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Abstract

The electric part and magnetic part of the Weyl tensor with respect to the

Kerr-Newman metric in Einstein-Cartan theory of gravitation are obtained, and

their propagation equations are studied. The necessary and sufficient conditions

for the electric part and the magnetic part to be propagated along the null vector

field li are obtained. For particular types of free-gravitational field we tried to

explore the meaning of these propagation equations with the help of Newman-

Penrose, Jogia and Griffiths null tetrad formalism.

1. Introduction

The electric and magnetic parts represent the free gravitational field en-

abling gravitational action at a distance and describing tidal forces and gravita-

tional waves. This study has a lot of current relevance in cosmology explained

by Maartens et al. [12]. Haddow [4] has shown that all vacuum purely magnetic

solutions are Petrov-type 1. Ahsan [1] has investigated the examples of space-

times having purely magnetic and purely electric part of Weyl tensor. Hasmani

and Katkar [5] have shown that the parameter related to vorticity of the fluid

causes Gdel universe to be purely electric. Herrera et al. [8] have obtained the

electric and magnetic parts of Weyl tensor for the Bondi vacuum metric. They

have shown that the necessary and sufficient condition for the space time to

be purely electric that the space-time be static. For Minkowski space-time the

electric part vanishes. Greenberg [3] derived the propagation equations for the

kinematical quantities in relativistic hydrodynamics. Ellis [2] presented the gen-

eralized form of propagation and constraint equations of kinematical parameters

User
Typewritten Text
https://doi.org/10.56424/jts.v8i01.10550




140 L. N. Katkar and A. S. Patil

and Raychaudhuri equation in general relativity. Katkar and Patil [11] have ob-

tained the propagation equations for the expansion and rotation in Einstein-

Cartan theory of gravitation.

In the section 2 we give a brief summary of Einstein-Cartan theory of

gravitation with its field equations. The section 3 presents the study of Kerr-

Newman space-time in Einstein-Cartan theory of gravitation through Jogia-

Griffiths tetrad formalism. The electric and magnetic parts of the Weyl tensor

for Kerr-Newman space-time are derived in the section 4. The propagation

equations of the electric and magnetic parts of the Weyl tensor are presented in

the section 5.

2. Einstein-Cartan Theory of Gravitation

Einstein’s general relativity is a generalization of his special relativity and

Newton’s theory of gravitation. This theory deals with all types of motions and

also explains the phenomenon of gravitation through geometry. It is supposed

to be the most successful theory of gravitation. Still the theory has known

flaws that it cannot describe the intrinsic feature of spin of gravitating matter,

it cannot prevent singularities and has not been able to account for Mach’s

principle.

Einstein-Cartan theory of gravitation is a natural generalization of Einstein

theory of gravitation by relaxing the assumption that the metric is torsion free.

The Einstein-Cartan theory of gravitation formulated in 1973 by Trautman [13]

postulates that the spin of matter is the source of torsion of the space-time

geometry. This theory is based on non-Riemannian geometry and the non-

Riemannian part is described by the affine connections and are defined as

ωl
ij = Γl

ij −K l
ij , (2.1)

where Γl
ij = Γl

ji and Kijk is the contortion tensor satisfying

Ki(jk) = 0. (2.2)

The relation between the torsion tensor and contortion tensor is given by

Qk
ij = −1

2
(Kk

ij −Kk
ji). (2.3)

The relevant field equations are given by Helh et al. [6, 7]

Rij −
1

2
Rgij = −Ktij , (2.3)
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where Rij is the Ricci tensor and is no longer symmetric containing the informa-

tion about the torsion tensor. Consequently the right hand side of the equation

(2.4) cannot be symmetric either, so tij must also contain information about

the spin tensor.

The relation between torsion tensor and spin angular momentum tensor is

given by

Qk
ij + δki Q

l
jl − δkjQ

l
il = KSk

ij . (2.5)

Spin angular momentum tensor Sk
ij is anti-symmetric and is expressed in

terms of spin tensor Sij as

Sk
ij = Siju

k. (2.6)

Assuming the notations of Jogia and Griffiths [9] and Katkar [10], the tetrad

components of the field equations (2.5) are given by

π1 = τ1 = σ1 = λ1 = 0,

µ1 = 2γ1 = ρ1 = 2ϵ1 = −
√
2Ks1,

α1 = β1 = − 1√
2
Ks0,

κ1 = ν1 = −
√
2Ks0.

(2.7)

Here s0 and s1 are tetrad components of spin tensor and assumed to be functions

of r alone.

3. Kerr-Newman Space-time

ds2 = [1−R−2(2mr − e2)]dt2 + 2aR−2(2mr − e2) sin2 θdt dϕ

−R2

△1
dr2 −R2dθ2 − [(r2 + a2)2 −△1a

2 sin2 θ]R−2 sin2 θ dϕ2,
(3.1)

where

R2 = RR
∗
= r2 + a2 cos2 θ, △1 = r2 − 2mr + a2 + e2,

R = r + ia cos θ, R
∗
= r − ia cos θ,

a = angular momentum per unit mass, m = mass

e = the charge of the gravitating body.

The Kerr-Newman metric is expressed in terms of basis 1-form as

ds2 = 2θ1θ2 − 2θ3θ4, (3.2)
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where

θ1 =
△1

2R2
dt+

1

2
dr − a△1

2R2
sin2 θ dϕ,

θ2 = dt− R2

△1
dr − a sin2 θ dϕ,

θ3 =
ia sin θ√
2R

∗ dt+
R2

√
2R

∗dθ −
i(r2 + a2) sin θ√

2R
∗ dϕ,

θ4 = − ia sin θ√
2R

dt+
R2

√
2R

dθ +
i(r2 + a2) sin θ√

2R
dϕ.

(3.3)

The definition of 1-form θα = e
(α)
i dxi and the equation (3.3) gives the vector

fields of the NP complex null tetrad as,

li =
1

△1
(△1,−R2, 0,− a△1 sin

2 θ),

ni =
1

2R2
(△1, R

2, 0,− a△1 sin
2 θ)

mi =
1√
2R

(ia sin θ, 0,−R2,−i (r2 + a2) sin θ),

mi =
1√
2R

∗ (− ia sin θ, 0,−R2,−i (r2 + a2) sin θ).

(3.4)

Comparing the corresponding coefficients of basis 2-form of the equations ob-

tained by taking exterior derivative of basis 1-forms θα in equation (3.3) and the

Cartan’s first equations of structure we readily obtain on using equation (2.7)

ν0 = κ0 = σ0 = λ0 = ϵ0 = 0,

ρ0 = − 1

R
∗ , β0 =

cot θ

2
√
2R

∗ , τ0 =
− ia sin θ√

2R2
,

γ0 =
R2(r −m)−△1R

2R4
, µ0 =

−△1

2R2R
∗ , π0 =

−ia sin θ√
2 (R)2

,

α0 =
− cot θ

2
√
2R

∗ +
ia sin θ√
2 (R

∗
)2
.

(3.5)

Cartan’s equations of structure are used to find the tetrad components of

curvature tensor and consequently the tetrad components of the Weyl tensor

are obtained by using the relation

Cαβγδ = Rαβγδ+
1

2
(ηαγRβδ+ηβδRαγ −ηβγRαδ−ηαδRβγ)+

R

6
(ηαδηβγ −ηαγηβδ).

These components are enumerated below to study the electric and magnetic

parts of Weyl tensor.
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C1212 =
−4mr + e2

R4
+

(3r2 − a2 cos2 θ)(2mr − e2)

R6
− Ks0iar sin θ

R2R
∗ +

+
K s0iar sin θ

R2R
− 4K2s21 −

√
2Ks1

[
2ia cos θ

R2

(
1 +

△1

2R2

)]
+
R

6
,

C1213 =
√
2Ks0, r

(
△1

4R2

)
+

√
2Ks0
R4

[R2(r −m)−△1(5r + 3ia cos θ)]−

− 2K2s0s1 +
2Ks1iar sin θ

R2R
,

C1214 =
√
2Ks0, r

(
△1

4R2

)
+

√
2Ks0
R4

[R2(r −m)−△1(5r − 3ia cos θ)]+

+2K2s0s1 +
2Ks1iar sin θ

R2R
∗ ,

C1223 =
−Ks0, r√

2
− 2K2s0s1 +

Ks0√
2R

+
Ks1ia sin θ(2r + ia cos θ

R2R
,

C1224 =
−Ks0, r√

2
+ 2K2s0s1 +

Ks0√
2R

∗ +
Ks1ia sin θ(2r − ia cos θ

R2R
∗ ,

C1234 =
2ia cos θ

R6
(mR2 − 2r(2mr − e2))−

√
2Ks1, r

(
△1

2R2
+ 1

)
−

−
√
2Ks1

[
R2(r −m)−△1r

R4

]
,

C1312 =
Ks0, r√

2
+

√
2Ks0

[
−ia cos θ

R2
− △1(r + 3ia cos θ)

4R4

]
− 2K2s0s1−

−Ks1ia sin θ
(R)2

,

C1313 =−2K2s20 +
Ks0 cot θ

R
,

C1314 =−
√
2Ks1, r −

Ks0
2

(
cot θ

R
+

2ia sin θ

(R)2

)
− Ks0

2

[
− cot θ

R
∗ +

2ia sin θ

(R
∗
)2

]
−

−2
√
2Ks1r

R2
,

C1323 =−Ks0ia sin θ
2R4

[(R
∗
)2 −R2],

C1324 =
m

R2R
∗ − (2mr − e2)

R2(R
∗
)2

+
Ks0ia sin θ

2(R
∗
)2

− Ks0ia sin θ

2R2
+ 2K2s0s0 +

R

6
−

−Ks1, r√
2

(
△1

2R2
+ 1

)
−
√
2Ks1

[
−2ia cos θ + (r −m)

2R2
− △1

2R2R
∗

]
,
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C1334 =2K2s0s1 +
Ks0

2
√
2R4

(△1(5r + 3ia cos θ)− 4R2(r −m))−

−Ks0, r√
2

(
△1

2R2

)
− Ks1ia sin θ

R4
(R2 +R

∗2
),

C1412 =
Ks0, r√

2
+

√
2K s0
4R4

[4R2is cos θ −△1(r − 3ia cos θ)] + 2K2s0s1−

−Ks1ia sin θ
(R

∗
)2

,

C1413 =
Ks0
2

[
− cot θ

R
∗ +

2ia sin θ

(R
∗
)2

]
+

√
2Ks1, r +

Ks0
2

(
cot θ

R
+

2ia sin θ

(R)2

)
+

+
2
√
2Ks1r

R2
,

C1414 =−2K2s20 +
Ks0 cot θ

R
∗ ,

C1423 =
m

R2R
− (2mr − e2)

R2(R)2
+
Ks0ia sin θ

2R2
− Ks0ia sin θ

2R
2 + 2K2s0s0+

+
Ks1, r√

2

(
△1

2R2
+ 1

)
+
R

6
+
Ks1√

2

[
2ia cos θ + (r −m)

R2
− △1

R2R

]
,

C1424 =
Ks0ia sin θ

2R4
(R

2 −R2),

C1434 =2K2s0s1 +
Ks0√
2R4

[
2R2(r −m)− △1(5r − 3ia cos θ)

2

]
+

+
√
2Ks0, r

(
△1

4R2

)
+
Ks1ia sin θ

R4
(R2 +R

2
),

C2312 =−Ks0, r△1

2
√
2R2

− 2K2s0s1 +
Ks1ia sin θ(−R2 + iar cos θ)

R4
+

+
Ks0√
2R2

(R
∗ − 2ia sin θ),

C2313 =
Ks0ia sin θ

2R4
[(R

∗
)2 −R2],

C2314 =
m

R2R
− (2mr − e2)

R2(R)2
+
Ks0ia sin θ

2R2
− Ks0ia sin θ

2R̄2
+ 2K2s0s0+

+
Ks1, r√

2

(
△1

2R2
+ 1

)
+
R

6
+
Ks1√

2

[
2ia cos θ + (r −m)

R2
− △1

R2R

]
,

C2323 =−2K2s20 −
2Ks0ia sin θ

R̄2
− Ks0 cot θ

R̄
− Ks02a

2 cos θ sin θ

R2R̄
,

C2324 =−Ks0
2

[
cot θ

R
∗ − 2a2 cos θ sin θ

R2R
∗

]
+
Ks0
2

[
cot θ

R
− 2a2 cos θ sin θ

R2R

]
+

+
Ks1√
2R4

[3r△1 − 2R2(r −m)] +
Ks1, r△1√

2R2
,
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C2334 =
−Ks0, r√

2
− 2K2s0s1 +

Ks0√
2R

+
Ks1ia sin θ(2r + ia cos θ)

R2R
,

C2412 =−Ks0, r△1

2
√
2R2

+ 2K2s0s1 +
Ks0√
2R2

(R+ 2ia sin θ)−

−Ks1ia sin θ(R
2 + iar cos θ)

R4
,

C2413 =
m

R2R
∗ − (2mr − e2)

R2(R
∗
)2

+
Ks0ia sin θ

2(R
∗
)2

− Ks0ia sin θ

2R2
+ 2K2s0s0−

−Ks1, r√
2

(
△1

2R2
+ 1

)
+
R

6
−

√
2Ks1

[
−2ia cos θ + (r −m)

2R2
− △1

2R2R
∗

]
,

C2414 =−Ks0ia sin θ
2R4

(R
2 −R2),

C2423 =−Ks0
2

[
− cot θ

R
∗ +

2a2 cos θ sin θ

R2R
∗

]
− Ks0

2

[
cot θ

R
− 2a2 cos θ sin θ

R2R

]
+

+
Ks1√
2R4

[−3r△1 + 2R2(r −m)]− Ks1, r△1√
2R2

,

C2424 =−2K2s20 +
2Ks0ia sin θ

(R
∗
)2

− Ks0 cot θ

R
∗ − Ks02a

2 cos θ sin θ

R2R
∗

C2434 =
Ks0, r√

2
− 2K2s0s1 −

Ks0√
2R

∗ − Ks1ia sin θ(2r − ia cos θ)

R2R
∗ ,

C3412 =−2ia cos θ

R6
[2r(2mr − e2)−mR2]−Ks0

(
cot θ

R
∗ − ia sin θ

(R
∗
)2

)
+

+Ks0

(
cot θ

R
+
ia sin θ

(R)2

)
+

√
2Ks1r(△1 + 2R2)

R4
,

C3413 =2K2s0s1 −
Ks0, r√

2
+

√
2Ks0

[
ia cos θ

R2
+

△1(r + 3ia cos θ)

4R4

]
+

+
Ks1ia sin θ

(R)2
,

C3414 =2K2s0s1 +
Ks0, r√

2
+

√
2Ks0

[
ia cos θ

R2
+

△1(3ia cos θ − r)

4R4

]
−

−Ks1ia sin θ
(R

∗
)2

,

C3423 =−2K2s0s1 −
Ks0, r√

2

(
△1

2R2

)
+

√
2Ks0
2R2

(−2ia sin θ +R
∗
)−

−Ks1ia sin θ
R4

(r2 + a2 − iar cos θ),

C3424 =−2K2s0s1 +
Ks0, r√

2

[
△1

2R2

]
+

√
2K s0
2R2

(−2ia sin θ −R)+

+
Ks1ia sin θ

R4
(r2 + a2 + iar cos θ),
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C3434 =
−e2

R4
+

(r2 − 3a2 cos2 θ)(2mr − e2)

R6
− Ks0iar sin θ

R2R
∗ − 4K2s21+

+
Ks0iar sin θ

R2R
+

√
2Ks1
R4

[ia cos θ(2R2 −△1)− 4R2] +
R

6
.

(3.6)

The expressions for C1214, C1224, C1412, C1413, C1414, C1423, C1424, C1434, C2412,

C2413, C2414, C2423, C2424, C2434, C3414, C3424 are obtained by taking complex

conjugate of C1213, C1223, C1312, C1314, C1313, C1324, C1323, C1334, C2312, C2314,

C2313, C2324, C2323, C2334, C3413 and C3423 respectively and replacing 3 by 4 and

4 by 3 therein.

The tetrad components of the dual of Weyl tensor are also obtained from

the relation

C∗
αβγδ =

i

2
[ϵσργδ Cαβσρ]. (3.7)

4. Electric and Magnetic Parts of the Weyl Tensor

The electric part Eij and the magnetic part Hij are respectively given by

Eij = Cikjlu
kul, Hij = C∗

ikjlu
kul,

where C∗
ikjl is the dual of Cikjl.

The Expression for electric part of the Weyl tensor in terms of the basis

of the tetrad given by Hasmani et al. [5] is exploited to get the electric part of

Weyl tensor.

Eij =
1

2
+

[
−4mr + e2

R4
+

(3r2 − a2 cos2 θ)(2mr − e2)

R6
−

−Ks0iar sin θ
R2R

∗ +
Ks0iar sin θ

R2R
−

√
2Ks1

(
2ia cos θ

R2

[
1 +

△1

2R2

])
−

−4K2s21 +
R

6

]
[lilj − 2l(inj) + ninj ]+

+

{
− 1

2

[√
2Ks0
R4

(
R2(r −m)− △1(5r − 3ia cos θ)

4
+
R2R

2

)
+ 4K2s0s1+

+
Ks1ia sin θ(4r − ia cos θ)

R2R
∗ +

K s0, r√
2

(
△1

2R2
− 1

)]
[limj − nimj ]−

−1

2

[
4K2s0s1 +

Ks0, r√
2

(
1− △1

2R2

)
− Ks1ia sin θ(2r

2 + 3iar cos θ)

R4
+

+
Ks0√
2R2

(
2ia(cos θ + sin θ)− △1(r − 3ia cos θ)

2R2
+R

)]
[milj −minj ]+



Propagation Equations of Electric and Magnetic Parts of Weyl Tensor... 147

+
1

2

[
2mr

R4
− 2(2mr − e2)(r2 − a2 cos2 θ)

R6
+

√
2Ks1
R4

(
△1ia cos θ +

3△1r

2

)
−

−2Ks0ia sin θ

R
2 −

√
2Ks1
R2

(2R
∗
+ (r −m)) +

R

3
+ 4K2s0s0−

−Ks1, r√
2

(
2− △1

R2

)
+

2Ks0a
2 sin θ cos θ

R2R
∗

]
mimj+

+
1

2

[
− 4Ks20 +

2Ks0ia sin θ

R2R
∗ (r + 2ia cos θ)

]
mimj

}
+ {c.c.}. (4.1)

where c.c. indicates the complex conjugate of the previous term.

The magnetic part of the Weyl tensor is obtained by replacing the tetrad

components of Weyl tensor by its dual and is derived as

Hij =− i

2

[
2ia cos θ(mR2 − 2r(2mr − e2))

R6
−

√
2Ks1, r

(
1 +

△1

2R2

)
−

−
√
2

√
2Ks1
R4

(R2(r −m)− r△1)

]
[lilj − 2l(inj) + ninj ]+

+

{
i

2

[√
2Ks0
R2

(
R

∗ − 2m

2
− △1(5r − 3ia cos θ)

4R2

)
−

−Ks1a
2 sin θ cos θ

R2R
∗ +

Ks0, r√
2

(
△1

2R2
+ 1

)]
(limj − nimj ]+

+
i

2

[
Ks0√
2R2

(
R

∗ − 2m− △1(5r − 3ia cos θ)

2R2

)
−

−Ks1a
2 sin θ cos θ

R2R
∗ +

Ks0, r√
2

(
△1

2R2
+ 1

)]
[milj −minj ]+

+
1

2

[
2ia cos θ

R6
(mR2 − 2r(2mr − e2)) +Ks0

(
cot θ

R
+
ia sin θ

(R)2

)
−

−Ks0
[
cot θ

R
∗ − ia sin θ

(R
∗
)2

]
+

√
2Ks1
2R4

(−4mR2 + 5r△1)

]
mimj+

+
i

2

[
2Ks0

R2R
∗ [− cot θ R2 + ia sin θ(r + 3ia cos θ)]

]
mimj

}
+ {c.c.}.

(4.2)

5. Propagation Equations of Electric and Magnetic Parts of the Weyl

Tensor

Propagation equation of Eij is given by

Eij;k l
k = 0, (5.1)
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where Eij;k l
k is the covariant derivative of the electric part (Eij) of Weyl tensor

in the direction of the tetrad vector field lk. Differentiating equation (4.1)

covariantly in the direction of the tetrad vector field lk and using the intrinsic

derivatives of the null tetrad vector fields, their projections and divergence (refer

appendix) and the spin coefficients in the equation (5.1), we get

Eij;kl
k =

1

2

{[
D(C1212) + (C1214 + C1224 + C1412 + C2412)

ia sin θ
√
2R

2 −

−(C1213 + C1223 + C1312 + C2312)
ia sin θ√
2 (R

∗
)2

]
lilj+

+

[
−D(C1212)− (C1214 + C1224

√
2Ks0 − (C1412 + C2412)

ia sin θ
√
2R

2 −

−(C1213 + C1223)
√
2Ks0 + (C1312 + C2312)

ia sin θ√
2(R

∗
)2

]
linj+

+

[
−D(C1212)− (C1214 + C1224)

ia sin θ
√
2R

2 − (C1412 + C2412)
√
2Ks0+

+(C1213 + C1223)
ia sin θ√
2 (R

∗
)2

− (C1312 + C2312)
√
2Ks0

]
nilj+

+[D(C1212) + (C1214 + C1224 + C1412 + C2412)
√
2Ks0+

+(C1213 + C1223 + C1312 + C2312)
√
2Ks0]ninj+

+

{[
−D(C1214 + C1224) + (C1214 + C1224)

√
2Ks1 + (C1314 + C1324+

+C2314 + C2324)
ia sin θ√
2 (R

∗
)2

− (C1414 + C1424 + C2414 + C2424)
ia sin θ
√
2R

2 +

+C1212

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)]
limj +

[
D(C1214 + C1224)−

−
[
(C1214 + C1224)

√
2Ks1 + (C1314 + C1324 + C2314 + C2324)

√
2Ks0+

+(C1414 + C1424 + C2414 + C2424)
√
2Ks0−

−C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)]
nimj+

+

[
− (C1214 + C1224 + C1412 + C2412)

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+

+D(C1414 + C1424 + C2414 + C2424)−
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−(C1414 + C1424 + C2414 + C2424)2
√
2Ks1

]
mimj+

+

[
−D(C1412 + C2412)− (C1414 + C1424 + C2414 + C2424)

ia sin θ
√
2R

2 +

+C1212

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
+ (C1412 + C2412)

√
2Ks1+

+(C1413 + C1423 + C2413 + C2423)
ia sin θ√
2(R

∗
)2

]
milj+

+

[
− C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+D(C1412 + C2412)−

−(C1412 + C2412)
√
2Ks1 + (C1413 + C1423 + C2413 + C2423)

√
2Ks0+

+(C1414 + C1424 + C2414 + C2424)
√
2Ks0

]
minj+

+

[
− (C1412 + C2412)

(√
2Ks0 +

ia sin θ
√
2R

2

)
−

−(C1213 + C1223)

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+

+D(C1413 + C1423 + C2413 + C2423)

]
mimj

}
+ {c.c.}

}
.

(5.2)

Now the propagation equation for electric part of the Weyl tensor yields

Eij;kl
k = 0 ↔ A = B = C +D + E + F +G = H + I = J = 0,

where

A = D(C1212 +

[
(C1214 + C1224 + C1412 + C2412

ia sin θ
√
2R

2 + {c.c.}
]
, (5.3a)

B =−D(C1212 − C1214 + C1224)
√
2Ks0 − (C1412 + C2412)

ia sin θ
√
2R

2 −

−(C1213 + C1223)
√
2Ks0 + (C1312 + C2312)

ia sin θ√
2(R

∗
)2
,

(5.3b)

C =−D(C1212)− (C1214 + C1224)
ia sin θ
√
2R

2 − (C1412 + C2412)
√
2Ks0+

+(C1213 + C1223)
ia sin θ√
2(R

∗
)2

− (C1312 + C2312)
√
2Ks0,

(5.3c)

D =D(C1212) + (C1214 + C1224 + C1412 + C2412)
√
2Ks0+

+(C1213 + C1223 + C1312 + C2312)
√
2Ks0,

(5.3d)
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E =−D(C1214 + C1224) + (C1214 + C1224)
√
2Ks1 + (C1314 + C1324+

+C2314 + C2324)
ia sin θ√
2(R

∗
)2

− (C1414 + C1424 + C2414+

+C2424)
ia sin θ
√
2R

2 + C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
,

(5.3e)

F =D(C1214 + C1224)− (C1214 + C1224)
√
2Ks1 + (C1314 + C1324+

+C2314 + C2324)
√
2Ks0 + (C1414 + C1424 + C2414+

+C2424)
√
2Ks0 − C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
,

(5.3f)

G =− (C1214 + C1224 + C1412 + C2412)

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+

+D(C1414 + C1424 + C2414 + C2424)−

−(C1414 + C1424 + C2414 + C2424)
√
2Ks1,

(5.3g)

H =−D(C1412 + C2412)− (C1414 + C1424 + C2414 + C2424)
ia sin θ
√
2R

2 +

+C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+ (C1412 + C2412)

√
2Ks1+

+(C1413 + C1423 + C2413 + C2423)
ia sin θ√
2 (R

∗
)2
,

(5.3h)

I =−C1212

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+D(C1412 + C2412)− (C1412+

+C2412)
√
2Ks1 + (C1413 + C1423 + C2413 + C2423)

√
2Ks0+

+(C1414 + C1424 + (C2414 + C2424)
√
2Ks0,

(5.3i)

J =−(C1412 + C2412)

(√
2Ks0 +

ia sin θ
√
2R

2

)
− (C1213+

+C1223)

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
+

+D(C1413 + C1423 + (C2413 + C2423).

(5.3j)

Similarly the propagation equation of the magnetic part of the Weyl tensor in

the direction of tetrad vector field lk is obtained as

Hij;kl
k = 0
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where

Hij;kl
k =

i

2

{[
D(−C1234)− (C1214 − C1224 + C1434 + C2434)

ia sin θ
√
2R

2 −

−(C1213 − C1223 + C1343 + C2343)
ia sin θ√
2 (R

∗
)2

]
lilj+

+

[
D(−C1234)− (−C1214 + C1224

√
2Ks0 + (C1434 + C2434)

ia sin θ
√
2R

2 −

−(C1213 − C1223)
√
2Ks0 + (C1343 + C2343)

ia sin θ√
2(R

∗
)2

]
linj+

+

[
D(−C1234)− (−C1214 + C1224)

ia sin θ
√
2R

2 + (C1434 + C2434)
√
2Ks0−

−(C1213 − C1223)
−ia sin θ√
2 (R

∗
)2

+ (−C1343 − C2343)
√
2Ks0

]
nilj+

+[D(−C1234) + (−C1214 + C1224)
√
2Ks0 − (C1434 + C2434)

√
2Ks0+

+(C1213 − C1223)
√
2Ks0 + (C1343 + C2343)

√
2Ks0]ninj+

+

{[
−D(−C1214 + C1224) + (−C1214 + C1224)

√
2Ks1 + (−C1314+

+C1324 − C2314 + C2324)
ia sin θ√
2 (R

∗
)2

− (−C1414 + C1424 − C2414+

+C2424)
ia sin θ
√
2R

2 + C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)]
limj+

+

[
D(−C1214 + C1224) + (−C1214 + C1224)

√
2Ks1+

+(−C1314 + C1324 − C2314 + C2324)
√
2Ks0+

+(−C1414 + C1424 − C2414 + C2424)
√
2Ks0−

−C1243

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)]
nimj+

+

[
(−C1214 + C1224 + C1343 + C2343)

(
−

√
2Ks0 +

ia sin θ√
2(R

∗
)2

)
+

+D(−C1414 + C1424 − C2414 + C2424)−

−(−C1414 + C1424 − C2414 + C2424)2
√
2Ks1

]
mimj+

+

[
D(C1434 + C2434)− (−C1414 + C1424 − C2414 + C2424)

ia sin θ
√
2R

2 +

+C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
− (C1434 + C2434)

√
2Ks1+

+(C1413 − C1423 + C2413 − C2423)
ia sin θ√
2(R

∗
)2

]
milj+
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+

[
− C1243

(√
2Ks0 −

ia sin θ√
2(R

∗
)2

)
+D(−C1434 − C2434)+

+(−C1434 − C2434)
√
2Ks1 + (C1413 − C1423 + C2413 − C2423)

√
2Ks0+

+(−C1414 + C1424 − C2414 + C2424)
√
2Ks0

]
minj+

+

[
− (C1213 − C1223)

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
+

+D(C1413 − C1423 + C2413 − C2423)+

+(C1434 + C2434)

(√
2Ks0 +

ia sin θ
√
2R

2

)]
mimj

}
+ {c.c.}

}
.

(5.4)

Thus

Hij;kl
k = 0 ⇔ P = Q = R = S = L =M = N = X = Y = Z = 0,

where

P =D(−C1234)− (C1214 − C1224 + C1434 + C2434)
ia sin θ
√
2R

2 −

−(C1213 − C1223 + C1343 + C2343)
ia sin θ√
2 (R

∗
)2
,

(5.5p)

Q =D(−C1234)− (−C1214 + C1224)
√
2Ks0 + (C1434 + C2434)

ia sin θ
√
2R

2 −

−(C1213 − C1223)
√
2Ks0 + (C1343 + C2343)

ia sin θ√
2 (R

∗
)2
,

(5.5q)

R =D(−C1234)− (−C1214 + C1224)
ia sin θ
√
2R

2 + (C1434 + C2434)
√
2Ks0−

−(C1213 − C1223)
−ia sin θ√
2 (R

∗
)2

+ (−C1343 − C2343)
√
2Ks0,

(5.5r)

S =D(−C1234) + (−C1214 + C1224)
√
2Ks0 − (C1434 + C2434)

√
2Ks0+

+(C1213 − C1223)
√
2Ks0 + (C1343 + C2343)

√
2Ks0,

(5.5s)

L =−D(−C1214 + C1224) + (−C1214 + C1224)
√
2Ks1 + (−C1314+

+C1324 − C2314 + C2324)
ia sin θ√
2 (R

∗
)2

− (−C1414 + C1424−

−C2414 + C2424)
ia sin θ
√
2R

2 + C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
,

(5.5l)
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M =D(−C1214 + C1224) + (−C1214 + C1224)
√
2Ks1 + (−C1314+

+C1324 − C2314 + C2324)
√
2Ks0 + (−C1414 + C1424−

−C2414 + C2424)
√
2Ks0 − C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
,

(5.5m)

N =(−C1214 + C1224 + C1343 + C2343)

(
−

√
2Ks0 +

ia sin θ√
2 (R

∗
)2

)
+

+D(−C1414 + C1424 − C2414 + C2424)−

−(−C1414 + C1424 − C2414 + C2424)2
√
2Ks1,

(5.5n)

X =D(C1434 + C2434)− (−C1414 + C1424 − C2414 + C2424)
ia sin θ
√
2R

2 +

+C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
− (C1434 + C2434)

√
2Ks1+

+(C1413 − C1423 + C2413 − C2423)
ia sin θ√
2 (R

∗
)2
,

(5.5x)

Y =−C1243

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
+D(−C1434 − C2434)+

+(C1434 − C2434)
√
2Ks1 + (C1413 − C1423 + C2413−

−C2423)
√
2Ks0 + (−C1414 + C1424 − C2414 + C2424)

√
2Ks0,

(5.5y)

Z =−(C1213 − C1223)

(√
2Ks0 −

ia sin θ√
2 (R

∗
)2

)
+ (C1434 + C2434)×(√

2Ks0 +
ia sin θ
√
2R

2

)
+D(C1413 − C1423 + C2413 − C2423).

(5.5z)

A special case of Petrov-type D gravitational field has been considered

which is characterized by

ψ0 = 0, ψ1 = 0, ψ3 = 0, ψ4 = 0 and ψ2 ̸= 0, (5.6)

where

ψ0 = −C1313, ψ1 = −1

2
(C1213 + C1312), ψ2 = C1324

ψ3 =
1

2
(C1224 + C2412), ψ4 = −C2424.

Equations (5.6) ⇒ C1313 = 0, (C1213 + C1312) = 0,

(C1224 + C2412) = 0, C2424 = 0.
(5.7)
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We assume s0 =
ia sin θ

2KR
2 .

Consequently,

Eij;kl
k = 0 ⇔ DC1212 = 0,

DJ + L

(√
2 ia sin θ

R
2

)
+ c.c. = 0

4C1212 + C1324 + C2314 = 0,

DL− C1314 − C2324 − 2
√
2Ks1L = 0,

(5.8)

where

J = C1413 + C1423 + C2413 + C2423, L = C1214 − C2412.

The necessary and sufficient condition for

Hij;kl
k = 0 ⇔ DC1434 = 0,

Re(C1214 + C2412) = 0,

s1 = 0,

DL+
ia sin θ√

2

[
C1424 + C1243

(
2

R
2

)
M

1

(R
∗
)2

]
= 0,

DC1424 −N
ia sin θ√
(R

∗
)2

= 0,

DM = 0,

(5.9)

where

M = C1314 − C1324 + C2314 − C2324, N = C1214 + C2412 − C1213 + C1223.

Due to large number of components of Weyl tensor and their lengthy and

complicated expressions in the equations (3.6) the interpretation of the propa-

gation equations of electric part and magnetic part of the Weyl tensor is difficult

hence avoided.

Appendix

The covariant derivatives of null tetrad vector fields in terms of its tetrad

components are expressed below:

li;j =(γ0 + γ1 + γ0 + γ1)lilj − (α0 + α1 + β0 + β1)limj−

−(α0 + α1 + β0 + β1)limj + (ϵ0 + ϵ1 + ϵ0 + ϵ1)linj − (τ0 + τ1)milj+
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+(σ0 + σ1)mimj + (ρ0 + ρ1)mimj − (κ0 + κ1)minj − (τ0 + τ1)milj+

+(ρ0 + ρ1)mimj + (σ0 + σ1)mimj − (κ0 + κ1)minj ,

ni;j = −(ϵ0 + ϵ1 + ϵ0 + ϵ1)ninj − (γ0 + γ1 + γ0 + γ1)nilj − (α0 + α1+

+β0 + β1)nimj − (α0 + α1 + β0 + β1)nimj − (π0 + π1)minj+

+(ν0 + ν1)milj − (λ0 + λ1)mimj − (µ0 + µ1)mimj + (π0 + π1)minj+

+(ν0 + ν1)milj − (µ0 + µ1)mimj − (λ0 + λ1)mimj ,

mi;j =−(κ0 + κ1)ninj − (τ0 + τ1)nilj + (σ0 + σ1)nimj + (ρ0 + ρ1)nimj+

+(π0 + π1)linj + (ν0 + ν1)lilj − (λ0 + λ1)limj − (µ0 + µ1)limj+

+(ϵ0 + ϵ1 − ϵ0 − ϵ1)minj + (γ0 + γ1 − γ0 − γ1)milj+

+(α0 + α1 − β0 − β1)mimj − (α0 + α1 − β0 − β1)mimj ,

mi;j =−(κ0 + κ1)ninj − (τ0 + τ1)nilj + (ρ0 + ρ1)nimj + (σ0 + σ1)nimj+

+(π0 + π1)linj + (ν0 + ν1)lilj − (µ0 + µ1)limj − (λ0 + λ1)limj−

−(ϵ0 + ϵ1 − ϵ0 − ϵ1)minj − (γ0 + γ1 − γ0 − γ1)milj−

−(α0 + α1 − β0 − β1)mimj + (α0 + α1 − β0 − β1)mimj .
(A1.1)

The intrinsic derivatives li in the directions of the tetrad vector fields are given

by

li;jl
j = (ϵ0 + ϵ1 + ϵ0 + ϵ1)li − (κ0 + κ1)mi − (κ0 + κ1)mi,

li;jn
j = (γ0 + γ1 + γ0 + γ1)li − (τ0 + τ1)mi − (τ0 + τ1)mi,

li;jm
j = (α0 + α1 + β0 + β1)li − (σ0 + σ1)mi − (ρ0 + ρ1)mi,

li;jm
j = (α0 + α1 + β0 + β1)li − (ρ0 + ρ1)mi − (σ0 + σ1)mi,

ni;jl
j = −(ϵ0 + ϵ1 + ϵ0 + ϵ1)ni + (π0 + π1)mi + (π0 + π1)mi,

ni;jn
j = −(γ0 + γ1 + γ0 + γ1)ni + (ν0 + ν1)mi − (ν0 + ν1)mi,

ni;jm
j =(α0 + α1 + β0 + β1)ni + (λ0 + λ1)mi + (µ0 + µ1)mi,
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ni;jm
j = (α0 + α1 + β0 + β1)ni + (µ0 + µ1)mi − (λ0 + λ1)mi,

mi;jl
j = −(κ0 + κ1)ni + (π0 + π1)li + (ϵ0 + ϵ1 − ϵ0 − ϵ1)mi,

mi;jn
j = −(τ0 + τ1)ni + (ν0 + ν1)li + (γ0 + γ1 − γ0 − γ1)mi,

mi;jm
j =−(σ0 + σ1)ni + (λ0 + λ1)li − (α0 + α1 − β0 − β1)mi,

mi;jm
j =−(ρ0 + ρ1)ni + (µ0 + µ1)li + (α0 + α1 − β0 − β1)mi,

mi;jl
j = −(κ0 + κ1)ni + (π0 + π1)li − (ϵ0 + ϵ1 − ϵ0 − ϵ1)mi,

mi;jn
j = −(τ0 + τ1)ni + (ν0 + ν1)li + (γ0 + γ1 − γ0 − γ1)mi,

mi;jm
j =−(ρ0 + ρ1)ni + (µ0 + µ1)li + (α0 + α1 − β0 − β1)mi,

mi;jm
j =−(σ0 + σ1)ni + (λ0 + λ1)li − (α0 + α1 − β0 − β1)mi.

(A1.2)

Similarly, the projections of the intrinsic derivatives of li are given by

li;jl
i = 0,

li;jn
i = (γ0 + γ1 + γ0 + γ1)lj − (α0 + α1 + β0 + β1)mj−

−(α0 + α1 + β0 + β1)mj + (ϵ0 + ϵ1 + ϵ0 + ϵ1)nj ,

li;jm
i = (τ0 + τ1)lj − (ρ0 + ρ1)mj − (σ0 + σ1)mj + (κ0 + κ1)nj ,

li;jm
i = (τ0 + τ1)lj − (σ0 + σ1)mj − (ρ0 + ρ1)mj + (κ0 + κ1)nj ,

ni;jl
i = −(ϵ0 + ϵ1 + ϵ0 + ϵ1)nj − (γ0 + γ1 + γ0 + γ1)lj−

−(α0 + α1 + β0 + β1)mj − (α0 + α1 + β0 + β1)mj ,

ni;jn
i = 0,

ni;jm
i =−(π0 + π1)nj − (ν0 + ν1)lj + (λ0 + λ1)mj + (µ0 + µ1)mj ,

ni;jm
i =−(π0 + π1)nj − (ν0 + ν1)lj + (µ0 + µ1)mj + (λ0 + λ1)mj ,

mi;jl
i = −(κ0 + κ1)nj − (τ0 + τ1)lj + (σ0 + σ1)mj + (ρ0 + ρ1)mj ,

mi;jn
i =(π0 + π1)nj + (ν0 + ν1)lj − (λ0 + λ1)mj − (µ0 + µ1)mj ,
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mi;jm
i =0,

mi;jm
i =−(ϵ0 + ϵ1 − ϵ0 − ϵ1)nj − (γ0 + γ1 − γ0 − γ1)lj−

−(α0 + α1 − β0 − β1)mj − (α0 + α1 − β0 − β1)mj ,

mi;jl
i = −(κ0 + κ1)nj − (τ0 + τ1)lj + (ρ0 + ρ1)mj + (σ0 + σ1)mj ,

mi;jn
i = (π0 + π1)nj + (ν0 + ν1)lj − (µ0 + µ1)mj − (λ0 + λ1)mj ,

mi;jm
i =(ϵ0 + ϵ1 − ϵ0 − ϵ1)nj + (γ0 + γ1 − γ0 − γ1)lj+

+(α0 + α1 − β0 − β1)mj − (α0 + α1 − β0 − β1)mj ,

mi;jm
i =0.

(A1.3)

Divergence of the tetrad vector fields are given by

li;i = (ϵ0 + ϵ1 + ϵ0 + ϵ1)− (ρ0 + ρ1)− (ρ0 + ρ1),

ni;i = −(γ0 + γ1 + γ0 + γ1) + (µ0 + µ1) + (µ0 + µ1),

mi
;i =−(τ0 + τ1) + (π0 + π1)− (α0 + α1 − β0 − β1),

mi
;i =−(τ0 + τ1) + (π0 + π1)− (α0 + α1 − β0 − β1).

(A1.4)
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