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Abstract

In this paper, making use of the generalized Liu-Srivastava operator, we
introduce and study a new subclass Xp(a, 8,7, A, k) of meromorphically univa-
lent functions. We obtain the coeflicient estimates, distortion bounds, extreme
points, radii of meromorphically starlikeness and convexity for functions in the
class Xp(a, 5,7, A, k). Furthermore we obtain the partial sums for the same.
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1. Introduction

Let X denote the class of functions of the form
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o0
f2) =214 an2" (1.1)
n=1
which are analytic in the punctured open unit disk
U :={2:2€C,0< |z] <1} =2 U\ {0}.
Let ¥s, ¥*(y) and Yx(7y), (0 < v < 1) denote the subclasses of ¥ that
are meromorphically univalent, meromorphically starlike functions of order -y

and meromophically convex functions of order « respectively. Analytically, f €
¥*(y) if and only if, f is of the form (1.1) and satisfies

—Re (zf’(z)) >, z€0U,

f(z)
similarly, f € ¥k (v), if and only if, f is of the form (1.1) and satisfies
Zf"(2)>
—Re 1+ >, z€U,
( f'(z)

and similar other classes of meromorphically univalent functions have been ex-
tensively studied by (for example) Altintas [2], Aouf [4], Mogra et al. [17],
Uralegadi et al. [21, 22, 23] and others (see [3, 6, 18, 19]).

Let X p be the class of functions of the form
flz) =21+ Zanz", ap > 0, (1.2)

that are analytic and univalent in U*. For functions f € ¥ given by (1.1) and
g € X given

gz) =271+ bz, (1.3)
n=1

we define the Hadamard product (or convolution) of f(z) and g(z) by
(f*9)(2) =214+ anbp2" =t (g% f)(2). (1.4)
n=1

For complex parameters oq,...,oq and Bi,...,0m (B; # 0,—1,...;5 =
1,2,...,m) the generalized hypergeometric function ;F,(z) is defined by

) S @ (a2
1Fin(2) = 1Fn(a1, . ..oq; 81, ..., By 2) g(ﬁl)n-‘-(ﬁm)n - (1.5)

(<m+1;ImeNy = NU{0};z€U),
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where N denotes the set of all positive integers and (), is the Pochhammer
symbol defined by

o) _T@O+n) [ 1, n=0;0 € C\ {0}
"TO) L O+1)0+2)...(0+n—-1), neN;deC.
(1.6)
Corresponding to a function ;Fy,, (a1, ... B1, . . ., Bm; 2) defined by

]:(0517 . 'al;ﬁlv te 7ﬁm7z) = z_llFm(al) o 'al;ﬁlv te wﬁm;z)v

Liu and Srivastava [15] (see also [16]) considered a linear operator H(ayq, ... ay;
Biy---,Bm) : X — X defined by the following Hadamard product (or convolu-
tion):

H(al,...al;ﬁl,...,Bm)f(z) :F(Ckl,. al;ﬁl,...,ﬁm; )*f(z)

_1 al n+1 - al)n—i—l an 2

+ )

Z (B1)nt1 - (5m)n+1 (n+1)!

where, a; > 0,(i = 1,2,...0),8; > 0,(j = 1,2,...m),l <m+1;l,meNy=NU
{0}. For notational simplicity, we use a shorter notations !, [a1] for H(av, ... ay;

B1,...,Bm), in the sequel. We note that the linear operator H!., [a;] was moti-
vated essentially by Dziok and Srivastava [9].

n

(1.7)

Next, we define the linear operator Dl)\’fg 12— X by
DY f(2) = f(2),
m A m
D;v’lf(z) = (1= NH [a1]f(2) + ;(22H£n[a1]f(z))’ =D f(2),(A > 0).

and (in general),

DYRf(z) = DYDY (=)
1
l,m L n
D/\,k’f(z) T ; + 5_1 P’n(alu ka )\) an 2 9 (18)
where,

. (Oél)n+1 - (al)n+1 [1 + )\(n . 1)] k
Fn(a17k7)\) - ((,Bl)n—i-l L. (Bm)”-‘rl (n+ 1)| ) s (k € Ng, A > 0) (19)

We note that, for kK = 1 and A = 0 the operator Dé’fff(z) = H! [o1]f(2)
which was investigated by Liu and Srivastava [15], Aouf [5] (see also [7]), for
=2, m=1 a =1, A =0 and kK = 1 the operator Dgﬁ[al,l;ﬁl]f( ) =
L[aq; B1]f(2) was introduced and studied by Liu and Srivastava [14] (see also [1],
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[11] and [25]). Further,we remark in passing that this operator L[a;; 1] is closely
related to the Carlson-Shaffer operator L[ay; 51] defined on the space of analytic
and univalent functions in U. For [ =2, m =1, a1 =0+1 81 =as =1, A =0
and k = 1, the operator ng[é +1,1;1]f(2) = DOf(z2) = W x f(2) (6 >
—1), where D? is the differential operator which was introduced by Ganigi and
Uralegadi [10] (see also [7]) and then it was generalized by Yang [24].

Now by making use of the operator Df\’ng, we define a new subclass of

functions in X p as follows.

Definition 1.1. For0§a<1and0<ﬂ§1,%<’yglifa:0,%<7§%

if a # 0, let X(a, 8,7, A\, k) denote a subclass of ¥ consisting functions of the
form (1.1) satisfying the condition that

o
— Ak — < B, zelU* (1.10)
DL (2) DR f(2)

where Df\TZ f(2) is given by (1.8). Furthermore, we say that a function f €
Yp(a, B,7v, A\ k), whenever f(z) is of the form (1.2).

We observe that by specializing the parameters involved in the operator and
in the class, we obtain the classes studied by Aouf [3], Kulkarni and Joshi [12],
Mogra et al., [17] and others. The present paper aims at providing a systematic
investigation of the various interesting properties and characteristics of functions
belonging to the class Xp(a, 5,7, A, k). Further we determine the radius of
starlikeness and convexity for the functions in the class Xp(a, 8,7, A\ k). We
also obtain the partial sums for the aforementioned class.

2. Coefficient Inequalities

In this section we assume that 0 < o < 1 and 0 < 8 < 1, % <y < 1if
a=0,3 <7< 5 if a0, and Iy, k, A) is given by (1.9). Our first result
for the functions f € ¥ is contained in the following theorem.

o0
Theorem 2.1. Let f(2) = 2 + 3" a,2" be analytic in U*. If

n=1
> l(n+ 1)+ B((1 = n) +2y(n — a))|Cnlar, k, A) Jan| < 287(1 - @), (2.1)
n=1

then f € X(a, 8,79, A\, k).
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Proof. Suppose (2.1) holds, for all admissible values of «, # and . Then we
have

2D F()) + DA = B[ 2y = DDA () + (207 = DD (2)

[e'S) 1 )
= Z(n + 1)Fn(a17 ka )‘)anzn - B 27(04 - 1); + 2(27 - l)nFn(ala ka /\)anzn
n=1 n=1

[e.9]

+ Z 20y — D)y (01, ky N)anz"

< I +1) + B((1—n) +2y(n — a)|Tn(a, k, A) [an]z™ = 28v(1 - ).
n=1

Since the above inequality holds for all r = |z], 0 < r < 1, letting r — 1, we
have,

D[+ 1)+ 8((1 =) +2y(n — a))Ta(ar,k,A) |an| < 287(1 — )

n=1
by (2.1). Hence it follows that f € X(a, 8,7, A, k).

In the next theorem, we obtain the necessary and sufficient condition for a
function f to be in the class Xp(a, 8,7, A, k).

Theorem 2.2. Let f € ¥p be given by (1.2). Then f € Xp(a, 8,7, \, k) if and
only if

S M+ 1)+ B((1 = 1) + 2y(n — a))[Cular, ks A) an < 287(1—a),  (22)

n=1

where I'y, (a1, k, A) is given by (1.9).

Proof. By previous theorem, it is sufficient to show the only if part. Let us
assume that the function f(z) is of the form (1.2) is in Xp(«, 3,7, A, k). Then

(DY f(2))
e |
REE

/)
l,m 2)) p l,m 2))
wf(2)

I, l,
D)\TZf(z) DA, z
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(n + 1)Fn(a17 ka )‘)anzn+l

(18

n=1

29(1 —a) — > (1 = 2y)nTy (a1, k, N)apz"tt

n=1

— > (1 =207y (1, ky N)ayzn+1
n=1

<p, zeU" (2.3)
Using fact that |R(z)| < |z| for any z, it follows that

> (n+ Dln(on, kb, Aan2" ™
n=1
% o0
29(1 — ) — > (1 = 2y)nTp(a, k, N)apzntt

n=1

— <pB,ze€U* (24)
— > (1 =209 (a1, k, N)ayz" Tt

n=1

2(DYf(2))

Now choose the value of z on real axis so that is real. Upon clearing

DYRf(2)
the denominator in (2.4) and letting z — 1 through positive values, we obtain
D (n+1)+ B((1—n) +2y(n — a)|Tn(ar, k, A) an < 28y(1 — a).
n=1

Hence the result follows.

The coefficient estimate for functions in the class X p(a, 8,7, A, k) is stated
in the following corollary.
Corollary 2.3. If f € ¥p(a, 8,7, A\, k) then
267(1 - a)
[(n+1)+8((1—n)+2v(n—a))|Th(ar, k,\)

The result is sharp for the function

1 261(1 - a) i
@) = T G D T B =) + 20 —a))Tn(ar iy "2 @20

Next we obtain the distortion and growth results for the class X p(a, 8,7, A, k)
from the following theorem.

an <

(2.5)
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Theorem 2.4. If f € ¥p(«, 5,7, A\, k), then

1 28y(1 — ) 1 28v(1 — o)

P B ety S S e g e k)
(Jz] =)

and

1 267(1 — ) / 1 26y(1 — @)

2 ooty S S et e A o e
(|l =)

The result is sharp for

1 2671 — )
f(z) = > + 24+ 267(1 — )T (a1, k, \)

z. (2.7)

Proof. Since f(z) = % + > 02 apz™, we have

- 1 >
1£(2)] §;—|—Zanr”§;+r2an. (2.8)
n=1 n=1

Given that f € Xp(a, 8,7, A, k), from the equation (2.2), we have

2+ 289(1 — )T (a1, b, ) S an < S [0+ 1)+ B((1 - n) + 2(n — a))] x
n=1 n=1
Iy(aa, k,A) ap
<2B8v(1 - o).

That is,

o 287(1 — a)
;G” = 2+ 28v(1 — )T (a1, k, A)

Using the above equation in (2.8), we have

1 267(1 — )

< -+
|f(2)] < , [2+2ﬁ7(1—a)]F1(a1,]€7)\)r
and ( )
1 267(1 — o
1 .
|f(2)| = r [2—‘,—2,8’}’(1 —a)]rl(alyka )\)T
The result is sharp for f(z) = % + [2+267(2151<(11)]}O;)(0‘1 R Stilarly we have,
28y(1 - a)

1f'(2)] = 2 24 268v(1 — o)1 (a1, k, \)
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and

/ 1 26v(1 — )
< — .
PN 2 T B3 )T (an, koY)
Let the functions f;(z) (j =1,2,...,m) be given by

1 [e.e]
fi(z) = 2 + Zaw‘z", an; >0, neN,n>1.
n=1

(2.9)

We state the following closure theorem for the class ¥ p(«, 3,7, A, k) without
proof.

Theorem 2.5. Let the function f;(z) defined by (2.9) be in the class X p(c, 5,7,
A\ k) for every j = 1,2,...,m. Then the function f(z) defined by

1 [e's)
f(Z) = ; + Zlanzna
n—=

belongs to the class Xp(«, 5,7, A, k), where a,, = % Z’anl an,j, (n=1,2,..).
Theorem 2.6. (Extreme Points) Let

fo(z) = éand
1 28y(1 - ) L
e (e R () B AT TR M TR R

Then f € ¥p(a, 5,7, A, k), if and only if it can be represented in the form

f(z) = Zﬂnfn(z)v (pn > 072#% =1). (2.11)
n=0 n=0

Proof. Suppose f(z) can be expressed as in (2.11). Then

F(2) = pnfn(2)
n=0
= ,U/OfO(Z) + Z,U/nfn(z)
n=1

RS 287(1 — ) n
A nz::l Pl + 1) + B(1—n) + 29(n — a))Tulan, k, N~
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Therefore,

= 267(1 - a)
2T T T B ) + 290n — )T E )

[(n+1) + 6((L = n) +2y(n = a))Tn(c1, K, A) 4,
26v(1 - «a)

(o]
= pn—1=1-pg<1.

n=1

So by Theorem 2.2, f € ¥p(a, 3,7, A, k).

Conversely, suppose f € Yp(a, 3,7, A, k). Since
28v(1 — o)

apn < [(n+1)+B((1 —n)+2y(n — a)|Tular, k,\)’ n > 1.
We set,
[+ 1)+ B((1 = n) +2v(n — a))|Tnla1, k, \)
e 267(1 - a) an, n 21
and pg =1— il fn. Then we have, f(z) = ioﬂ”f”<z) — wofol(z)+ il o fnl2):

Hence the results follows.

3. Radii of meromorphically starlikeness and meromorphically con-
vexity

In this section, we obtain the radii of stralikeness and convexity of order &
for functions in the class Xp(a, 8,7, A, k).

Theorem 3.1. Let f € ¥p(a, 3,7, A, k). Then f is meromorphically starlike of
order § (0 <4 < 1) in the disc |z| < r1, where

K 14 )[(n—l-1)+ﬁ((1—n)+2'y(n_a))}rn(a1’k7)\) .

e \nr2-0 26v(1 — ) ’
(n>1).

The result is sharp for the extremal function f(z) given by (2.10).

Proof. The function f € YXp(a, 8,7, A, k) of the form (1.1) is meromorphically
starlike of order § in the disc |z| < r1, if and only if it satisfies the condition

2f'(2)

e T

<1-4. (3.1)
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Since
2f'(z) 11l < Do (n+ a,2"+! < e (n+ 1)]an||z["+!
f(2) T LN ™ | T 1= 300 an (2]
The above expression is less than 1 — ¢ if
n+2-9 e
n=2
Using the fact, that f € X¥p(a, 8,7, A, k) if and only if
S+ ) 50 =)+ 5= )l k),
~ 267(1 - ) "

We say (3.1) is true if
nE2o0) [(n+1) +B((A —n) +29(n — ))T'n(oa, k, A)
1-96 267(1 — «)
Or, equivalently,
| < (1=¢6) [(n+1)+B((1=n)+2y(1n—a)l'n(a1,k,A)
(n+2-9) 26v(1 — «)
which yields the starlikeness of the family.

Theorem 3.2. Let f € ¥p(a, 8,7, A k). Then f is meromorphically convex of
order ¢ (0 <6 < 1) in the unit disc |z| < 72, where

[< 1-6 )Kn+w+manwzwn®mxmhh»r%
n(n+2—9) 267(1 - ) 7
(n>1).

T9 = inf
n

The result is sharp for the extremal function f(z) given by (2.7).

Proof. The proof is analogous to that of Theorem 3.1, and we omit the details.

4. Partial Sums

Let f € ¥p be a function of the form (1.1). Motivated by Silverman [20],
Cho and Owa [8], Latha and Shivarudrappa [13], we define the partial sums
fm(z) defined by

1 m
m(z) = — n2" N). 4.1
() =5+ s (me (41)

In this section, we consider partial sums of functions from the class ¥ p(a, 3,

v, A, k) and obtain sharp lower bounds for the real part of the ratios of f to f,

and f' to f] .
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Theorem 4.1. Let f € ¥p(a, 8,7, A, k) be given by (1.2) and define the partial
sums f1(z) and fn(2), by

fil2) =~ and fu(s) = -+ > ans", (meN/{1)) (4.2)
n=1

Tz
Suppose also that

00
Z dpan <1,
n=1

where
Q> 1 forn=1,2,3,...,m i3
n 2 [(n+1)+,3((177;)64’rﬁ'1y(_naf)a))]1“n(a1,k,/\) forn=m+1,m+2,m+3-- (4.3)
Then f € ¥p(a, 8,7, A, k). Furthermore,
f(z) ) 1
Re >1-— 4.4
(fm(z) dm+1 (4.4)
and
fm(z)> dm+41
Re > . 4.5
(7)o 9
Proof. For the coefficients d,, given by (4.3) it is not difficult to verify that
dp+1 > dy > 1. (4.6)
Therefore we have
Zan + dmnt1 Z apn < Zdnan <1 (47)
n=1 n=m-+1 n=1

by using the hypothesis (4.3). By setting

g1(2) = dmnt <f52) - <1 - dnj+1>>

00
-1
dmy1 D, apz"
n=m+1

m
14 > apzn !
n=1

= 1+

)

then it suffices to show that

Re (91(2)) 20 (2 € U")
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or,
-1
gl(z)‘ <1 (2 €U
g1(z) +1
and applying (4.7), we find that
oo
dm+1 Z an
g1 (Z) - 1’ < n=m-+1
1 — m oo
g91(2) + 2—-2> ap—dmnt1 D>, an
n=1 n=m-+1
< 1, ze€ U,

which readily yields the assertion (4.4) of Theorem 4.1. In order to see that

1 Zm+1
=7 4.8
flz) = — (4.8)
gives sharp result, we observe that for z = re'™/™ that f{yffg) =1- :l:i

1—%asr—>1_.
m—+1

Similarly, if we take

0a(2) = (1+dm) (

and making use of (4.7), we deduce that

oo
(I+dms1) > an
- 1‘ n=m-+1

BTy oS (L —dpt) S an
n=1

n=m-+1

fm(z) . dm+1 )
f(z) 1+ dmt1

Q
)
—
I\
~—
N

which leads us immediately to the assertion (4.5) of Theorem 4.1. The bound
in (4.5) is sharp for each m € N with the extremal function f(z) given by (4.8).

Theorem 4.2. If f(z) of the form (1.2) satisfies the condition (2.2). Then
/
1
Re<f(Z)> S mt

fh(2) dm+1
. 1 (2) d
Re ( m > Z mtl )
f'(2) m+ 1+ dnt1
where
n forn=2,3,...,m
dp > { n[(n+1)+,3((1fgﬂ)j(21'1(2;a))]rn(a1,k,)\) forn—=m-+1m+2.m+3.

The bounds are sharp, with the extremal function f(z) of the form (2.7).
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Proof. The proof is analogous to that of Theorem 4.1, and we omit the details.
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