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Abstract

In the present paper, we consider a n—dimentional Finsler space F™ =
n+1
(M™, L) with («a, f)—metric L(a, 5) = a + (0[5_7;)” which is a generalization of

the metric a + % considered in [9] and the hypersurface of F™ with b;(z) =
0;b being the gradient of a scalar function b(z). We find the conditions for this
hypersurface to be a hyperplane of 1st kind, 2nd kind and we also show that
this hypersurface is a hyperplane of 3rd kind if and only if it is a hyperplane of
first kind.
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1. Introduction

We consider a n-dimensional Finsler space i.e., a pair consisting of a n—
dimensional differential manifold M equipped with a fundamental function L(z,
y). The concept of the («, f)—metric L(«, ) was introduced by M. Matsumoto
([5]) and has been studied by many authors ([1], [2], [7]). A Finsler metric L(z,
y) is called an (o, B)—metric L(a, B) if L is a positively homogeneous function
of o and § of degree one, where a2 = a;;(x) y' v/ is a Riemannian metric and
B = bi(x)y’ is a 1-form on M™.

A hypersurface M"~! of the M™ may be represented parametrically by the
equation 2! = z'(u®), a = 1,...,n— 1, where u® are Gaussian coordinates on

M"™=1. The following notations are also employed [3]: fo,@ = 8u°‘ 8u[,, Bog =
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UO‘BQB, Bgﬁ = BgBé If the supporting element 3 at a point (u®) of M™~1
is assumed to be tangential to M"~!, we may then write y* = B (u)v®, so that
v® is thought of as the supporting element of M™~! at the point (u®). Since
the function L(u,v) = L(x(u),y(u,v)) gives rise to a Finsler metric of M"~!,
we get a (n — 1)—dimensional Finsler space F"~! = (M1, L(u,v)) .

2. Preliminaries

Let F™ = (M", L) be a special Finsler space with the metric
ﬁn—i—l
The derivatives of the (2.1) with respect to a and 8 are given by
(0= By* —nf™ (4 Da=§F st D
(@A O T

n(n + 1)a?pn! —n(n+ 1)af™
Lgg = (@ = B2 v Lap = Tla— g

Lo = L=

OL

In the special Finsler space F™* = (M", L) the normalized element of sup-
port l; = 0;L and the angular metric tensor h;; are given by [7]:

l; = oz_lLaYi + Lgbi

and
hij = pai; + qobibj + q1(b:Y; + b2Y;Y)) + Q2YiY),
where

Y = a0,

{a(a - B)n + 5n+1}{(a — B)”'H _ n/@n+1}
a(a — ﬁ)(?n—&-l) ;
n(n + {ala — )" + grtila2pn—1
(a _ ﬂ)?n-ﬁ-? )
—n(n +D{ala = B)" + "}5"
(Oé _ ,8)2(”+1) ’

p=LL,a ! =

qo = LLgg =

g1 = LLopa ™' =

q2 = La_2(Laa)

_ {Oé(oz — ﬁ)n + /3n+1}[nﬁn+1{(n + 2)a _ 5} _ (a _ 5)n+2] -
B @3 — B)20n ) . (22)
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The fundamental tensor g;; = %@(%LQ and its reciprocal tensor ¢¥ are
given, respectively by [7]

9ij = paij + pobibj + p1(b;Y; + b;Y;) + pYiYj,

where
po=qo+ L3
_ (n+ Dlfna’(a — B)"F"! + (n+ 1)a2B + naB — 20571}
N (a — p)2n+2
ﬁ2n+2]

p=q+ L pLs

{(1 = n)a = BHn+Daf"(a = B)" = 2n(n + Dag”! +ng+)
a(a _ /8)2n+2

"o — g

, (2.3)
p2=q+p°L?
{a(a=B)" + B} np" H{(n +2)a = B} = (o = B)" ]+
a3 (o — B)2(n+1)
{(a _ 6)2n+2 4 n2ﬁ2n+2 _ 2n(a _ 5)n+1/8n+1} (2 4)
and
gij = p_laij — Spb'h — Sl(biyj + bjyi) — SQyiyj (2.5)
where
b = aiib;, Sy = [Ppo—&-(po;lérp%)aQ]’ Sy = WHPE—W’ Sy = [pp2+(p+2—p%)’ﬂ7

b = ayb't’, (= p(p+pob® +pi1B) + (pop2 — i) (@’V* — %) (2.6)
The hv-torsion tensor c;j, = %&gzj is given by [7]
2pCiji. = p1(hiymy + hjem; + higmj) + yrmymimy, (2.7)
where 5
Po _
N=PyE T 3p190, m; = b; — a2 BY;.
Here m; is a non-vanishing covariant vector orthogonal to the element of sup-

4 i

port y*. Let {
gk
Riemannian space R™ and v/ be covariant differentiation with respect to «

relative to this Christoffel symbols. We put

} be the components of Christoffel symbols of the associated

k
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2Eij = bij + bji, 2F;; = byj — byi, (2.8)
where bij = ijz

Let CT' = (F;‘},FS};,F%) be the Cartan connection of F™. The difference

tensor D;k = F}"}C — {jzk:} of the special Finsler space F™ is given by [4]

;’.k = B'Ej; + F{B;j + F} By, + Blbow + Bibo; — bomg"" Bji, — C, A
—Cim AT + Cirm AT g™ + N (i C + ChmCoi — CrCons)s (2.9)
where

By, = pobi, + p1Yk, B' = ¢" B, FF = gkijiv
{p1(aij — a*YiY)) + Ggmam;}
2 b)

B;; = (2.10)
B} = g" By,
v ="0;"Eo + B"Ex + BipFy' + BoFy",
A" = B™Ey + 2By Fy", By = By',
where ‘0 ’denote contraction with 3’ except for the quantities pg, go and S.

3. Induced Cartan connection

Let F"~! be a hypersurface of F™ given by the equations z* = x%(u). The
element of support y* of F™ is to be taken tangential to F™~!, that is

y' = B (u)v°. (3.1)
The metric tensor g and v-torsion tensor C' of F"~! are given by
9op = 9i;BLBL,  Capy = CijuBLBLBE.
At each point u of F™~! a unit normal vector N*(u, v) is defined by
95 (2(w, v), y(u, v) BuN? =0, gij(a(u,v),y(u,v)) N'N? = 1,
and for the angular metric tensor h;;, we have
hag = hi;BLB%,  hgBLN7 =0, hyN'NT =1. (3.2)
If (B%, N*) denote the inverse of (B, N;), then we have
B = g*g;;B,, BLB =06}, B!N'=0, BLN;=0, N;=g;N’,
BF =¢"B;,  BLBY+ N'N/ =4
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The induced connection ICT = (I'y7, G3,C§.) of F "~! induced from the Car-
i

tan’s connection (F;,’;, I ') 1s given by [6]
Ui = B (Bh, + 5By BY) + Mg H,,
§ = B{'(Bi, + I't;Bp),
6 = Bl BBy,
where
Mg, = N;Ciy BJBE, Mg = g*" My, Hg= Ny(Bjs+T5iB5)  (3.3)

. OB
and B%7 = TUE' The quantities Mg, and Hg are called the second fundamental

v-tensor and normal curvature vector respectively [6]. The second fundamental
h-tensor Hpg., is defined as [6]:

Hg, = Ni(Bh, + TjiBIBY) + MgH,, (3.4)
where ‘
Mg = N;Cj BLN*. (3.5)
The relative h and v-covariant derivatives of projection factor B with respect
to ICT are given by

ts = HagN', BL|B = MogN'. (3.6)
The equation (2.3) shows that Hg, is generally not symmetric and
Hpy — Hyp = MgHy — MyHpg. (3.7)
The above equations yield

Hoy = H,,H,0 = H,+ M,Hy. (3.8)
We use following lemmas, which are due to Matsumoto [6]:

Lemma 3.1. The normal curvature Hy = H gvﬁ vanishes if and only if the
normal curvature vector Hg vanishes.

Lemma 3.2. A hypersurface F"~! is a hyperplane of the 1st kind if and only
if H, = 0.

Lemma 3.3. A hypersurface F"~! is a hyperplane of the 2nd kind with respect
to the connection CT' if and only if H, = 0 and H,g = 0.

Lemma 3.4. A hyperplane of the 3rd kind is characterized by H,3 = 0 and
Mg = 0.
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4. Hypersurface F"~1(c) of the special Finsler space

Let us consider special Finsler metric L = a+8""!/(a—3)" with a gradient
bi(xr) = 0;b for a scalar function b(x) and a hypersurface F"!(c) given by
the equation b(z) = c(constant) [8]. From parametric equation z* = z*(u) of
F"1(c), we get 9, B(z(u)) = 0 = b;BY, so that b;(x) are regarded as covariant
components of a normal vector field of F"~1(c). Therefore, along the F"~1(c)

we have
LB, =0, by =0. (4.1)
The induced metric L(u, v) of F"~!(c) is given by
L(u,v) = aggv®v®, aag = a,-ngBé. (4.2)

which is the Riemannian metric.
At a point of F"~1(c), from (2.2), (2.3) and (2.5), we have

p=1 q@=0, q=0, @=-a? p =0,
pp=0, ¢(=1 Sy=0, S=0, S2=0. (4.3)
Therefore, from (2.4) we get
g7 =a". (4.4)
Thus along F"~1(c), (4.3) and (4.1) lead to
gbibj = b% = b.b = bN’b; = Vb2g" g;o N®bj = Vb2g" N;b;.
This implies
97b;(b; — VB2N;) = 0.
Therefore, we get
bi = VO2N;, b* = a¥b;b;, (4.5)
i.e., bj(x(u)) = bN;, where b is the length of the vector b°. Again from (4.4)
and (4.5) we get
b' =bN". (4.6)

Thus we have

Theorem 4.1. In the special Finsler hypersurface F"~1(c), the Induced metric
is a Riemannian metric given by (4.2) and the Scalar function b(z) is given by
(4.5) and (4.6).

The angular metric tensor and metric tensor of F™ are given by

Y;Y;
h'z] = aij — 7;2J ,glj = O“U (47)
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From (4.1), (4.7) and (3.2) it follows that if hg; denotes the angular metric
tensor of the Riemannian a;;(z), then along F"1(c), hag = hgs- From (2.3),
we get

Opo _ [n(n+1)a*{(n — )" (@ = )**2 + (n+2)8" (o = f)*"+}+

op (a — B)4n+4

[+ 1)0% + (n -+ 1)2a2) (e 20 2 17

Q418 (@—22)4 (4 2) (@)l gt )
(o B2n2(n 1 2820411 (904 2) (- B)2nt1 g2n 2

Thus along F"!(c), %—pﬂo = 0 and therefore (1.6) gives v; = 0, m; = b;.
Therefore the hv-torsion tensor becomes

Cijr = 0. (4.8)
in a special Finsler hypersurface F"~! (c). Therefore, (3.3), (3.5) and (4.8) give
Mas =0,  M,=0. (4.9)

From (3.7) it follows that H,g = 0 is symmetric. Thus we have

Theorem 4.2. The second fundamental v-tensor of special Finsler hyper-surface
F"~1(¢) vanishes and the second fundamental h-tensor H,gs is symmetric.

Next from (4.1), we get b; 3B, + biBéw = 0. Therefore, from (3.6) and
Using, b;g = biUBé + bi|; N7 Hg, we get

biy; BLBY + by BLN'Hg + bi HogN* = 0. (4.10)

Since b;|j= —th’Zhj,

Thus (4.10) gives

we get

bHop + by BLBY = 0. (4.11)

It is noted that b;; is symmetric. Furthermore, contracting (4.11) with VP

and then with v® and using (3.1), (3.8) and (4.9), we get
bHo + by; Bhy’ = 0. (4.12)
bHo + by;y'y’ = 0. (4.13)

In view of Lemmas (3.1) and (3.2), the hypersurface F~!(c) is hyperplane
of the first kind if and only if Hy = 0. Thus from (4.12) it follows that F"~1(c)
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is a hyperplane of the first kind if and only if bini y) = 0. Here b;); being
the covariant derivative with respect to CT" of F™ depends on y*. Since b; is a
gradient vector, from (2.8) we have E;; = b;;, F;j = 0 and Fj’ = 0. Thus (2.9)
reduces to

Di; = Bibjy, + Biboy + Biboj — bomg™ Bj — Clg Al — Clp A" + Cjrm Al g™ +

ANCE,Co + CLy Ol — CRRCYL). (4.14)
In view of (4.3) and (4.4), the relations in (2.10) become to
Bi=0, B'=0, B;=0, Bi=0, Al'=0, A\"=0. (4.15)

By virtue of (4.15) we have B} = 0, B;y = 0 which leads AZ* = 0. Therefore we
have
Thus from the relation (4.1), we get
b Dy = 0. (4.16)
b; Dy = 0. (4.17)
From (4.8) it follows that
™ b; C,, Bl, = 0% My = 0.

Therefore, the relation b;; = b;j; — b, Dj; and equations (4.16), (4.17) give

i
bi;y'y’ = boo-
Consequently, (4.12) and (4.13) may be written as
bHe + bjoB, =0, bHg + boo = 0. (4.18)

Thus the condition Hy = 0 is equivalent to bog = 0, where b;; does not depend on
y'. Since y' is to satisfy (4.1), the condition is written as b;;jy'y’ = (b;y")(c;y7)
for some c;(x), so that we have

2bij = biCj + bjci. (4.19)
From (4.1) and (4.19) it follows that by = 0, bi; B, B% = 0,b;;Biy’ = 0. Hence

6
(4.18) gives H, = 0. Again from (4.19) and (4.15) we get bjob’ = Peo pm —

2
0, A:B’% = 0 and Bi]-Bi B’ = 0. Thus (3.4), (4.4), (4.5), (4.6), (4.9) and (4.14)
give

gt =g
b.Dj; BB, = 0. (4.20)
Therefore (4.11) reduces to
Hep = 0. (4.21)
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Thus we have

Theorem 4.3. The special Finsler hypersurface F~1(¢) is hyperplane of 1st
kind if and only if (4.19) holds.

From the Lemmas (3.1), (3.2) (3.3) and Theorem (4.3), we have the following:

Theorem 4.4. If the special Finsler hypersurface F"~1(c) is a hyperplane of
the 1st kind then it becomes a hyperplane of the 2nd kind too.

Hence from (3.8), (4.21), Theorem (4.2), and Lemma (3.4) we have

Theorem 4.5. The special Finsler hypersurface F"~!(c) is hyperplane of the
3rd kind if and only if it is a hyperplane of 1st kind.
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