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Abstract

The present study deals with generalised ¢—recurrent Lorentzian §—Ken-
motsu manifolds. We also find the necessary and sufficient condition for locally
generalised ¢—recurrent lorentzian §—Kenmotsu manifolds.

1. Introduction

In (1991) De, U. C. and Guha N. [4] introduced the notion of generalised re-
current manifolds. Further De, U.C., Shaikh, A. A. and Biswas, S. [3] introduced
the notion of phi recurrent sasakian manifolds. generalized ¢—recurrent (k, u)
contact metric manifold were studied by Jun, J B., Yildiz, A. and De, U. C. [7].
Also Bagewadi, C. S. and Prakasha, D. G. [5] studied generalised ¢—recurrent
sasakian manifolds. Recently Prakasha, D. G. and Yildiz, A. [8] stuied the gen-
eralied ¢p—recurrent lorentzian a—Sasakian manifolds. Motivated from, in this
paper we have study generalised ¢—recurrent lorentzian f—Kemmotsu manifold
and obtain some interesting results.

This paper is organized as follows: in section 2, we have given a brief ac-
count of Lorentzian f—Kenmotsu manifolds. In section 4, we show that a gener-
alized ¢—recurrent lorentzian S—Kenmotsu manifolds is an Einstein manifold.
Further in the same section we also shown that in a generalised ¢—recurrent
lorentzian f— Kenmotsu manifolds the characteristic vector £ and the associ-
ated vector field 32p; 4 py are codirectional. In the same section, we also find the
necessary and sufficient condition for locally generalised ¢—recurrent lorentzian
B—Kenmotsu manifolds. In the same section, we study 3-dimensional gener-
alised ¢—recurrent lorentzian f—Kenmotsu manifolds and shown is of constant
curvature.
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2. Preliminaries

An (2n+1) dimensional differentiable manifold M2"+1(¢, &, 7, g) is called a
Lorentzian f—Kenmotsu manifolds with the structure (¢, §,n,g) where 5— is a
smooth function on M if it admits a tensor field ¢n of type (1, 1), a contravariant
vector field &,  1-form and a Lorentzian metric g which satisfy [1, 2, 3]

P*°X = —X +n(X)E, (2.1)
(@) n€)=-1, (b) g(X,§) =n(X), (c) n(¢X)=0, (22)
9(6X,0Y) = g(X,Y) +n(X)n(Y), (2.3)
(Dx¢)(Y) = g(X,Y)§ —n(Y)X, (2.4)
D€ = Bz — n(X)e), (2.5)
(Dxn)(¥) = Blg(X, Y) — n(X)n(¥)], (2.6)
where D denotes the operator of covariant differentiation with respect to g.
Also in lorentzian S—Kenmotsu manifolds, the following holds [1, 2, 3]
N(R(X,Y)Z) = g(R(X,Y)Z,€) = B*[g(X, Z)n(Y) — (Y. Z)n(X)], ~ (2.7)
R(X,Y)E = B2l(X)Y — 5(V)X], (2.8)
S(6X, 6Y) = S(X, ~205%(X)n(Y), Y), (2.9)
S(X, €) = —2n8%(X) (2.10)

for all vector fields X, Y, Z, where S is the Ricci tensor of type (0,2) and R is
the Riemannian curvature tensor of the manifold.

Definition (2.1). A Lorentzian f—Kenmotsu manifolds is said to be a locally
¢—symmetric manifold if [8]
¢*((DwR)(X,Y)Z) =0, (2.11)

for all vector fields X, Y, Z, W orthogonal to &.
Definition (2.2). A lorentzian S—Kenmotsu manifolds is said to be a ¢— re-
current manifold if there exists a nowhere vanishing 1 form A such that [4,
]

$((Dw R)(X,Y)Z) = AW)R(X,Y, Z), (2.12)
for all vector fields X,Y, Z, W € T'(M).

Definition (2.3). A Lorentzian S—Kenmotsu manifolds is said to be a gener-
alised ¢p—recurrent manifold if its curvature tensor R satisfies [4, 5]

H*((DwR)(X,Y)Z) = AW)R(X,Y, Z)+BW)[g(Y, Z2)X —g(X, Z)Y], (2.12)
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where A and B are 1 forms, B is non zero and these are defined as A(X) =
9(X; p1) and B(X) = (X, p2).

3. Generalised ¢—recurrent lorentzian 3—Kenmotsu manifolds

Let us consider a generalised ¢p—recurrent lorentzian f—Kenmotsu mani-
folds. Then by virtue of (2.1) and (2.12), we get

(DwR)(X,Y)Z = n((DwR)(X,Y)Z)§

— AWR(X,Y)Z + BOV (Y. 2)X —g(x,2yv] V)
from which it follows that
g(DwR)(X,Y)Z,U) +n((DwR)(X,Y)Z)n(U) (32)

= AW)g(R(X,Y)Z,U) + BW)[g(Y, Z2)g(X,U) — g(X, Z)g(Y, U)].

Let {e;},i=1,2,...,2n+1 be an orthonormal basis of the tangent space at any
point of the manifold. Then putting X = U = ¢; in (3.2) and taking summation
over i, 1 <1< 2n+ 1, we get

2n+41
(DwS)(Y,Z) ==Y n((DwR)(es,Y) Z)n(es, §) + AW)S(Y, Z) 53)
n=1 :
+2nB(W)g(Y, Z).
Replacing Z by £ in (3.3) and using (2.5) and (2.10), we get
2n+1
(DwS)(Y.€) = = > _ n((DwR)(ei, Y)&)n(es, §)+AW)S(Y,6)+2nB(W)g(Y,€).
"~ (3.4)
After simplification the first term
2n+1
> n((DwR)(es, Y)E)m(es, ) = 0. (3.5)
n=1
Then using (3.5) in (3.4) we have
(DwS)(Y,€) = 2n[-F2A(W) + B(W)]n(Y). (3.6)
Now we have Using (2.5) and (2.10) in the above relation, it follows that
(DwS)(Y,€) = —=2n8%g(Y, W) = BS(Y,W). (3.7)

In view of (3.6) and (3.7) we have
S(Y,W) = —2n3%g(Y,W) + 2n[—2A(W) — BOW)[n(Y). (3.7)
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Replacing Y by ¢Y and W by ¢W in above equation and using (2.3) and (2.9),
we get
S(Y,W) = —2n3%g(Y, W),

Hence, we can state the following theorem:

Theorem (3.1). A generalized ¢p—recurrent lorentzian S—Kenmotsu manifold
(M?"*1 g) is an Einstein manifold.

Now from (2.1), we have
(DwR)(X,Y)Z = — n((Dw R)(X, Y)Z)¢ + AW)R(X,Y)Z
+BW)[g(Y,2)X — g(X, 2)Y].

From (2.7) and using the Bianchi’s second identity, we get
AW)n(R(X,Y)Z) + A(X)n(R(Y,W)Z) + A(Y )n(R(W, X)Z)
+BW)g(Y, 2)X — g(X, 2)Y]+ B(X)[g(W, 2)Y —g(Y, Z)W]  (3.9)
+B(Y)[g(X, Z)W — g(W, Z)X] = 0.

Now using (2.9) we get from (3.9)

{—BAW) + BOV)}g(Y, 2)X — g(X, Z)Y)
T {-BAX) + BOOMG(W, 2)Y — g(Y, Z)W] (3.10)
T {—BPAW) + BOV)}Hg(X, )W — g(W, Z)X] = 0.

Putting Y = Z = ¢; in (3.10) and taking summation over 7, 1 <i < 2n+ 1, and
simplifying, we get

{=B2AW) + BW)}n(X) = {-B>A(X) + B(X)}n(W), (3.11)
for all vector fields X, W.
Replacing X by ¢ in (3.10), we get
{=B2AW) + BW)} = —n(W){=5*n(p1) + n(p2)}, (3.12)

for any vector field T, where A(€) = g(€,p1) = n(p1) and B(E) = 9(€, pa) =
n(p2), p1, p2 being the vector field associated to the 1-form A and B i.e.,A(X) =
g(X7 Pl) and B(X) = g(X7 P2)

From (3.11) and (3.12), we can state the following theorem:

Theorem (3.2). In a generalised ¢—recurrent lorentzian f—Kenmotsu manifold
(M?"F1 g) n > 1, the characteristic vector field ¢ and the vector field —3%p; + p2
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associated to the 1-form —j32A4 + B are co-directional and the 1-form A is given
by {=B2A(W) + B(W)} = —n(W){~Bn(p1) + n(p2)}-
Theorem (3.3). A lorentzian 3—Kenmotsu manifold (M?"*! g) n > 1 is lo-
cally generalised ¢p—recurrent if and only if the relation

(DwR)(X,Y)Z =p{Blg(X, W)g(Y, Z) — g(Y,W)g(X, Z)]¢
—g(R(X, Y)W, Z)¢} + AW)R(X,Y)Z (3.13)
+BW){g(Y, 2)X — g(X,2)Y'}
holds for all horizontal vector fields X, Y, Z, W on manifold.

Proof: In view of (2.5) and (2.6) it can be easily seen that in a lorentzian
B—Kenmotsu manifold the following relation holds

(DwR)(X,Y)E = B{A[g(X, W)Y —g(Y,W)X] - R(X,Y)W}.  (3.14)

Now, using the properties of curvature tensor, we have [9]
g(DwR)(X,Y)Z,U) =g(DwR(X,Y)Z,U)+ R(DwX,Y,U, Z)
+R(X,DwY,U,Z)+ R(X,Y,Z,DwZ)

where (X,Y,Z,U) = g(R(X,Y)Z,U). Since D is metric connection then we
have

g(DwR(X,Y)Z,U) = g(R(X,Y)DwU, Z) — Dwg(R(X,Y)U,Z), (3.16)

(3.15)

Dwg(R(X,Y)U,Z) = g(DwR(X,Y)U,Z)+ g(R(X,Y)U,DwZ).  (3.17)
Using (3.16) and (3.17), we get
g(DwR(X,Y)Z,U) = — g(DwR(X,Y)U, Z) — g(R(X,Y)U, Dw Z)
+9(R(X,Y)DwU, Z).
Using (3.18) in (3.15), we get
o((DwR)(X,Y)Z,U) = —g((Dw R)(X, YU, 2). (3.19)
Using (3.19) and in view of (2.1) and (2.12), we have
(Dw R)(X,Y)Z =g((Dw R)(X,Y)¢, 2)6 + A(W)R(X,Y, Z)
+BW)[g(Y,2)X — g(X,Z2)Y].

(3.18)

(3.20)

Using (3.14) in (3.20) we get relation (3.13). Conversely if in a lorentzian
B—Kenmotsu manifold the relation (3.13) holds then apply ¢ on both side of
(3.14) and taking Y, Z, X and W orthogonal to &, we get (2.12). This complete
the proof of the theorem.
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Theorem (3.4). A lorentzian S—Kenmotsu manifold is of constant curvature
if and only if the relation

¢*(DwR)(X,Y)€) = AW)R(X,Y)¢ + BW)[n(Y)X —n(X)Y]  (3.21)

hold for all horizontal vector fields X, Y, W.
Proof: In View of (2.1), (3.21) can be written as

(Dw R)(X, Y)E+n((Dw R)(X,Y)E)E = AW)R(X, Y )E+BW)[n(Y) X —n(X)Y].

(3.22)
Now using (2.8), (3.13) in (3.22), we get
(D B)(X,Y)E =0 (3.23)
for any horizontal vector fields X, Y, W.
In view of (3.14) and (3.23), we have
R(X,Y)W = B[g(X, W)Y — gV, W)X] (3.24)

for any vector fields X, Y, W orthogonal to &.

Conversely, if a lorentzian f—Kenmotsu manifold is of constant curvature, then
from (3.24) the relation (3.21) holds. This proves the theorem.

4. 3-dimensional locally generalised ¢ —recurrent lorentzian 3—Ken-
motsu manifolds

In a 3-dimensional lorentzian —Kenmotsu manifold the curvature tensor
is given by

T (4.1)
+ §[g(X, 2)Y —g(Y, Z)X].

Now putting Z = ¢ in (4.1) and using ( 2.2 ), (2.12) the curvature tensor a
3-dimensional lorentzian f—Kenmotsu manifold is given by

R(X,Y)Z = (g n 262) 9(Y, 2)X — g(X, Z)Y] + (g n 3B2) 9(Y, Z)
N(X)€ - g(X, Z)n(Y)E+n(Y)In(Z2)X —n(X)n(2)Y].

(4.2)

Taking the covariant derivative of both side of (4.2), we get



On generalized ¢—recurrent Lorentzian §—Kenmotsu Manifolds 33

() (x. 112 =" gy, 2)X — g, 2)Y — 9(v, ()
+9(X, Zn(Y)E =n(Y)n(Z)X +n(X)n(2)Y]

+ (5 +387) l9V. D) (Dwn)(X)E+9(YV. Zn(X)  (43)
(Dw€) — 9(X, Z)(Dwn)(Y)§ = g(X, Z)n(Y)(Dw)
+ (Dwn)(Y)n(2)X + (Dwn)(Z)n(Y)X
— (Dwn)(X)n(2)X = (Dwn)(Z)n(X)Y].
Now taking all vector fields X, Y, Z, W are orthogonal to £ and using (2.5) and
(2.6), we get

dr(W)

(Dw R)(X.Y)Z =32 9(Y. )X — (X, 2)Y ] + (5 +36%) 8

[9(Y, Z)g(X, W) — g(X, Z)g(Y, W)]¢.

(4.4)

From (4.4), it follows that
dr(W)
2

Since, we have taken X, Y, Z as horizontal vector field and using (2.1), (2.5)
and (2.6), we get

¢*(DwR)(X,Y)Z =

[g(Y7 Z)¢2X - g(X7 Z)¢2Y]

¢*(DwR)(X,Y)Z =

T (v, 2)X ~ 4(X. 2)7). (4.5)

Then in view of (2.12), equation (4.5) reduces to
dr(W)

AW)R(X,Y)Z = [ — B(W)] (Y, 2)X —g(X,2)Y]. (4.6)

Putting W = e; where {e;}, i = 1,2,3 is an orthonormal basis of the tangent
space at any point of the manifold and taking summation over ¢, we get

R(X,Y)Z = Ng(Y, Z)X — ¢(X, Z)Y]

where A\ = [;l;((ii,)) + ﬂﬂ is a scalar, since A is a non zero 1-form. Then by

Schur’s theorem A\ will be a constant of the manifold. Therefore we state the
following theorem:

Theorem (4.1). A 3-dimensional locally generalied ¢—recurrent Lorentzian
[B—Kenmotsu manifolds is a manifold of constant curvature.
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