « and .

2 5 2
To0 = 595 - 570263ﬁ2 +|Tac+ 3 (reacsb? —bpf™)| @2, (3.1)

0, — b

sio = 0, (3.2)
1 1

G = 3 (20 + TcaesB) y™ — 3 (Teaesb™ — ™) (3.3)

where 7 = 7(x) is a scalar function and § = y* is a 1-form on M and 6™ =
a“”&z

Proof. First, we prove the necessary condition. Assume that the special (o, 3)-
metric L satisfying L?(a, ) = c1a® + 2c2a8 + 3%, where ¢; are constants, is
locally dually flat on an open subset U C R™. We have the following identities:

Ym OGL! m oG aby, — Sy
Ok =y g Pt = bt b e = (B
where s = §/a and yi = ajkyj. By direct computation, we obtain
2 oGy
(L7l = (2¢1Ym + 2co0bm + 2c25Ym + 2¢38bm) dyk (3.5)
+  (2coa+ 2¢308) by y™,s
2¢9bp, 2 m b, —
Pl = 2 |2y 220t 2000k gy (S0
2 m
+ Db | G+ ( 261y + 2e00bm + 2250 1 20s8h,, | 20
a oyk
2
+ (2620& + QCgﬁ) bk\O + < C(Q;Uk + 203bk> 700- (36)
Substituting (3.5) and (3.6) into (2.1), we obtain
2 m oGY
EAIGOC - BlTyk + C1ro0 + D1(bgjo — 2bopi) = 0, (3.7)

where,

Al = 201 amp0® + 2600 Yr0® + 2000m,0° B + 2c2ym (a®by — Byk) + 2¢3bmbra®,

By =2c1Yym + 2c0ab,, + 202§ym + 2¢38by,

2
Cy = C2Yk

Dy = 2coa + 2¢30.

+ 2c3by,
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Multiplying (3.7) by o yields
[QClamka3 + 2¢2bm Y + 2090mi02 B + 2¢2ymbra® — 2¢2Ym i

oG
+203bmbka3] G — [clymoz3 + cabmat + coyma B + 63bmoz3ﬁ] 8yz

+ [czykoz2 + c;»,bka?’] roo + (02a4 + 03a3,8) (3sk0 — Tk0) = 0. (3.8)
Rewriting (3.8) as a polynomial in «, we have
A2a4 + Bga3 + 02a2 — Dy =0, (39)

where,
oG™

Ay = ¢ (350 — Th0) — Cobm -,

2 = 2 (3sk0 — Tko) — 2 ot

oG
By = (2c1amk + 2¢3bmbi) Gg' — (c1ym + c3bmB) 67?; + c3bkTo0

+ 383 (38k0 — Tk0)

m

0
C2 = (2c2ampB + 2¢2bmyx, + 2c2ymbi) Go' — (c2ymB) Ty’? + c2ykTo0,

Dy = 2¢oymyrSGY -
From (3.9), we know that the coefficients of a are zero. Hence the coefficients

of a® must be zero too. That is

oG
By = (2¢1Gmk + 2¢3bmby) GL' — (C1Ym + c3bm3) Ty:
4+ esbrroo + c3p (38k0 — Tko) =0. (3.10)
Thus, we have
Azt 4+ Cha® — Dy = 0. (3.11)
Note that
oG 0 (ymG2)
e al) _ g GM 12
Y Gyk 8yk a kGa (3 )
oG 0 (b GI)
bypp—n = = 3.13
oyk oyk (3.13)
Contracting (3.10) with b* and by using (3.12) and (3.13), we get
0 (YmG2) 1o 0 (bmGe) i
Claiykb +C3587ykb
= (3c1 + 203b2)meZL + e3b?rog + e36 (350 — 7o) - (3.14)
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Again contracting (3.11) with b* and by using (3.12) and (3.13), we obtain

0 (yme) 0 (mem)
2 « 4 a

+ (2e26%ym G + 5¢2Bbm Gt + c2frog) o — 2c28%ym G, (3.15)

b + oo b = ¢y (359 — 10) o

Multiplying (3.15) by ¢38 and subtracting it from the product of (3.14) and
coa? yields

AgCQ@z(Cl(Xz — 63,32) = 020333(b2 2_ 52), (3.16)
where,
Ay = 2l Talpk 3p QM
Bs = (2b,G™a® + ropa® — 2By, G™).

Since (b?a? — B?), (c1a® — c38%) and o? are all irreducible polynomials of (y*)
(provided ¢ # c3 where the case may be), we know that there is a function
7 =7(x) on M such that

20,,GM0? + ropa® — 2By G™ = Tcpa? (cloz2 — 0352) , (3.17)
%bk —3b, G = Teaes (bPa® — 7). (3.18)

Then equation (3.17) can be written as
2BymGh = (2meg1 + 1rgp — TC1C20% + TCQCgﬁZ) a’.

Since o does not contain the factor 3, then we have

G = 6o’ (3.19)
buGal = B0 - %roo + 701;20‘2 - 762236 5 (3.20)
where 6 = 0,y* is a 1-form on M. Then we obtain the following
‘W Oro® + 20y, (3.21)
9 (bmGa') = OB+ bid — rro + TCrcoyr — Teac3Bbg. (3.22)

oyk
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By using (3.20)-(3.22), the equations (3.10) and (3.11) become

c3B(3sko +  Ob — B0y) + c1a? (Teacsby — Oy

+ 361amkGZL — C1VYk (2(9 + TCQCgﬁ) =0, (3.23)
[(3628k0 + Cgabk — @ﬁ@k) + (CQCQCgTbk — ngk)ﬁ] 042
—  (2¢90 + cacacs3TB) Byk + 3cafami Gl = 0. (3.24)

Subtracting (3.24) from the product of (3.23) and 3 yields
3sko + 0br, — 80, = 0. (3.25)
This yields the required condition (3.1) of the theorem.

Contracting (3.23) with a'* yields

c3f3 (336 + 0y — 601> + (TCQCgbl — Hl) o? + 301Gfx —¢1 (20 4 Teacsf) yl =0.

(3.26)
Contracting (3.25) with a'* yields 3sh + 0b! — 6" = 0. Then, from (3.26), we
obtain another necessary condition (3.3) of the theorem.

Substituting (3.26) into (3.20), we obtain final required condition (3.2) of the
theorem.

By assuming that the three conditions (3.1), (3.2) and (3.3) hold true, we can
prove the sufficient condition by direct computation. This completes the proof
of the Theorem 3.1.
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