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Abstract

The (a, B)-metric is a Finsler metric which is contstructed from a Rie-
mannian metric « and a differential 1—form S. In this paper we discussed the
conditions under which the Finsler space with (a, 8)—metric L = 32/(8 — )
become a Douglas space of Second Kind.
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1. Introduction

S. Basco and M. Matsumoto [4] have introduced the concept of Douglas
space as a generalization of Berwald space. We also treat Landsberg space
as a generalization of Berwald space. Recently, S. Basco and B. Szilagyi [5]
introduced the notion of weakly Berwald space as another generalization of
Berwald space. Berwald spaces with («, §)-metric have been studied by several
authors ([1], [11], [15], [14]). The present authors have studied on geometric
properties of weakly Berwald space with some («, 3)—metric [13]. The present
paper gives a different definition of a Douglas space of the Finsler space with
(cr, B)—metric, on the basis of Matsumoto’s definition of Douglas space [13].

LY Lee [9] has worked on Douglas space of the second kind of Finsler
space with Matsumoto metric. In the present paper we have established the
result which gives the conditions under which Finsler space with («, 8)—metric
L = 32/(B — a) become a Douglas space of second Kind.
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2. Preliminaries

F" = (M™,L(a, B)) is said to have an («,3)—metric L(c, ) if L is a
positively homogeneous function of o and 8 of degree one, where o = a;;(x)y'y’
is a Riemannian metric and 3 = b;(x)y’ is a 1-form on M". The space R" =
(M™, o) is called the Riemannian space associated with F™([13], [12]). In R"
we have the Christoffel symbol V;k () and the covariant differentiation (;) with
respect to 7;,{

We use the following notations [9)].

(@) 7= i(bz‘;j +bja), 1= aryg, vy = birj,

(b)  sij = %(bi;j —bji), sy =als,  s;=bis,

(¢) b =a"b,, b =10,
The Berwald connection BI' = {G;k, G;} of F™ plays one of the leading roles in
the present paper. Denote by B}, the difference tensor [11] of G;k from Vi

Gir(z,y) = Vjr(x) + Bjg(x, y).
Transvecting above equation by y*, we get
Gi=1b; + Bj. and 2G' =~y +2B',
where fyéj = fy,ijyk and fyéo = yji-kyjyk and then B} = éjBi and B;.k = 8kB;
The following system of differential equations gives the geodesic of a Finsler
space F™ in parameter t.

il — i 4 2(Gd — Gty =0, Yl =i
The functions G*(z,y) are given by
2G"(x,y) = {J "k} y'y",
where { gt k:} are Christoffel symbols constructed from g;;(x,y) with respect to

xt.

It is shown [4] that F™ is a Douglas space if and only if the Douglas tensor
1
l)lhch = GZk — ﬁ(Gijkyh + GU(SI}CZ + ij(gzh + G]md;l)
vanishes identically, where G?j &
Berwald connection. F™ is said to be a Douglas space if

(2.1) DY =G (z,y)y’ — G (z,y)y’

= GkG?J is the hwv-curvature tensor of the
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are homogeneous polynomials in () of degree three.

Differentiating (2.1) with respect to y", ¥, y? and y9, we have D;ijkpq = 0, which

are equivalent of ‘D%pm =(n+ 1)D,Z'lkp = 0. Thus if a Finsler space F" satisfies
the condition D;fkp , = 0, which are equivalent to Dﬂlpm =(n+ 1)D§Lkp =0, we

call it a Douglas space. Further differentiating (2.1) by ™ and contracting m
and j in the obtained equation, we have D™ = (n + 1)G* — G™y'. Thus F" is
said to be a Douglas space of the second kind if and only if

(2.2) DM = (n +1)G" — Gy’

are homogeneous polynomials in (y°) of degree two. Again differentiating (2.2)

with respect to 3", 47 and y*, we get D}L”j“km =(n+ l)Dfljk = 0. Hence we have

Definition 2.1.]9] If a Finsler space F" satisfies the condition that DI™ =
(n+1)G* — G™y* be homogeneous polynomials in (y*) of degree two, we call it
a Douglas space of the second kind.

Definition 2.2.[9] A Finsler space with (o, §)-metric is said to be a Douglas
space of the second kind if and only if

Bi™ = (n+1)B" — By’
are homogeneous polynomials in () of degree two, where B™ is given by [8].

Furthermore differentiating the above with respect to y”, v/ and y*. we
get another condition By m = Bhjr = 0.
The positive homogeneity of L = L(«, ) gives
Loa+ LgB =L, Laao+ LogB =0,

Lgooao+ L =0, Laaa® + LaagB = —Laa,
(2.3) Lo =0L/0a, Lg=0L/0B, Laa = 0°L/dada,

Log = Lgo = 0°L/000B, Laaa = 0°L/0adada.
We use following lemma in next sections:
Lemma 2.1.[3] If o® = 0(mod j), that is, a;;(x)y'y’ contains b;(z)y’ as a

factor, then the dimension is equal to two and b? vanishes. In this case we have
§ = d;(x)y* satisfies o = 36 and d;b* = 2.

3. Douglas space of the second kind with («, f)—metric

In this section, we study the condition that a Finsler space with an («, §)—metric
be a Douglas space of the second kind.
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Throughout the present paper, we say “homogeneous polynomial(s) in () of
degree 17 as hp(r) for brevity. Consider the function G*(x,y) of F™ with an
(o, B)—metric. According to ([11], [12]) G*(z,y) can be written in the form

2G" = b+ 2B,
(31)  B' = (B/a)y' +(als/La)sy — (@Laa/La)C*{(y'/a) — (a/B)b'},

E = (BLg/L)C",
C* = {af(rooLa —2asoLp)}/ {2(ﬂ2La + a’yQLaa)} ,
72 — b2a2 o 52‘

Since v, = 'y;k(x)yzyj is hp(2), by means of (2.1) and (3.1) we have as follows[13]:
A Finsler space F™ with an («, §)-metric is a Douglas space if and only if
BY = Byl — BJy' are hp(3). (2.1) gives

. L o o 27, o o
(3.2) B = 28 (s — shy) + SO by — ).

Lo BLa

Differentiating above equation by ™ and contracting m and j in the obtained
equation, we get

. ) L . . La . . .
Bt = O () (shy™ = s6') + 2 Omshy™ = i)
L, Lq

. OzQLaa /10 m m i 042[/0401 : *\ (i, m m, i
b0 (O ) W =8 + S G, - 57

2L aa
BLa

33)  + C* O (b'y™ — b™y").

Using (2.2) and the homogeneity of (), we obtain

. alL ~ ~ al -~ a?LLyys i
B 0 (52 ) G = s = () % - 0y,

Le Le (BL,)?
alg s im om nalg ;
(3.5) = Om(shy™ = s8'y') = s,
. (A?Laa )\ , Y {aLoLone + (2La — @Lao) Laa }CF
. i bl mo_ bm 1 * — aHooaox « o ax 17
(3 6)8 ( BLoc ) ( Y Y )C (ﬁLa)z Y

(3.7) (O C*)y™ = 2C*,
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8 *\1m 1 2 2 202
- 04572Laa7'00 - 204(/83115 + a272Laa)50}

(3.8) — ?BM{20*6? Lo — v Laaa — b2y Loa }],

2 2 *
(3.9) a Bizo‘ C (™ — gy = = %ZLWC b,
where
M = (rooLa —2asoLg),
(3.10) Q = (B°La+ay*Laa), providedthat Q # 0,
Y, = aiy", sp0=0, b's. =0, aijsij =0.

Plugging (3.4), (3.5), (3.6), (3.7), (3.8) and (3.9) in (3.3), we get
(n+1)aLg . a(n +1)a?QLyab" + B'yQAyir

Bim —
m Lo 0 202 00
2 Da’QLgLoobt + Byt 3Loay’
(3‘11) _ « <n+ )aL QﬁQ aal” + BY S0 — (0% Sa@/ To,
«

where

A = aLoLaoa + 3LaLaa — 3a(Laa)?,
(3.12) B =apy’LaLgLoaa + B{(37* = *)La — 407°Laa}LpLaa + QL Laq-
Finally from above equations, we establish
Theorem 3.1.[9] The necessary and sufficient condition for a Finsler space F™
with an («, 8)-metric to be a Douglas space of second kind is that B! are

homogeneous polynomials in (y™) of degree two, where BZ™ is given by (3.11)
and (3.12), provided that € # 0.

4. Douglas space of the second kind with L = 56—20[

In this section we consider the Finsler space with («, 8)-metric L = 6/6_2 =

for this metric we get the partial derivatives

B BB —2a)
=G -ar = oo
_ 2,82 _ 662
(4.1) Loa = m, Looa = Wa
2
oV {B%(B — 3a) + 20%°a>}.

(8 —a)?
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Plugging (4.1) in (3.12), we get

_ 6848 —20)
S
6
(4.2) B= (BQ_BOZ)S{VH)QO} — 12023 + (3b% — 15)a?B? + 13a3° — 38%}.

Again inserting (4.1) and (4.2) in (3.11), we get
(4.3)  [4b'a®B — 1262183 + 46203 B + 90265 — 6a8° + 37| B
— [=8(n + )b a® + 4(n + 1)b*a" B + 24b*(n + 1)’ 5>
—200%(n + 1)a®B3 + 4b%(n + 1)a*B* 4+ 21(n + 1)a3B°
—8(n+ 1)a?85% + (n+ 1)aB")sh — {[20%(n 4+ 1)a’B — 3(n + 1)a’s?
+(n+ 1)a’gUp’ — [6?6%9% = 3084y }roo
+{[-8(n + 1)b*a® + 4b*(n + 1)a’ B
+12(n+ 1)a’B% — 10(n + 1)a®B2 + 2(n + 1)’ p4)p
+[28b%a58 — 24b%a° B2 + 2(3b — 15)a’p?
+ 26081 — 6026y }so + [4b%a5 8 — 6033 + 203 B4yirg = 0.
Assume that F™ be a Douglas space of the second kind, that is B™ be hp(2).
Since « is irrational in (y*), the above equation is divided into two parts as
follows:
(4.4) [4b*a’B — 12023 + 9026 + BT Bi™ — [—8(n + 1)b*a®
+24b%(n + 1)abB? + 4% (n + 1)a* B* — 8(n + 1)a?B%)s),
— {[22(n + 1)a%B — 3(n + 1)a* B + [~62%2]y }roo
+{[=8(n + 1)b%a® +12(n + 1)a®B? + 2(n + 1)a* B4’
+[28b%a°B + 2(3b* — 15)a? B3 — 60255y} s0
+ [4b%a°B — 60 B3)y'ry = 0.

(4.5) [4b%a2 B3 — 68°]BI™ — [4(n + 1)b*a® — 206%(n + 1)a’ 52
+21(n + 1) + (n 4+ 1)8%s — {(n+1)a®8° + 38°v%y" }rop
+ {[4b*(n + 1)a® — 10(n + 1)a* B*]p*
+ [—24b%a B + 2602 53]y Y so 4+ 202 83y'rg = 0.

2

Since only the term 37 B/ of (4.4) seemingly does not contain o, we must have

hp(7)VZ such that B7Bim = o2V
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First we deal with the case a? # 0(mod 3), that is, n > 2. Then there exist a
function ¢¢(z) such that Vi = ¢%(x)B7, then

(4.6) B = o?¢'(x).

The term not containing o? in (4.5) is —68°BI™ — (n + 1)8%s{ — 35%y2y'roo,
hence there must exist hp(5)US such that

—B268°BI™ + (n +1)B%sh + 3v*y're0] = UL
Above shows that there exist hp(3)U: such that U = 52U, which implies
3 im 4. 2 4. 1 2r7i
—[68°B)" + (n+ 1)B%sg + 3v*y'roo] = a“Us.
Substituting (4.6) in above equation we get
—[(n 4 1)B%s, + 3v%y'roo] = 2 [UL + 663¢°(2)).
Since a? # 0(mod 3), Us + 632¢*(z) must vanish, and hence
(4.7) —372y'rg0 = (n+ 1)B%s).
Substituting (4.6) and (4.7) in (4.4), we get
(4.8) [4b'alB — 126233 4+ 902 3° + 7' (z) — [-8(n + 1)brab
+24b%(n 4+ 1) 8% + 4b%*(n + 1)a?p* — 8(n + 1)8%s})
—{[26*(n + 1)a*B — 3(n + 1)a? 56 }roo + 2(n + 1)8%'s
+{[=8(n + 1)p*ab + 12(n + 1)a*B% + 2(n + 1)a?B4]p’

+[286%a 1B + 2(3b% — 15)aB% — 657y’ so
+ [4b%a* 8 — 6a263)y'ry = 0.

Only the term 87¢'(x) + 10(n + 1)8%s} — 68%y’sp of (4.8) seemingly does not
contain o2, and hence we must have hp(5)VZ such that 8°[3%¢*(z) + 10(n +
1)Bsh — 6yiso] = a2V, If V& = hi(x)3°, then B3¢ (x) + 10(n + 1)Bs — 6y'so =
a?hi(x). Transvecting by b; gives 52g(2)b; + 10(n + 1)Bsg — 659 = a?hy, where
b;h! = hy. Thus we get hy, = 0, which gives

—B%gp

(49) 0T b+ DB -3
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Substituting (4.6), (4.7) and (4.9) in (4.5), we get
(4.10)  [4b%a*B3 — 68°)a’g" (z) — [4(n + 1)b*a® — 2002 (n + 1)a’ 52
+21(n + 1)a?B* + (n + 1)8% sl — {(n + 1)a2 B3 }roo + (n + 1) %S}
+ {[4b*(n + 1)a® — 10(n + 1)a* 32|’
—5gp
[5(n+1)5 - 3]
Since only the term —2(n + 1)3%s{ seemingly does not contain a?, there exist
hp(5)VZ such that —2(n+1)3%s) = a?V{, then —2(n+1)Bs} = ohi(z). Suppose
that so = 0, then because a? # 0(mod 3), s = 0. Thus

+ 202 83y'ry = 0.

+ [—24b%a* B + 26a2ﬁ3]yi}2

Theorem 4.1. A Finsler space with the metric 32/(8 — «) is a Douglas space
of second kind, if and only if a? # 0(mod 3): (4.6) and (4.7) are satisfied, and
55 = 0.

Now consider a? = 0(mod 3), Lemma 2.1 shows that n = 2, b*> = 0 and

a? = B35, § = d;(z)y’. From these conditions (4.4) and (4.5) are rewritten in the
form

(4.11)  [B* 4+ 9B6]B™ + (n +1)B20sh) + [3(n + 1)5%b° 4 65y"]ro0
+{[2(n + 1)B6% + 12(n + 1)83)b" — [306% + 686]y" }so — 65%y'rg = 0
(4.12)  68BI +[(n+1)B*+9(n+ 1)B5 + 12(n + 1)85 — 8(n + 1)5°]s},
+[(n + 1)8b" — 3y'Jrop — [~10(n + 1)6°b" + 268y"]so — 26y'ro = 0

The term 3?BY™ of (4.11) seemingly does not contain &, hence there must exist
hp(1)U* such that

(4.13) Bim = §U,

Paying attention to the terms which do not contain ¢ in (4.12), we have
66B™ + (n + 1)B%sl) — 3y'rog = 6V3,

Substituting (4.13) in the above equation

(4.14) 3y'roo = (n + 1)B%sh — 8[Vy — 66U").

Substituting (4.13) and (4.14) in (4.11) we get

(824 980)U" + (n + 1)8%s} + [3(n + 1)8b" + 63%]rq0
+{[2(n 4+ 1)85 + 12(n + 1)82)b" — [306 + 68]y'}so — 65y'ro = 0
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Since the terms B2U"+ (n+1)%s} + 6y'roo — 98y"so seemingly do not contain 4,
there must exist hp(2)U4 such that B2U° + 3(n + 1)8%s) — 98y'sg = dUL, which
implies
(4.15) 3(n +1)%sh = 6UL + 96y'sg — B2U".
Substituting (4.13) and (4.14) and (4.15) in (4.12), we get

660U + [(n+1)8% +9(n+1)35 +12(n+ 1)56 — 8(n + 1)6?|

U3 + 9By'sg — B2U
3(n+1)p°
, . 13250 — 5TV — i
3yt
—[~10(n + 1)6%b" + 265y‘]so — 26y'ro = 0

/B(Qy’sog— BUY) so— (n+1)8%s),

hence there exist hp(2)Vy such that 3(9y’sg — BU)sg — B(9y'so — BU) sy = 6V
which implies Vi = 0. Thus

Term not containing § in the above equation is

Theorem 4.2. A Finsler space with the metric 32/(8—«) is a Douglas space of
second kind, if and only if a? = 0(mod 8): (4.13), (4.14) and (4.15) are satisfied.
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