
J. T. S. ISSN : 0974-5428

Vol. 6 No.1 (2012), pp.27-33

The Study of Locally Dually Flat Finsler Space with Special
(α, β)−metric

S. K. Narasimhamurthy and D. M. Vasantha

Department of Mathematics

Kuvempu University, Shankaraghatta-577 451,

Shivamogga, Karnataka, INDIA

e-mail:nmurthysk@gmail.com, dmvasantha@gmail.com

(Received: 25 April, 2011)

(Dedicated to Prof. K. S. Amur on his 80th birth year)

Abstract

In this paper, we study the locally dually flatness of the special (α, β)-

metric L satisfying L2(α, β) = c1α
2 + 2c2 αβ + c3β

2, where ci are constants,

α =
√

aij(x)yiyj is a Riemannian metric and β = biy
i is a differential 1-form.
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1. Introduction

The concept of the (α, β)-metric was introduced in 1972 by M. Matsumoto

and has been studied by M. Hashiguchi, Y. Ichijyo, S. Kikuchi, C. Shibata and

others ([2]-[6] and [8, 9]). The well known examples of the (α, β)-metric are the

Randers metric, Kropina metric and the Matsumoto metric.

Locally dually flat Finsler metrics are studied in information geometry and

the notion of dually flat Finsler metrics was first introduced by S. I. Amari and

H. Nagaoka [1] when they studied the information geometry on Riemannian

spaces. Z. Shen [7] extended the notion of dually flatness to Finsler metrics.

The authors Xinyue Cheng, Zhongmin Shen and Yusheng Zhou [11] studied on

locally dually flat Randers metrics and the same team of authors [12] studied on

a class of locally dually flat Finsler metrics. Xinyue Cheng and Yanfang Tian

[10] studied locally dually flat Finsler metrics with special curvature properties.

https://doi.org/10.56424/jts.v6i01.10463
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A Finsler metric F is said to be locally dually flat if at every point there

is a coordinate system (xi) in which the spray coefficients are in the following

form

Gi = −1

2
gijHyj , (1.1)

where H = H(x, y) is a local scalar function on the tangent bundle TM of M .

Such a coordinate system is called an adapted coordinate system.

2. Preliminaries

Definition 2.1. A Finsler metric on a manifold M is a C∞ function L :

TM\{0} → [0,∞) satisfying the following conditions:

(1) Regularity: L is C∞ on TM\{0}.
(2) Positive homogeneity: L(x, λy) = λL(x, y), λ > 0.

(3) Strong convexity: The fundamental tensor gij(x, y) is positive definite

for all (x, y) ∈ TM\{0}, where gij =
1
2 [L

2]yiyj (x, y).

Definition 2.2. The fundamental function L of a Finsler space Fn = (M,D,L)

is called an (α, β)-metric, if L is a positively homogeneous function of degree one

in two arguments α =
√

aij(x)yiyj and β = bi(x)y
i, where α is a Riemannian

metric and β is a differential 1-form. The space Rn = (M,α) is called the

associated Riemannian space with Fn.

Lemma 2.1. ([7]) A Finsler metric L = L(x, y) on an open subset 0 ⊂ Rn is

dually flat if and only if it satisfies the following conditions:

[L2]xkyly
k − 2[L2]xl = 0. (2.1)

In this case, H = H(x, y) in (1.1) is given by H = −1
6 [L

2]xmym.

3. Locally Dually Flat Special (α, β)−Metric

In this section, we study the locally dually flat special (α, β)-metric L sat-

isfying L2(α, β) = c1α
2+2c2αβ+c3β

2, where ci are constants, α =
√

aij(x)yiyj

is a Riemannian metric and β = biy
i is a differential 1-form. We prove the

following theorem.

Theorem 3.1. Let L be a special (α, β)-metric on a manifold M satisfying

L2(α, β) = c1α
2 + 2c2αβ + c3β

2, where ci are constants, α =
√

aij(x)yiyj is

a Riemannian metric and β = biy
i is a differential 1-form. The special (α, β)-

metric L is locally dually flat if and only if in an adapted coordinate system,
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the following conditions are satisfied by α and β.

r00 =
2

3
θβ − 5

3
τc2c3β

2 +

[
τc1c2 +

2

3

(
τc2c3b

2 − bmθm
)]

α2, (3.1)

sk0 =
βθk − θbk

3
, (3.2)

Gm
α =

1

3
(2θ + τc2c3β) y

m − 1

3
(τc2c3b

m − θm)α2, (3.3)

where τ = τ(x) is a scalar function and θ = θky
k is a 1-form on M and θm =

aimθi.

Proof. First, we prove the necessary condition. Assume that the special (α, β)-

metric L satisfying L2(α, β) = c1α
2 + 2c2αβ + c3β

2, where ci are constants, is

locally dually flat on an open subset 0 ⊂ Rn. We have the following identities:

αxk =
ym
α

∂Gm
α

∂yk
, βxk = bm|ky

m + bm
∂Gm

α

∂yk
, syk =

αbk − syk
α2

, (3.4)

where s = β/α and yk = ajky
j . By direct computation, we obtain

[L2]xk = (2c1ym + 2c2αbm + 2c2sym + 2c3βbm)
∂Gm

α

∂yk
(3.5)

+ (2c2α+ 2c3β) bm|ky
m,

[L2]xlyky
l = 2

[
2c1amk +

2c2bmyk
α

+
2c2βamk

α
+ 2c2ym

(
αbk − syk

α2

)
+ 2c3bmbk

]
Gm

α +

(
2c1ym + 2c2αbm +

2c2β

α
ym + 2c3βbm

)
∂Gm

α

∂yk

+ (2c2α+ 2c3β) bk|0 +

(
2c2yk
α

+ 2c3bk

)
r00. (3.6)

Substituting (3.5) and (3.6) into (2.1), we obtain

2

α3
A1G

m
α −B1

∂Gm
α

∂yk
+ C1r00 +D1(bk|0 − 2b0|k) = 0, (3.7)

where,

A1 = 2c1amkα
3 + 2c2bmykα

2 + 2c2amkα
2β + 2c2ym(α2bk − βyk) + 2c3bmbkα

3,

B1 = 2c1ym + 2c2αbm + 2c2
β

α
ym + 2c3βbm,

C1 =
2c2yk
α

+ 2c3bk,

D1 = 2c2α+ 2c3β.
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Multiplying (3.7) by α3 yields[
2c1amkα

3 + 2c2bmykα
2 + 2c2amkα

2β + 2c2ymbkα
2 − 2c2ymykβ

+2c3bmbkα
3
]
Gm

α −
[
c1ymα3 + c2bmα4 + c2ymα2β + c3bmα3β

] ∂Gm
α

∂yk

+
[
c2ykα

2 + c3bkα
3
]
r00 +

(
c2α

4 + c3α
3β

)
(3sk0 − rk0) = 0. (3.8)

Rewriting (3.8) as a polynomial in α, we have

A2α
4 +B2α

3 + C2α
2 −D2 = 0, (3.9)

where,

A2 = c2 (3sk0 − rk0)− c2bm
∂Gm

α

∂yk
,

B2 = (2c1amk + 2c3bmbk)G
m
α − (c1ym + c3bmβ)

∂Gm
α

∂yk
+ c3bkr00

+ c3β (3sk0 − rk0) ,

C2 = (2c2amkβ + 2c2bmyk + 2c2ymbk)G
m
α − (c2ymβ)

∂Gm
α

∂yk
+ c2ykr00,

D2 = 2c2ymykβG
m
α .

From (3.9), we know that the coefficients of α are zero. Hence the coefficients

of α3 must be zero too. That is

B2 = (2c1amk + 2c3bmbk)G
m
α − (c1ym + c3bmβ)

∂Gm
α

∂yk

+ c3bkr00 + c3β (3sk0 − rk0) = 0. (3.10)

Thus, we have

A2α
4 + C2α

2 −D2 = 0. (3.11)

Note that

ym
∂Gm

α

∂yk
=

∂ (ymGm
α )

∂yk
− amkG

m
α , (3.12)

bm
∂Gm

α

∂yk
=

∂ (bmGm
α )

∂yk
. (3.13)

Contracting (3.10) with bk and by using (3.12) and (3.13), we get

c1
∂ (ymGm

α )

∂yk
bk + c3β

∂ (bmGm
α )

∂yk
bk

= (3c1 + 2c3b
2)bmGm

α + c3b
2r00 + c3β (3s0 − r0) . (3.14)
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Again contracting (3.11) with bk and by using (3.12) and (3.13), we obtain

c2βα
2∂ (ymGm

α )

∂yk
bk + c2α

4∂ (bmGm
α )

∂yk
bk = c2 (3s0 − r0)α

4

+
(
2c2b

2ymGm
α + 5c2βbmGm

α + c2βr00
)
α2 − 2c2β

2ymGm
α . (3.15)

Multiplying (3.15) by c3β and subtracting it from the product of (3.14) and

c2α
4 yields

A3c2α
2(c1α

2 − c3β
2) = c2c3B3(b

2α2 − β2), (3.16)

where,

A3 =
∂ (ymGm

α )

∂yk
bk − 3bmGm

α ,

B3 = (2bmGm
α α2 + r00α

2 − 2βymGm
α ).

Since (b2α2 − β2), (c1α
2 − c3β

2) and α2 are all irreducible polynomials of (yi)

(provided c1 ̸= c3 where the case may be), we know that there is a function

τ = τ(x) on M such that

2bmGm
α α2 + r00α

2 − 2βymGm
α = τc2α

2
(
c1α

2 − c3β
2
)
, (3.17)

∂ (ymGm
α )

∂yk
bk − 3bmGm

α = τc2c3
(
b2α2 − β2

)
. (3.18)

Then equation (3.17) can be written as

2βymGm
α =

(
2bmGm

α + r00 − τc1c2α
2 + τc2c3β

2
)
α2.

Since α2 does not contain the factor β, then we have

ymGm
α = θα2, (3.19)

bmGm
α = βθ − 1

2
r00 +

τc1c2α
2

2
− τc2c3β

2

2
, (3.20)

where θ = θky
k is a 1-form on M . Then we obtain the following

∂ (ymGm
α )

∂yk
= θkα

2 + 2θyk, (3.21)

∂ (bmGm
α )

∂yk
= θkβ + bkθ − rk0 + τc1c2yk − τc2c3βbk. (3.22)
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By using (3.20)-(3.22), the equations (3.10) and (3.11) become

c3β (3sk0 + θbk − βθk) + c1α
2 (τc2c3bk − θk)

+ 3c1amkG
m
α − c1yk (2θ + τc2c3β) = 0, (3.23)

[(3c2sk0 + c2θbk − c2βθk) + (c2c2c3τbk − c2θk)β]α
2

− (2c2θ + c2c2c3τβ)βyk + 3c2βamkG
m
α = 0. (3.24)

Subtracting (3.24) from the product of (3.23) and β yields

3sk0 + θbk − βθk = 0. (3.25)

This yields the required condition (3.1) of the theorem.

Contracting (3.23) with alk yields

c3β
(
3sl0 + θbl − βθl

)
+ c1

(
τc2c3b

l − θl
)
α2 + 3c1G

l
α − c1 (2θ + τc2c3β) y

l = 0.

(3.26)

Contracting (3.25) with alk yields 3sl0 + θbl − βθl = 0. Then, from (3.26), we

obtain another necessary condition (3.3) of the theorem.

Substituting (3.26) into (3.20), we obtain final required condition (3.2) of the

theorem.

By assuming that the three conditions (3.1), (3.2) and (3.3) hold true, we can

prove the sufficient condition by direct computation. This completes the proof

of the Theorem 3.1.
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