J.T.S.
Vol. 8 (2014), pp.139-158
https://doi.org/10.56424/jts.v8i01.10550

Propagation Equations of Electric and Magnetic Parts of Weyl
Tensor in Einstein-Cartan Theory

L. N. Katkar and A. S. Patil

Department of Mathematics
Shivaji University, Kolhapur-416004 (M. S.)
e-mail: Ink 1000@yahoo.com
(Received: November 11, 2013)

Abstract

The electric part and magnetic part of the Weyl tensor with respect to the
Kerr-Newman metric in Einstein-Cartan theory of gravitation are obtained, and
their propagation equations are studied. The necessary and sufficient conditions
for the electric part and the magnetic part to be propagated along the null vector
field I; are obtained. For particular types of free-gravitational field we tried to
explore the meaning of these propagation equations with the help of Newman-
Penrose, Jogia and Griffiths null tetrad formalism.

1. Introduction

The electric and magnetic parts represent the free gravitational field en-
abling gravitational action at a distance and describing tidal forces and gravita-
tional waves. This study has a lot of current relevance in cosmology explained
by Maartens et al. [12]. Haddow [4] has shown that all vacuum purely magnetic
solutions are Petrov-type 1. Ahsan [1] has investigated the examples of space-
times having purely magnetic and purely electric part of Weyl tensor. Hasmani
and Katkar [5] have shown that the parameter related to vorticity of the fluid
causes Gdel universe to be purely electric. Herrera et al. [8] have obtained the
electric and magnetic parts of Weyl tensor for the Bondi vacuum metric. They
have shown that the necessary and sufficient condition for the space time to
be purely electric that the space-time be static. For Minkowski space-time the
electric part vanishes. Greenberg [3] derived the propagation equations for the
kinematical quantities in relativistic hydrodynamics. Ellis [2] presented the gen-
eralized form of propagation and constraint equations of kinematical parameters
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and Raychaudhuri equation in general relativity. Katkar and Patil [11] have ob-
tained the propagation equations for the expansion and rotation in Einstein-
Cartan theory of gravitation.

In the section 2 we give a brief summary of Einstein-Cartan theory of
gravitation with its field equations. The section 3 presents the study of Kerr-
Newman space-time in Einstein-Cartan theory of gravitation through Jogia-
Griffiths tetrad formalism. The electric and magnetic parts of the Weyl tensor
for Kerr-Newman space-time are derived in the section 4. The propagation
equations of the electric and magnetic parts of the Weyl tensor are presented in
the section 5.

2. Einstein-Cartan Theory of Gravitation

Einstein’s general relativity is a generalization of his special relativity and
Newton’s theory of gravitation. This theory deals with all types of motions and
also explains the phenomenon of gravitation through geometry. It is supposed
to be the most successful theory of gravitation. Still the theory has known
flaws that it cannot describe the intrinsic feature of spin of gravitating matter,
it cannot prevent singularities and has not been able to account for Mach’s
principle.

Einstein-Cartan theory of gravitation is a natural generalization of Einstein
theory of gravitation by relaxing the assumption that the metric is torsion free.
The Einstein-Cartan theory of gravitation formulated in 1973 by Trautman [13]
postulates that the spin of matter is the source of torsion of the space-time
geometry. This theory is based on non-Riemannian geometry and the non-
Riemannian part is described by the affine connections and are defined as

l l l
wi; =T — Kjj, (2.1)
where Féj = Fé-i and K, is the contortion tensor satisfying

The relation between the torsion tensor and contortion tensor is given by
1
k k k
Qij = _i(Kij - Kji)‘ (2.3)
The relevant field equations are given by Helh et al. [6, 7]

1
Rij — 5 Rgij = — Kty (2.3)
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where I?;; is the Ricci tensor and is no longer symmetric containing the informa-
tion about the torsion tensor. Consequently the right hand side of the equation
(2.4) cannot be symmetric either, so ¢;; must also contain information about
the spin tensor.

The relation between torsion tensor and spin angular momentum tensor is
given by

b 0rQY — 67 Q = KSE. (2.5)

Spin angular momentum tensor Sfj is anti-symmetric and is expressed in
terms of spin tensor S;; as

Slkj = Sz-juk. (2.6)

Assuming the notations of Jogia and Griffiths [9] and Katkar [10], the tetrad
components of the field equations (2.5) are given by

m =7 =01 =X =0,

p1 =271 = p1 =21 = —V2K3sy,
(2.7)

Here sg and s are tetrad components of spin tensor and assumed to be functions
of r alone.

3. Kerr-Newman Space-time

ds?> = [l — R72(2mr — €2)]dt? + 2aR~2(2mr — €2) sin® fdt do

R, 2 102 2, 2\2 2 qin2 —2 2 » (31
—A—dr — R*d0* — [(r* + a®)* — Aja”sin® 0] R™“sin” 0 d¢?,
1
where
R?2=RR" =12+ a%cos?0, AN =12 =2mr +a® + €2,
R=r+1ia cosb, R =r—ia cos 0,

a = angular momentum per unit mass, m = mass
e = the charge of the gravitating body.

The Kerr-Newman metric is expressed in terms of basis 1-form as

ds® = 20'6% — 26%0*, (3.2)
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where
VAN al\y
1_
0 2R2d;+ d ~ o sin? 6 de,
62 dt—A—dr—asm 0 do,
1
5 _ ia sin @ R? i(r? + a,2) sin 0 (3-3)
0° = —dt + ——df — do,
ViR 0 ﬂ}]% \[ in6
ot — zasni gt i(r? + a?) sin o

Rr T RRYT T AR

The definition of 1-form 0% = ega)dxi and the equation (3.3) gives the vector
fields of the NP complex null tetrad as,

li (Al, RQ,O, - (lAl sin2 0),
Al
. 2 _ 02
n; = QR% (A1, R%,0,— a/\ sin” ) 5.4
m; = —(iasin®,0, — R%, —i (r® + a?) sinf),
vl (2 + %) sin)
m; = ———(—iasin®,0, — R%, —i (r* + a?) sin0).

V2R
Comparing the corresponding coefficients of basis 2-form of the equations ob-

tained by taking exterior derivative of basis 1-forms 6¢ in equation (3.3) and the
Cartan’s first equations of structure we readily obtain on using equation (2.7)

1_ — cot 6 —iasinf
0=——=, 0= ——, 0= ——,
P R o g 22 R V2 R?
2R4 2R’ V2 (R)?
o —cotd iasin 6

= 4 .
2V2R°  V2(R)?
Cartan’s equations of structure are used to find the tetrad components of
curvature tensor and consequently the tetrad components of the Weyl tensor
are obtained by using the relation

1 R
Copys = Rapys + 5 (NayRss + 135 Rary — gy Ras — Nas Ray) + 5 (NasM8y — NaryMB5)-

These components are enumerated below to study the electric and magnetic
parts of Weyl tensor.



Propagation Equations of Electric and Magnetic Parts of Weyl Tensor...

—4mr + €2 n (3r? — a%cos? 0)(2mr — e?)  Kspiarsinf

Cro12 = il 76 i
K Sgiarsind 9 9 2ia cos 6 A\q R
e A B ] B oA 73
JAN 2K
Ci213 Z\/§K8077‘<4R12> + \fR4SO [R%(r —m) — A1 (57 + 3iacos 0)]—
2K s1iar sin @
2
I )
A 2K3
Cio14 = \/iKso,T<4R12> + \fR4SO [R%(r —m) — A1 (57 — 3ia cos 0)]+
2K 508, + 2K51ici sin 6
RQR* )
—Ksg, 7 Ksy = Ksjiasinf(2r +iacosf
Clogg = ——— — 2K?sg9s1 + + — ,
1223 NG 051 oY T
_ —K3q,7 o K3 Ksyiasin0(2r — iacos 6
Cla24 = 7 +2K?50s1 + NoTci T ,
24 A
Clo3s = %‘?SQ(mR2 —2r(2mr — €?)) — \/§K51,T<QR12 + 1> -
R%(r —m) — Aqr
K iy A .
ity = \s/(gr N \@Kso[ zc;;osﬁ RASIG —ZZLfCOSG)] 9K Zsgsi—
_Kslia sin
(R)?

Ksgcot

C =—2K?%s% + ,
1313 0 R

143

KsSp (cotd 2iasinf Ksg [—cot@ 2iasin 0
Ci314 =—V2Ksy,r — — 4+ — — — 4 _
1314 V2K sy 5 < = R)? > 5 i )2
2V2 Ksyr
- R2
Kspiasin®  —«. o 9
C1323 :—W[(R )? — R,
m (2mr —e?)  Kspiasinf  Ksyiasin 0 _ R
C = — — — — 2K? ——
1324 R RQ(R*)Q 2(R*)2 OR2 + 5050 + 6

Ksi,r [ M\ —2iacosf + (r —m) A
— — 4+ 1) — V2K — —
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Ci33s =2K25051 + ———— (A1 (5r + 3iacos 0) — 4R?*(r — m))—

v
Kso,r [ I\ Ksyiasin® , _,  —x2
0 () - TR T
K K5
Cuiz = \8/02»’ \/:lR SO[4Rstcos0 N1(r — 3iacos0)] + 2K?5ys1—
_Ksliasine
(R*)Q )
Ksg[—cotd 2iasinf K3g [ cot 6 2iasin0>
Cla13 = — + — + V2Ksy,r+ — + ——
1413 5 [ i & )2] V2K s1 5 (R R)?
22 K sqr
TR
K3socotd
Cha1a = —2K?8% + %7
R
m (2mr —e?)  Ksgiasind  Kspiasinf _
Clioz = ——= — -+ — + 2K 25050+
1423 = s R2(R)? 912 o 050
Ksi,r {1\ R Ksi[2iacos®+ (r—m) AN
F1)+ =+ -],
V2 \2R? 6 V2 R? R2R
K3Spiasin @ 9
Craoq = 27]{4(}2 — R?),
_ A (5r — 3iacos )
— 2 2(0 _ _
Cha34a =2K-35ps1 + fR‘l [QR (7“ ) 5 +
B Aq Ksyiasin® ,
+\/§K30,r<4R2>+ T (R +R)
_ Ksg,r 9 Ksyiasin (—R? + iar cos )
02312——7\[}%2 —2K*sps1 + 7 +
KSO —k
R — 2iasinf),
Ksozasmé? —x
C =—— " "[(R)?>—-R?
2313 2R4 [( ) ]’
m (2mr —e?)  Kspiasind  Ksgiasinf _
Coz14 = —= — — — = 2K?
2814 = 1o R2(R)? + 212 912 + 5050+
Ksy,r ﬁ—i-l +R+K31 2iacosf + (r—m) AL 7
V2 \2R? 6 V2 R? R2R
2K spiasind  Kspcotl  Ksp2a? cosfsin b
C =—2K?s2 — _ - _ - _
2323 50 R2 R R2R ’
o _ Kso [cot& B 2a? cos@sin@} K3y [cot@ B 2a? cosﬂsinﬂ
R RR 2 | R RR
Ksq Ksyi,r/\
+ 3rANy — 2R%(r — m)] + —=—,
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—Kso,r Ksy  KsjiasinO(2r 4 iacosf)
C =——" —2K?s451 + = = )
2334 NG 051 \fR R

Ksg,r/\
C: L R+ 2iasin g
2412 02 2 \f 2( )—

Ksyiasin 0(R? + iar cos 0)

+2K?50s1 +

R* ’
_m (2mr —e?)  Ksgiasind  K3giasinf 9 _
T mE T @R | amp | 2w T
K A —27 — A
_ \5/157"(2}%12_1_1>+16%_\/§K51[ zacos20R—;(r 771)_2[{211%*}7
Kspiasin 6
Coq14 = —OQTU% - R?),
o _ Kso [—cotQ N 2a? cosHsin@} _ K30 [cot@ B 2a° cos@sinﬂ]
T | R RR 2 | & R*R
Ks S1 K31 TAl
3rA; + 2R%(r — m)] - ———,
I+ 2R — )]~ TR
Cont = —2K?52 + 2Kspiasin®  Ksgcotf K302a? cos 0 sin
0 (E*)2 E* R2 E*
Corsa = Ksg,r K258, — K3y B Ksjiasin0(2r — iacosf)
V2 V2R R*R’ ’
2ia cos 6 cotf iasinf
C3410 = —T[%(er —e?) —mR? — Kso( = - (R*)2>
LK cot 6 N iasin 6 V2 Ksir(Aq 4 2R?)
‘\R T (R R !
K . A ) .
Cs413 =2K %5051 — ? +V2Ksg za}czc;sﬁ + 1r ZZTCOSQ) +
Ksqiasind ) ]
(R)>
K— r - A . _ -
Cs414 =2K %5051 + \S/Oi’r +V2 K5 za;c;s@ + 1(3Z2C}§59 r) _
_Kslia sin 6 ) ]
(R)?
Kso,r [ A V2 Ksg . —
— 2 )
Csa23 = —2K"s081 — NG <2R2> + —p (—2iasind + R )—
Ksiiasin 6

_T<T2 + a® — iar cos ),

Ksg,r [ 2\ \/§K§0
/2 2R 2R

r? + a? + iar cos ),

C424 = —2K%5051 + (—2iasin® — R)+

Ksyiiasin@

R4 (
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—e?2  (r? —3a%cos?0)(2mr — e?)  Ksgiarsin 6
R RS RR

K3piarsing 2 Ks; R

— iacosO(2R2 — N\y) — 4R?% + =.
R2R R | ( ) I+5

The expressions for Ch214, C1224, C1412, C1413, C1a14, C1423, Cra24, C1a34, C2412,
Coa13, C2414, Cos23, C2424, Coa3sa, C3414, C3424 are obtained by taking complex
conjugate of C1213, C1223, C1312, C1314, C1313, C1324, C1323, C1334, C2312, C2314,
02313, 02324, 02323, 02334, 03413 and 03423 respectively and replacing 3 by 4 and
4 by 3 therein.

—4K?%s%+
(3.6)

Cs434 =

The tetrad components of the dual of Weyl tensor are also obtained from
the relation

* l ag
apfys = 5[67(? CaBop)- (3.7)

4. Electric and Magnetic Parts of the Weyl Tensor

The electric part E;; and the magnetic part H;; are respectively given by

k, 1l * k, 1l
Eij = Cl-kjlu u, Hij = Cikjlu u,

where kajl is the dual of Cjjy.

The Expression for electric part of the Weyl tensor in terms of the basis
of the tetrad given by Hasmani et al. [5] is exploited to get the electric part of
Weyl tensor.

1 [—4mr + €2 N (3r% — a® cos? 0)(2mr — €?)

Bi=et | m RS

Kspiarsinf  KSpiarsin 6 2ia cos 0 Aq
_ . i V2K _
RE | RBR V2K ( R [ 2R?

_4K23% —+ ?:| [lllj — QZ(ZTL]) + TLZ"I’L]']—F

_|_{ _ % [\/injso <R2(7" —m) - Ay (5r —432'acos 0) N RZR) A58t
+K51ia sin;(;l;; ia cos ) K\j%, r <2AR12 B 1)} i — nimy]—

_ o Y
_% [4K28081 N K\s/oi,r< B QAR12> B Ks1zas1n0(2;4+ 3mrcos¢9)+
+\/I;S}32 <2ia(cos€ +sinf) — Lalr —2;@'; cosf) + R)] [mil; — mynj]+
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RY RS RA
2K35piasing V2 Ks
_ = =
_KS1,T<2_A1> 2K spa?sin @ cos
V2 Rr? R’R"
2K35ptasin 6

1 —
+§ { —4K33 + W( r + 2ia cos 0)} mimj} + {c.c.}. (4.1)

1[2 2(2mr — €?)(r? — 2K A
[mr (2mr — €2)(r? — a2 cos? ) V2 81<A1 00594—3 17’)_

R
(2R + ( )) + § + 4K280§0—

]mimj—i-

where c.c. indicates the complex conjugate of the previous term.

The magnetic part of the Weyl tensor is obtained by replacing the tetrad
components of Weyl tensor by its dual and is derived as

i [2ia cosO(mR? — 2r(2mr — €?)) A
Hz‘ﬂ‘:—g[ RO —V2EsLr( 1 ops |-
2K
_ﬂfR4 $1 (R*(r —m) — rAl)] [lil; — 2lnjy + nin;l+
n i V2 K3 E*—2m_ Ay (5r — 3iacosd)\
2 R? 2 4R?
Ksia?sinfcos  K3g,r [ [\
_ T + \/é <2R2 +1 (lim]- - nimj]+
i K3y (=« A1(5r — 3iacos )
Z —9m — — 4.2
3| Ty (R = 2m - (42)

Ksia?sinfcosf  K3g,r < A

rE vz e 1)] fmaly = mansl

1| 2iacost 9 cotf iasinf
—1—2[ 7 (mR —2r(2mr—e))+Kso( - + @) >—
cotd iasinf V2 K s
~Ksp| —r — — 4mR? Aq) | mym;
50[ = (R*)2} SRl (—4mR* + 5r 1)]mmj+
QKS() 9
2[R2R[ cotd R +zas1nt9(r+3mcos€)]}mimj}+{c.c.}.

5. Propagation Equations of Electric and Magnetic Parts of the Weyl
Tensor

Propagation equation of E;; is given by

B lF =0, (5.1)
J7
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where E;;. I¥ is the covariant derivative of the electric part (E;j;) of Weyl tensor
in the direction of the tetrad vector field {*. Differentiating equation (4.1)
covariantly in the direction of the tetrad vector field I*¥ and using the intrinsic
derivatives of the null tetrad vector fields, their projections and divergence (refer
appendix) and the spin coefficients in the equation (5.1), we get

jasin 0

1
Eijlt = { [D(C'ulz) + (Cr214 + C1224 + Cra12 + Co412) ———5 —
V2R

2

iasin 6 }H‘+
VEER]"
+ [ — D(Ch212) — (C1214 + C1224V/2 K39 — (Cra12 + C2412)

—(Ci213 + Ci223 + Ci312 + Ca3z12)
jasin 0

V2R

iasin 0 }l-n-—i—
V2R
7asin 0
+ { — D(Ch212) — (Ci214 + 01224)W — (Cra12 + Co412) V2 K 5o+

—(Ch213 + C1223)V2K30 + (C1312 + Ca312)

1a sin 0
VAR
+[D(C1a12) + (Ch214 + Cr204 + Cra12 + C2412)v2 Ko+

+(C213 + C1223) — (Ci312 + 02312)\@-’(50] nil;+

+(Ch213 + C1293 + Ciz12 + C2312)v'2 K30|ninj+

+{ { — D(C1214 + C1224) + (C1214 + C1224)V2 K51 + (C1314 + Cl304+
1 sin 0 1asin 6

———— — (Cra14 + Cra24 + Coa14 + Cog94) ———+

V2(R')? V2R
jasin 0

+C1212 <\/§K80 - W)] lim; + |:D(Cl214 + Cl224)—

— {(01214 + C1224) V2K 51 + (C1314 + Ci324 + Ca314 + Caz24) V2K 50+

+Ca314 + Ca324)

+(Cra14 + Cra24 + Coa14 + Cogo4)V2 K s9—
1asin @
Crosa (V3EF — >}nm—{—
1212< 0 VAT j
tasin @
+ { — (Ch214 + Cr224 + Cra12 + Co412) <\/§K50 — m) +
+D(C1a14 + Cra24 + Coa14 + Co424)—
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—(Cra14 + Cra24 + Cog14 + 02424)2\/§KS1] mim;+

+ [ — D(C1ra12 + Ca412) — (Cra14 + Cra24 + C2414 + Cog24) ia Sifer
+C1212 <\/§K80 - \g?g*;) + (Cra12 + Caa2) V2 Ks1+
+(Cra13 + Cra23 + Coa13 + 02423)\;%] mli+

+ [ — C1212 (\/iKSo - %) + D(C1412 + Ca412)—

—(Cra12 + Co412)V2 K51 + (C1413 + Cra23 + Cas1z + Coso3) V2 K50+

+(Cra14 + Craza + Coa1a + 02424)\/§K50] min;+

tasin 6
+ [ — (Cra12 + Ca412) (\/QKSO + —= ) —
V2R
ja sin 6
—(C1213 + C1223) <\/§K80 - %) +
+D(Ci413 + Cra23 + Coq13 + 02423)} mimj} + {cc}}
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(5.2)

Now the propagation equation for electric part of the Weyl tensor yields

Ejwl* =0 A=B=C+D+E+F+G=H+1=J=0,

where
A= D(Ci212 + [(01214 + Cr224 + Cra12 + Coa12 Zj;i]r;f + {c.c.}} ;
B =—D(Ci212 — Ci214 + C1224)V2 K50 — (Crar2 + 02412)M—
iasin 6 V2R
—(C1213 + C1223)V2 K50 4 (Ci312 + C2312)W7
C =—-D(Ci212) — (Ci214 + C1224)Zj;i;2‘9 — (C1412 + Co412) V2 K 5o+

tasin 0
W — (C1312 + Ca312) V2 K30,
D = D(Cy212) + (C1214 + Ci224 + Cra12 + C2412)V2 K so+

+(C1213 + C1223)

+(Ch213 + Cha23 + Ciz12 + Casz12) V2 K50,

(5.3a)

(5.3b)

(5.3c)

(5.3d)
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E =—D(C1214 + C1224) + (C1214 + C1224)V2 K51 + (Ci314 + Chz24+

1as8in 6
+C2314 + C2324)W — (Cla14 + Cra24 + Coa14+
1asin @ 7asin 0
+C2424)77 + Ch212 <\/§ K3y — *>,
V2R V2(R")?

F = D(Ch214 + C1224) — (C1214 + C1224)v2 K 51 + (C1314 + C1324+

+C314 + Ca324)V2 K30 + (Cra14 + Clrazg + Co414+

1asin 0
+C2424) V2 K39 — C1212 (\/5 K30 — >7

V2(R')?
iasin 6
G =—(Ci214 + Cr224 + Cra12 + Cou12) (ﬂKSO - \W) +
+D(Cha14 + Cra2a + Coa14 + Coa24)—
—(C414 + Clraza + Cogra + Cou24)V2 K 51,
iasin 6
H =—D(Cia12 + Can12) — (Cra14 + Craza + Cosra + C2424) ——;
V2R
iasin 6
+Cl1212 (\/ﬁKé’o - W) + (Cra12 + C2412)V2 K 51+
tasinf
+(C1413 + Cra23 + Cog13 + 02423)W,

iasin @

I=-C ﬂKs—*>+DC’ + C — (Chra12+

1212< 0 VA (Cra12 + Cog12) — (Cra12
+C2412)V2 K81 + (Cha13 + Cla23 + Cogiz + Co23) V2 K50+
+(C1414 + Cra24 + (Cog14 + Coa24)v/2K 50,

1as8in @
J =—(Cra12 + Ca412) <\/§K80 +—— ) — (Chr213+
V2R

1a sin 6
i) 9 K5p — —22m7 )
1223) <\f 0 \/§(R )2)
+D(Cha13 + Chrazs + (C2a13 + C2423).

(5.3e)

(5.3f)

(5.3h)

(5.31)

(5.3))

Similarly the propagation equation of the magnetic part of the Weyl tensor in

the direction of tetrad vector field I¥ is obtained as
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i iasin 6
{ [D(—CU?A) — (C1214 — C1224 + Cra34 + C2434) —— —
2 V2R

7a sin 0
—(Ch213 — Cr223 + C343 + 02343)\/5(1%*)2] Lili+

[ iasin 0
+|D(—=Ci234) — (—Ch214 + Cr224V2 K50 + (Craza + Cosza) ——5 —
I V2R

iasin 6
—(C1213 — C1223)V2K30 + (Chzaz + 02343)\/5(]%*)2} linj+

[ iasin 6
+|D(=Ch234) — (—C1214 + C1224) ik + (Crasa + Coaza) V2 Ksp—

—tasin 6

—(C1213 — 01223)W + (—C1343 — 02343)\/§K80] nl;+
+[D(=C1a34) + (—Cr214 + C1224)V2 K59 — (C434 + C2434)V2 K 59+

+(Ch213 — C1223)V2 K30 + (Ci343 + C2343) V2 K3o|ninj+

+{ [ — D(—Ch214 + C1204) + (—C1214 + C1224)V2 K51 + (—Ch314+

tasin @
+C1324 — Co314 + CQBM)W — (—Cha14 + Cra24 — Coa1a+
1a sin 6 1asin @
+C924) ——= + C243 (\/iKSO - *>] limj+
V2R V2(R)? !

+ [D(—C1214 + C124) + (—Ch214 + C1204)V2 K 51+
+(—Ci314 + Ci324 — Casgia + Cag24) V2 K50+

+(—Cha14 + Cra24 — Cog14 + Cos4)V2 K 59—
. jasin 6
—C1243 <\/§K30 - W)]nimj‘f‘
1asin @
+ [(01214 + Ci224 + Ciza3 + Ca343) ( —V2K3 + \/W> +
+D(—Ch414 + Cra24 — Coa14 + Coa24)—
—(=Ch414 + Cra24 — Cogua + 02424)2\/§K81} mim;+
ia sin@+
V2R
> — (C1434 + Co434)V2 K 51+

+ [D(01434 + Co434) — (—Cha14 + Cra24 — Cog14 + C2424)
1asin @
V2(R')?

jasin 6
+(Cha13 — Cra23 + Coa13 — 02423)\/5(1%*)2} myl;+

+C1243 <\/§KSO —
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1asin 6
+ [ — Ch243 (\/§K50 - W) + D(—Clha34 — Cou34)+

+(—Cha3a — C2434)vV2 K51 + (Cra13 — Ca23 + Cog1z — Caan3) V2 K5p+

+(—Cha14 + Cra2a — Cog14 + 02424)\/§K80] MmN+

1asin 6 (5.4)
+ [ — (Ch213 — Ch223) (ﬂKSO - \/i(R*)Z) +
+D(Cha13 — Cra23 + Caa13 — Caa23)+
1a sin 6
+(Chraza + Coaz4) <\/§Kso + )] m,m} + {cc}}
\/ﬁ2 J
Thus
where
tasin 6
P =D(—Ci234) — (Ci214 — Cr224 + Craza + Coaza) ———5 —
V2R
iasin 6 (5-5p)
(Cr213 1223 1343 9343) NV
iasin 0

Q =D(—Ch234) — (—Ci214 + C1224) V2K s0 + (Casa + Cauza) ——
V2R (5.5q)

Ja sin 6
—(Cha13 — C1203) V2K 30 + (Ch343 + 02343)\2(1;*)2,
tasin @
R :D<_CI234) - (_01214 + C'1224) — + (01434 + 02434)\/§K80—
(C Clagg)—8in0 fR Casas)V2KS (521
- - —— (= - 50,
1213 1223 NAvRE 1343 2343 0
S = D(—C1234) + (—Ch214 + C1224) V2K 50 — (Cra3a + Cosza) V2K so+ (5.59
5.58
+(Ch213 — C1223)V2 K30 + (C1343 + Cazaz) V2K 30,
L =—D(—C1214 + C1224) + (—=C1214 + C1224)V2K 51 + (—Chz14+
1asin 0
+C1324 — Cag14 + 02324)W — (=Ch414 + Cra24— (5.5)

iasinf iasin 6
—C414 + Cog24) ———5 + Cr243 (\/§K80 - *>,
V2R V2(R)?
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M =D(=Ci214 + Ci224) + (—Ci214 + Cr224) V2K 51 4 (—Clz14+

+C1324 — Co314 + C2321) V2K 50 + (=Clara + Craza— (5.5m)

1 sind
Coua + Com)V2K 50 — C (m _)
414 + C2424) 0 1243 0 NV

1a sin 6

N =(—=C1214 + Ci224 + C1343 + C2343) ( —V2K3 + \W> +
+D(—C1a14 + Cra2a — Co414 + Coss)— (5.5n)
—(=Ch414 + Cra24 — Cog1a + C2424)2V/2K 51,

1a sin 0

— =t

V2R

> — (Casa + Coaza) V2K s1+ (5.5z)

X =D(Cha3a + Coa34) — (—Cha14 + Clraoa — Coa14 + Co424)
1asin @
V2(R')?
+(Chra13 — Cra23 + Caa13 — Caa23)

+C1243 <ﬂK80 -
Nelaal
2 sin
Y =—Chas <ﬂK30 B %) + D(=C1434 — Caa3a)+
+(Crazs — C2434)\/§K31 + (Cr413 — Cra23 + Co413— (5.5y)

—C2423)V2K 30 + (—C1414 + C1a24 — Cog14 + Cos2a) V2K 50,
iasin 6
V2(R')?

1a sin 6
(\@KSO + AR ) + D(C1413 — C1423 + Cos13 — C423).

Z =—(Ci213 — C1223) <\/§K80 — ) + (C1434 + Ca434) X

(5.52)

A special case of Petrov-type D gravitational field has been considered
which is characterized by

Po=0, Y1 =0, YP3=0, ¥Ps4=0 and Yy #0, (5.6)

where
1
Yo = —C1313, P = —5(01213 + Ciz12), 2 = Cizn
1
Y3 = 5(01224 + Cos12),  Ya = —Coyn.

Equations (5.6) = Ci313 =0, (Ch213 + Ci312) =0,
(5.7)
(C1224 + Ca412) =0, Couoq = 0.
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0 sin 0
We assume sg = %.
2KR
Consequently,
Eij1l" =0 DCia =0,
2ta sin
DJ+L<¢Z%?1>+aa:O
R
4C1212 + Ci324 + Ca314 = 0, (5.8)

DL — Ci314 — Cagos — 2v2Ks1L = 0,
where
J = Cra13 + Cra23 + Cog13 + Cos23, L = Ci214 — Coar2.

The necessary and sufficient condition for
Hij;klk =0« D01434 = 0,

Re(Ci214 + Cag12) = 0,

S1 = 0,
1asin 0 2 1
DL + a5 [01424 + Ch243 <RQ)M(R*)2} =0, (5.9)
1a sin @
DC1424 — NW =0,
DM =0,

where
M = Ci314 — C1324 + Co314 — C2324, N = Ci214 + Cog12 — C1213 + C1223.

Due to large number of components of Weyl tensor and their lengthy and
complicated expressions in the equations (3.6) the interpretation of the propa-
gation equations of electric part and magnetic part of the Weyl tensor is difficult
hence avoided.

Appendix

The covariant derivatives of null tetrad vector fields in terms of its tetrad
components are expressed below:

lij = (Y + 7+ 70 +70)lily — (a° + a1 + B0 + B)lim;—

—(a® + a7 + B0+ Bu)limy + (€ + 1 + €0 +&)linj — (70 + T)mul+
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+(09 + o)mim; + (00 + pr)mim; — (0 + RD)ming — (70 + 71 )ml+
+(0° + pr)mim; + (00 + o1)mimy; — (K0 + k1)ming,

nij= —( + e+ +e)nmj — (0 +v1 +7° +30)nil; — (a0 + @i+
+8° + Bi)nim; — (a® + a1 + B0 + Br)nim; — (70 + 71)mm, +
+ (W0 + )l — (A0 + A)mgmg — (U0 + mn)mimg + (70 + m)mn+
+ (0 + vi)mily — (u° + pa)mimy — (A% + X)mamy;,

mi; =—(k" + k1)ning — (7% + 11)nil + (0° + o1 )nim; + (0° + pr)nim;+
+(m0 + 7)ling + (V0 + T0)lily — (A0 + X))l — (1O + i) limy+
+( + €1 — € —&)min; + (Y0 + 71 — 70 — FD)mil;+
+(a® +ar — B0 = Brymim; — (a° + a1 — B° — Br)mim;,

My =— (k0 + &1)ning — (79 + 71)naly + (00 + p1)nim; + (0 + o1)ngm;+
+(70 4+ m)ling + (0 4+ )il — (10 + )iy — (MY + M) limj—

—( +e1 — @ —@)ming — (V0 + 1 — 10 — )Ml -
—(a® + a1 — % — pymim; + (a° + ay — 0 — B)mim;.

(A1.1)

The intrinsic derivatives [; in the directions of the tetrad vector fields are given
by

Ligh = (4 e1+ €+ &)l — (° + m)m; — (k0 + F1)mi,
Lign? = (P 4+ +9° + 30k — (70 + m)mi — (70 + 71)ms,
Lijm/ = (a® + a1 + B0 + o)l — (0 + 1) — (00 + 1)y,
Ligm? = (@ + ay + B0 + Bi)li — (p° + p1)m; — (0 + &1)m,
nill = —( 4 e + €0 +&)n; + (79 + 7)) + (70 4 71)my,
nign! = —(4" +m + 40+ F0)n; + (0 + o) — (V0 + vi)my,

nimi = (a0 + a1 + 82+ B1)ni + A0+ X)) + (10 + p)mi,



156

L. N. Katkar and A. S. Patil
nigm! = (o + ar + B0 + Br)n; + (10 + ) — (A0 + Ar)m,
mill = — (K0 + k1)ng + (70 + 7)) + (9 4+ €1 — €0 —&)my,
mign? = — (70 + 1) + (WO + )l + (Y0 + v — 0 —A1)my,
mim? =—(0° + o1)n; + (A0 + A1)l — (a0 + a7 — B0 — B1)m;,
mi i =—(p° + p1)ni + (U0 + )l + (@ + a1 — B9 — Br)mi,
il = — (60 +FD)ng + (10 + 1)l — (€ + €1 — & — &),
Mind = —(10 +m)ni + (10 4+ 1)l + (0 + 71 — 70 — 737)mi,
mimd =—(p" + pr)ni + (u° + p)li + (0 +ag — 8° — gi)m;,

g =— (00 + 1) + (A + A1)l — (a0 + g — B0 — Br)m;.

Lijll= 0,
Lign' = (P + 7 +70 + 7))l — (@ + a1 + 0 + B1)m;—

—(a + a7 + B0+ By + (€0 + €1 + € + &n)nj,
Ligm' = (1% +1)lj — (0° + pr)my — (0% + o1)m; + (K° + K1)ny,
iy’ = (10 +71)lj — (00 +T1)my — (p° + p1)m; + (K + Ry,
nijlt = —(® +e +E+H)nj — (Y +m +$+%)lj—

—(a® + a1 + 80+ Bum; — (o + a1 + B0 + Bi)my,
ni;jni = 0,
nigm' =—(r0 +71)n; — (V0 + 1)l + (A0 + A)m; + (4 + i) my,
nigm' =—(r0 +m)ng — (0 + vl + (10 + pa)m; + (A + A)my,
mijlt = —(kY + k1)n; — (70 + 1)l + (0% + o0)m; + (0° + p1)m;,

min’ = (10 +71)n; + (0 +71)l; — (A0 + X)), — (U0 + fir)my,

(A1.2)

Similarly, the projections of the intrinsic derivatives of I; are given by



(1]
2]
B8l
(4]
[5]
(6]

(7l
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mi;jmi = 0,
mim' =—(e” +e1 — e —e)n; — (70 +m =1 = M)l;—

—(a® + a7 — 8° — B1)m; — (a® + a1 — B9 — Br)m;,

Ml = —(K0 + &1y — (0 +70); + (00 + pr)m; + (o0 + a1)my, ALa
mn' = (10 +m)ng + 0 + vl — (10 + p)m; — (A0 + A)my, A
m-;jmi =(eV + ¢ — 0 — €)n; + (0 + v — w - )i+
+( +ag — B — B, — (a0 + g — B9 — Br)my,
m;jm’ =0.
Divergence of the tetrad vector fields are given by
Fi= (€ +ea+e+a)— (0" +p1) — (0" +p1),
n'y = —(0% 9 90 T+ (W0 7 + (10 + ),
(A1.4)

m'y =—(r0 + 1) + (10 + 7)) - (¥ + a1 - 80— Bu),
mi; =—(10+71) + (7 + m) — (® + a1 — B0 — B).
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