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Abstract

In this paper, we consider special («, f)—metric L = a + % - %% + €8
(e # 0) constant, and discuss the condition for a Finsler space with special
(a, B)—metric to be projectively flat on the basis of Matsumoto’s results where

« is a Riemannian metric, § is a differential 1-form.
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1. Introduction

Let F™ = (M"™,L) be an n—dimensional Finsler space, that is, an n-
dimensional differential manifold M"™ equipped with a fundamental function
L(z,y). The concept of an («, f)—metric, L(«, 8) was introduced by M. Mat-
sumoto in 1972 [10] and has been studied by many Finsler geometers. Physicists
are also interested in these metrics. They seek for some non-Riemannian models
for space time. For example, by using (a, 8)—metrics, G. S. Asanov introduced
Finsleroid-Finsler spaces and formulated pseudo-Finsleroid gravitational field.
Indetailed investigation was done by M. Hashiguchi and Y. Ichijyo [8], have
worked on some special (a, 3)-metric. II-Yong Lee and Hong-Suh Park have
studied Finsler spaces with infinite series («, f)—metric.

A change L — L of a Finsler metric on a same underlying manifold is called
projective, if any geodesic on (M™, L) remains to be a geodesic in (M™, L) and
vice versa. A Finsler space is called projectively flat, or with rectilinear geodesic,
if the space is coveres by coordinate neighborhoods in which the geodesic can
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be represented by (n — 1) linear equations of the coordinates. Such a coordinate
system is called rectilinear. The condition for a Finsler space to be projectively
flat was studied by L. Berwald [7]. The condition for a Finsler space with
(a, B)-metric to be projectively flat was studied by M. Matsumoto [9]. B. D.
Kim was studied on the projectively flat Finsler space with («, 8)-metric [3].
Then H. S. Park, H. Y. Park, I. Y. Lee were investigated the projective flatness
of Finsler space with some particular (a, 5)-metrics [4][5][6]. Later on many
authors worked on projective flatness of («, 3)-metric [12] [13][14]. Recently
Narasimhamurthy S. K. Latha kumara G. N. and C. S. Bagewadi were studied
the projectively flat Finsler space with some special (a, 3)- metric [11].

The purpose of the present paper is to consider the projective flatness of
Finsler space with an special (a, 3)-metric.

2. Preliminaries

Definition 2.1. A Finsler metric is a scalar field L(z,y) which satisfies the
following three conditions:

(1) It is defined and differential for any point of TM™\{0},
(2) Tt is positively homogeneous of first degree in %, that is,
L(xz,\y) = AL(z,y), for any positive number A,
(3) It is regular, that is,
9i5(z,y) = 30:0; L%, .
constitute the regular matrix g;;, where 0; = diyl
The manifold M" equipped with a fundamental function L(z,y) is called Finsler
space F™ = (M",L).

There is a class of Finsler metrics defined by a Riemannian metric and 1-
form on a manifold, which is relatively simple with interesting curvature prop-
erties called («, 5)—metrics and these metrics are computable.

Definition 2.2. The Finsler space F" = (M",L) is said to be have an
(a, B)—metric if L is a positively homogeneous function of degree one in two
variables o = /a;;y’y/ and B = b;(z)y’, where « is a Riemannian metric and j3
is differentiable 1-form.

Example: Consider,

o = =)@y + ey + ez
(1+elaf?) ’
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(1—e)(z,y)
(1 + efzf?),

B

where xeR?, yeR2?, ¢ ¢(0,1), then

181 = VA=, [ <

+lz2

Hence F' = a + B is a Randers metric.

An (o, f)—metric is expressed in the following form
L=ag(s), s=2

a’
where ¢ = ¢(s) is a C* positive function on an open interval (bg, bp). The norm

|| Bz || of B with respect to « is defined by,

1B2lla = supyer,mB(@,y), a(w,y) = \/aij(@)bi(x)b;(x).
In order to define L, 8 must satisfy the condition ||8;||o < bo for all xeM.

Definition 2.3. A Finsler metric is called a projectively flat metric if it is
projectively related to a locally Minkowskian metric.

The study of some well known (a, 8)—metrics are Randers metric o + 3,

Kropina metric QT; and generalized Kropina metric 0‘(;;: D etc., have greatly

contributed to the growth of Finsler geometry and its applications to theory of
relativity.

The derivative of the (a, f)—metric with respect to « and /3 are given by,

oL

Le = &
e B

oL

Lg = —
B aﬁ’

0L,

Laa = 5
Ja

oL

LB,B = 87046

We consider a Finsler space with an (a, f)—metric L(«, ). The space
R™ = (M™,«) is called the associated Riemannian space. Let to 'yj’i x(x) be the
Christoffel symbols constructed from « and we denote the covariant differenti-
ation with respect 'yjik(x) by /. We put a” = (a;;)~!, and we use the symbols
as follows:
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. R . . . i o i
S; =a* Shj, Sj = bis;, b =a* bh, b° = blbi.

The well known Matsumotos theorem [11] is stated as :

Theorem 2.1. A Finsler space (M", L) with an («, 8)-metric L(«, 3) is pro-
jectively flat if and only if for any point of space M there exist local coordinate
neighborhoods containing the point such that vji ;. satisfies:

(Yo'0 — 7000y’ /@?) /2 + (aLg/La)sy
+(Laa/La)(C + argo/28) (@' /8 — y') = 0, (2.1)
where C is given by,
C + (a*Lg/BLa)so + (0Laa/B*La)(?6? — B%)(C + argo/28) = 0. (2.2)
Equation (2.2) can be written as,
(C + argo/28){1 + (aLaa/B*La)(@?0® — 52)} —(a/28){roo — (2aLg/La)so}
=0,
that is,

Oéﬁ(?“ooLa — QO(L/BS())

C+ 047“00/26 = 2{521@ + aLoéa(onb2 - B2)}

(2.3)

3. Finsler Space with the Metric o + 26 151 + €f3

o 3a3

In this section, we consider the Finsler space F" with an («, )- metric L

given by,
L=atr L (3.1)
=a+——-— +e€b. .
a 3ad
The partial derivatives with respect to a and f of a metric (3.1) are given by,
4 242 | p4 2 3 3 202 2
a® — 2076 + 12078 — 48° + 3a’e 484 (a” —
La = af ’ » Lg= 2 3053 ; Laaz—ﬁ (a5 G >.(3.2)

Substituting (3.2) in (2.3) we get,
a{reo(3at — 2a26% + B4) — 2a2(12028 — 482 + 3a2€)sp}
65 {(at — 20752+ 51) + (a2 — P2)(0% — 57))
Plugging (3.2) and (3.3) in (2.1) we obtain,
(o0 — ~o00y") (@ — 20282 + A {3(at — 20282 + BY)
+3(a? — %) (a?? — B} + 20 (12028 — 482 + 3a3€){3(a* — 2°8% + %)
+3(a? — B2)(a®? — %)} sf + 402 (a® — %) {roo(3a’ — 20287 + B*)
—202(120°B — 483 4 3a%€)s0} (®b — y'B) = 0. (3.4)

C+ 047“00/25 = . (33)
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Only the term —63%y000y° of (3.4) seemingly does not contain a2, hence we
must have hp(10)v!, satisfying —68%y000y" = azvio. For the sake of brevity we
suppose a? # 0(modf3). Then the above is written as,

Yooo = Vo, (3.5)
where vg is hp(1). Substituting (3.5) in (3.4), we obtain

(1o — voy') (@ = 20°8% + ) {3(a* — 20°8% + 5%)
+3(a? — B2)(a?b? — %)} + 202(12028 — 432 + 3a3€) {3(a? — 22257 + 8Y)
(a - 62)(04262 — 62)}36 + 4(042 — 62){7“00(3044 —2028% + 64)
—202(120°B — 48% + 3a%€)so }(?b' — y'B) = 0. (3.6)

The terms B7{68(v, o — voy’) + 4rooy’} of (3.6) seemingly does not contain a.

Consequently we must have hp(1)u} such that above is equal to 04267%, that is
658(70 0 — voy’) + 4rooy’ = a?ug, (3.7)
We contract (3.7) by a;ry", which yields
droo = ufy;. (3.8)
Now from (3.7) and (3.8), we obtain
%0 = Yoy, (3.9)
which implies
2’yjik = vkéj- + v, 0% (3.10)

which shows that the associated Riemannian space is projectively flat.
Substituting (3.9) in (3.6), we obtain

20%(120%8 — 483 + 303€){3(a? — 2026% + B) + 3(a? — ?)(a?b? — B?)}s)

+4(a? — %) {roo(3at — 2028% + ) — 2a%(12a%8 — 433 + 302€)s0}

(@b’ —y'B) = 0. (3.11)
Transvecting (3.11) by b;, we get

7205 8(a?b? — 36%)s0 — 720233 (0% — 26?%)s9 — 24a* B3 (ab? — 36%) s

+240%35(a?b? — 28%)s0 + 1827 (a?b* — 32)esy — 18a° 5% (a®b? — 2?)esg

+7208 sy — 24058350 4+ 18 sy — 96(a® — B2)(a?b* — B*)a*Bs

+32(a? — B3 (®V? — B2)a?B3sg — 24(a’® — 52)(a?b? — B atesy

+4(a? — 82)(a?b? — ) (30 — 20282 + BY)rgo = 0 (3.12)
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Since, 4(a? — 82)(a?b* — 82)(3a* — 202 8% + 1) of (3.12) does not contain o? as
a factor, we must have a function k(z) such that,

roo = k(z)a®. (3.13)
Substituting (3.13) in (3.12), we obtain

7201 B(a%b? — 362)s0 — 720283 (a?b? — 26%)s0 — 24033 (ab® — 36%)s
+248%(a?b? — 26%)s0 + 18a° (a?b? — 33%)esp — 18352 (a®b? — 23%)esg
+7205 859 — 2401 350 4 18 esy — 96(a® — 82)(a?b? — B%)a?Bso
+32(a” — %) (0?0 — B%)B%s0 — 24(a® — B)(a®b? — 5%)a’eso

+4(a? — 52)(a?h® — B2 (30 — 2026% 4 BYHYk(z) = 0, (3.14)

leads to k(z) = 0 because (a? — 32)(a?b? — 5%)(3a* — 22232 + 4*) does not
vanish. Hence we have,

roo = 0; Tz'j =0 and So — 0; S; = 0. (3.15)

Plugging (3.14) in (3.11), we get s} = 0 that is s;; = 0
Since, ri; = 0 and s;; = 0, b;;; = 0. Conversely, if b;;; = 0, then we get
700 = 0,54 = 0 and sop = 0. So (3.6) follows from (3.9).

Hence we conclude that

Theorem 3.1. A Finsler space F™ with an special («a, §)-metric given by (3.1)
is projectively flat, if and only if we have b;/; = 0 and the associated Riemannian
space (M™, «) is projectively flat.

4. Conclusion

One of the fundamental problems in Finsler geometry is to study and char-
acterize the projectively flat metrics on an open domain UeR". Projectively flat
metrics on U are Finsler metrics whose geodesics are straight lines. The real
starting point of the investigations of projectively flat metrics is Hilberts fourth
problem [2] raised on the International Congress of Mathematicians (Paris 1900),
in which he asked about the spaces in which the shortest curves between any
pair of points are straight line segments. The first answer was given by Hilberts
student G. Hamel. In a 34 page long paper he found necessary and sufficient
conditions in order that a space satisfying an axiom system, which is a modifi-
cation of Hilberts system of axioms for Euclidean geometry, removing a strong
congruence axiom and including the Desargues axiom, be projectively flat.
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Particularly, In this paper we have considered and proved that it is projec-

tively flat if and only if the associated Riemannian space M™ is also projectively

flat.
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